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PREFACE 


This book is in all essentials the work of the late Professor Harold J, 
Gay. As originally written by him, it was used for a few years at 
Worcester Polytechnic Institute in lithoprinted form. The editor, at 
the request of Mrs. Gay, has prepared it for publication. Some parts 
of it have been slightly altered in the light of experience or in response 
to suggestions from various sources. Only a few brief portions have 
been rewritten. 

The book is intended to cover the elements of analytic geometry and 
calculus in an order of topics that will introduce the basic ideas of cal¬ 
culus fairly early, but not until the student has had enough work with 
coordinates to make graphs and the common curves familiar so that 
they may be used readily for illustrative purposes in calculus. 

The editor extends his sincere thanks to his colleagues at Worcester 
Polytechnic Institute for their assistance: to Professors Harris Rice and 
Edward C. Brown for help in editing; to Professor Richard N. Cobb 
and to Ralph D. Nelson for help with the manuscript; and to Mrs. 
Harris Rice for critical reading of the copy. 


Worcester, Mass. 
February ^ 1950 


Raymond K. Morley 
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Chapter 1 


RECTANGULAR COORDINATES 


1. Introduction. In this chapter we begin the study of that branch 
of mathematics known as analytic geometry. As the name implies, 
the theorems that are demonstrated and the applications that are based 
on them are geometric in nature, but the methods of obtaining them are 
analytic (algebraic). 

2. Directed lines. A straight line in analytic geometry has all the 
properties of a straight line in plane geometry, and, in addition, it is 
usually regarded as possessing direction. It is convenient to think of 
such a directed line as being generated by a moving point and to call the 
direction in which the generating point moves the positive direction of 
the line. The positive direction is indicated by a conventional symbol, 
such as an arrow, or by some stated convention, for example, by agreeing 
that the upward direction of a line shall be its positive direction. In 
Fig. 1 the arrows indicate the positive directions of the lines. 




A segment MN of a directed line is said to be positive (or directed in 
the positive sense) if the direction from the first letter to the .second co¬ 
incides with the stated positive direction; if the letters arc in the opposite 
order, the segment is negative. In Fig. 1(a) MX is positive; in Fig. 
1(6) MN is negative. Evidently reversing the order of the letters 
reverses the sign of the segment; i.e., 

MN = -NM 

Although the notation allows great freedom in the position of directed 
lines, in practice the number of conventional arrangements is small. 
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The positive direction of a horizontal line is usually toward the right, 
as shown for the line in Fig. 2. It is conventional to let some con- 

X 

FIG. 2. 

venient fixed point of the line be called the origin of the line and to 
designate it by 0. Next an arbitrary unit of length is selected, and a 
scale is constructed on line X'X by marking off points at distances of 
one unit, two units, and so on, to the right and left of 0. Those points 
which lie to the right of 0 are designated by 1, 2, 3, . . . , and those 
to the left by -1, -2, -3, .... In this way there may be developed 
a correspondence between all the positive and negative integers and 
certain points of the line X'X. Generalizing the idea of representing 
integers by the points at the corresponding distances from 0, it is to 
be understood that any real number is represented by the point on 
X'X at the corresponding distance from 0; and, conversely, every point 
of the line has its counterpart among the real numbers. 

A correspondence like the one just described between the points of 
a line and the real numbers is called a one-to-one correspondence. 

Consider next the lengths of certain segments on the line X'X, 

In Fig. 2 let A denote the point 3 on X'X, i.e., OA = 3 (units of 
length understood); similarly, let B, S, and T denote the points 7, 
“3, and —2, respectively. 

The length of segment AB = OB — OA = 7 — 3 = 4. 

The length of segment BA = - (OB - OA) = OA - OB = 3 ~ 7 = — 4. 

The length of segment TB = TO A- OB = OB — OT = 7 — ( —2) = 9. 

The length of segment BS = BO + OS = OS - OB = -3 - 7 = -10. 

The student may verify all these statements by counting and may 
compose and verify additional examples of his own. 

In general, if Pi and are two points in X'X that correspond to the 
numbers Xi and X 2 » the length of the segment PiPz, including the sign, 
equals the number corresponding to the second letter minus the number 
corresponding to the first; i.e., 

PlPi = OPz ~ OPi = X2- Xi [1-1] 

3. Rectangular coordinates. A system of rectangular coordinate 
axes consists of two straight lines drawn at right angles to each other 
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as shown in Fig. 3(a). The horizontal line X'X is identical with the 
horizontal line described in detail in the preceding section, and the 
vertical line Y'Y is a similar line having the upward direction as its 
positive direction. 

The horizontal line is called the x-axisy or axis of abscissas; the vertical 
line is called the y-axisy or axis of ordinates; together they form a system 
of rectangular coordinateSy and 0, their point of intersection, is called the 
origin of the system. 

Rectangular coordinate axes are sometimes called Cartesian co¬ 
ordinate axes in honor of Rene Descartes, who published a description of 
them in 1637. 


Y Y 



FIG. 3. 


Any point in the plane of a system of coordinate axes may be located 
by reference to them. Examine the point marked P{Xyy) in Fig. 3(a). 
lP{Xyy) is read, “the point P whose coordinates are x and y.”] The x 
in the parentheses denotes the distance of the point from the t/-axis. 
It is called the abscissoy or x-coordinatCy of P. Similarly, the y denotes 
the distance of the point from the a:-axis. It is called the ordinary or 
y-coordinatey of P. The abscissa and ordinate together are called the 
coordinates of P. 

The student should verify that the coordinates of the six points in 
Fig. 3(6) are correctly stated. 

If accurate plotting is required, the student may use ruled coordinate 
paper, or graph paper, which may be purchased at most stationery 
stores. For many purposes plain paper with the axes ruled in by the 
student and scales clearly marked is good enough. 
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EXERCISE 1 

1. On a system of rectangular coordinate axes locate (a) (5,3); (6) (7,-4) 

(c) (-2.-1); (d) (-4.4); (e) (-1.0); (/)(0^). ( , (hU i 

2. On a system of rectangular coordinate axes locate (a) W t », o) 

(c) (-4.1); (d) (1,-6); {e) (7.0); (/) (0.-3). 

3. On a system of rectangular coordinate axes locate (a) (—2,7); (6) (5, 2); (c) ( 0 , 1 ; 

M (-1.-1); W (-5.0); (/)(o.-^)- . 

4. On a system of rectangular coordinate axes locate (a; (3,6;; to; to, s; 

(c) (-4.-5); (d) (-3,3); (e) (6,0); (/) (0,6). 

6. If three vertices of a square are (0,0), (0,4), and (4.0). what are the coordinates of 

the fourth vertex? 

6. If two vertices of a square are (0.0) and (5,0). what may be the coordinates of the 

other vertices? Consider several possible answers. 

7. (a) Where are all points located whose abscissas are zero? (6) Where are all 
points located whose ordinates are zero? (c) Where are all points located whose ordinates 
are +3? (d) Where are all points located whose abscissas are -5? 

8. (0,0), (8,0), and (2,5) are three vertices of a parallelogram. 

vertex? Consider several possible cases. 

9. (0,4), (2,1), and (8,1) are three vertices of a parallelogram, 
vertex? Consider several possible cases. 

10. The abscissas of the points A, B, C, and D on the x-axis are —7, —1, 3, and 8, 
respectively. Find the lengths of the following directed segments: (a) AB; (6) BA‘, 

(c) AD; (d) DB-, (c) DC; (/) AC, 

11. The abscissas of the points Q, R, S, and T on the i-axis are —6, —3, 4, and 7, 
respectively. Find the lengths of the following directed segments: (a) QT; (6) SQ; (c) RS; 
id) TR; (e) RQ; (/) QR. 

12. The ordinates of the points E, F, G, and H on the y-axis are -4,1, 4, and 8, re¬ 
spectively. Find the lengths of the following directed segments: (a) FH; (6) HE; (c) EG; 
id) GF; (e) HF. 

13. (a) Where are all the points located whose abscissas equal their ordinates? 
(6) Where are all points located whose abscissas equal their ordinates with the sign 
changed? 

14. Where are all the points located having (a) positive abscissas and negative ordi¬ 
nates? (6) negative abscissas and negative ordinates? (c) zero abscissas and positive 
ordinates? 

In Probs. 15 to 20 supply the coordinates of the points left blank. 


Where is the fourth 
Where is the fourth 


y y y 




16. Right Triangle 


17. Isosceles Triangle 
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18. Isosceles Triangle 



Note. Two points are symmetrical with re¬ 
spect to a line if that line is the perpendicular 
bisector of the segment joining the two points. 

Two points are symmetrical with respect to a 
third point if that point is the mid-point of the 
segment joining the two given points. In 
Fig. 4, Pi and Pz are symmetrical with respect 
to the a:-axis; P* and P 4 are symmetrical with 
respect to the y-axis; Pj and P« are symmetri¬ 
cal with respect to the origin. 

21. State the coordinates of the points symmetrical (see note above) to the following 
points with respect to the ar-axis: (a) (4.4); ( 6 ) {7,-2); (c) (0,3); (d) (-1,-5); (<r) (-3,1). 

22. Referring to the points listed in Prob. 21. sUte the coordinates of the points sym¬ 
metrical (see note above) to each of them with respect to the j/-axis. 

23. Referring to the points listed in Prob. 21. state the coordinates of the points sym¬ 
metrical (see note above) to each of them with respect to the origin. 

24. Compose and sUte rules for finding the coordinates of a point symmetrical (see 

note above) to a given point (o) with respect 
to the x-axis; ( 6 ) with respect to the y-axis; 
(c) with respect to the origin. 

4. Formula for the length of a seg¬ 
ment. Theorem: The length of the 
segment joining any Uvo points is the 
square root of the sum of the square of 
the difference of their abscissas plus the 
squareof the difference of their ordinates. 
Given the points P\{xuyi) 

in Fig. 5. Rc<iuire<l (/, the 

length of PxP 2 > 

Draw a horizontal line through Pi and a vertical line through Ps. 
and let be their point of intersection. In right triangle PxMP^, 


Y 
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by formula [1-1], the distance PiM between two points in the same 
horizontal line is 

FiM = Xi - xi 

Similarly, 

MP 2 = t/2 - 

Applying the Pythagorean theorem, 

d = V(x2 - xi)2 + ( 2/2 - 2 / 1 )^ 

d is usually regarded as denoting the absolute, or numerical, value of 
the distance P 1 P 2 ; hence, either of two given points may be taken as 
Pi and the other as Pj. 

The segment Xj - Xi is called the projection on the x-axis of P 1 P 2 ; 
similarly, y 2 — yi is the projection on the y-axis. 

In terms of projections the length theorem may be restated: The 
length of the segment joining two points is the square root of the sum of the 
squares of its projections on the axes. 

Example. Find the length of the segment joining ( — 7,4) and (5, — 1). 
Solution. Applying formula [1-2], 

d = Vf-7 - 5P -f [4 - (-1)]2 = Vl44 -f- 25 = 13 units 


5. Poini-of-division formulas; mid-point formulas. Let Pi{xuyi) 
and PiiXi^yi) define a segment (see Fig. 6). Any other point in the line, 

call it P(x, 2 /), is said to divide the 



FIG. 6. 


segment P 1 P 2 in the ratio r defined 
by the equation 



r is called the ratio of division. 
When P lies between Pi and P 2 , 
it is said to divide the segment P 1 P 2 
internally. In this case PjP and 
PP 2 are directed in the same sense; 
hence they have like signs, and their 
quotient r is positive. 


^\llen P lies on the segment P 1 P 2 
produced (in either direction), it is said to divide the segment P 1 P 2 ex¬ 
ternally. In this case PiP and PPj are directed in opposite senses; hence 
they have unlike signs, and r is negative. 


The formulas for the coordinates of P in terms of r and of the co¬ 
ordinates of Pi and P 2 are found as follows: Through Pi draw a horizontal 
line and through P 2 a vertical line, and let them intersect at i/(x 2 ,yi). 
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Through P draw a vertical line intersecting PiM at Ti(xyyi) and a 
horizontal line intersecting MP^ at Ti{xiyy), 

In the similar triangles P\TiP and PT^Pit 

PiP PiT, 

'■ PP2 PTi 

But PiTi = X — Xu PTi = Xi — x\ hence. 


X — X\ 

T =- 

Xi — X 


Clearing of fractions and solving for a:, 

Xi + rx2 

® 1 + r 


Similarly, 



y \ 4- r?/2 

1 + r 


[1.4a) 


[lAb] 


These equations for x and y are called the 'poini-of-division formulas. 

An important special case of the foregoing occurs when P is the mid¬ 
point of P]P 2 . For this position it is evident that r = 1. Substituting 
this value of r in [1.4a, 6], we obtain the mid-point formulas, viz., 

X = |(xi + X 2 ) y = ^{yx + 2 / 2 ) [l-5a, b] 


Expressed in words, the coordinates of the mid-point of a segment are 
the averages of the coordinates of the end points of the segment. 

Example \. Find the point which di¬ 
vides the segment from Pi( —3,~1) to 
P2(6,2) in the ratio —5/2. 

Solution. The points are plotted in 
Fig. 7. In this case it is necessary 
merely to apply formulas [l-4a, 6]. 


-3-b(-5/2){6)_ -3-15_,„ 

X “ ' - . - 


1 - 5/2 


-3/2 




-3 


P(12.4) 



P2ie,2) 


12 


-l + (-5/2)(2) _ -l-5 _ 
^ 1-5/2 -3/2 


Pi (-3,-1) 


FIG. 7. 


The required point is P(12,4). In this example the wording clearly 
indicates which point is Pi and which P 2 . When the context does not 
clearly indicate the choice, both options should be considered. 

Example 2. Using the points in Example 1, find the point two- 
thirds of the way from Pi to P 2 . 

Solution. We must first find r. By definition, r = P 1 P/PP 2 . From 
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the daU, PiP = HPiP^y consequently, PP 2 = ^iPiPi- Hence, r is 

the ratio of to or r = 2 . •# 4 . 1 , f -p 

The student should complete tlie solution and verify that the re- 

quired point is P(3,l)- 

Example 3 . Find the mid-point of P 1 P 2 in Example 1. 

Solution. Applying [l-5o, 6 ] directly, we find 

x = |(-3-l-6) ^ = |(-l + 2) 

and the mid-point is 


EXERCISE 2 


1. Find the distances between the following pairs of points; 

( 0 ) (- *, 1) and (6.4). (i.) (3. - 3) and (- 5. - 9). 

(c) (5,1) and (-6,0). (d) (-6,8) and (0,0). 

(«) (-4.3) and (7,3). (/) (^.t) and (2,-1). 

2. What is the distance of P{x,y) from (o) the p-axis? (6) the i-axis? (c) the origin? 

3. Which of the following triangles are right triangles? 

(a) ^(-4.1), 5(0.4), C(3.0). (5) ^(-1,-2), 5(3,0), C(5,-4). 

(c) A(-7.2). 5(0,0), C(2.6). (d) A{-S,7), 5(1,1), C(5.S). 

4 . Which of the following triangles are isosceles? Which are also equilateral? 

(a) d(0,2), 5(3.-5), C(6,2). (5) ^(-4.7). 5(2,5), C(4.-l). 

(c) 5(8.0). C(-4.-4V3). (d) .4(0,8), 5(-2,-2), C(8,-l). 


6. Find the point dividing the segment from the point first mentioned to the second 
point in the stated ratio. 


(a) (-2.8), (5-6); ratio 3/4. 

(c) (5.2), (-1,1); ratio-1/2. 

(c) (5,-1), (1,3); ratio -2. 

(S) (0,0), (7,5); ratio 5/2. 

(t) (6,-4), (-3,0); ratio -2/5. 
(k) (5,0), (-1.2); ratio -4/3. 


(6) (-4,-3), (1,0): ratio —3. 
(d) (-3,9), (5,-7): ratio 5/3. 
(/) (0,2), (4,8): ratio-1/3. 

(A) (-4,2), (2,-1); ratio -3/2. 
U) (-7,3), (2,-4); ratio 4/5. 

(D fS.—5V fO.OI: ratio —1/4. 


6. Find the mid-points of the following pairs of points: 


(o) (2.6) and (4,-2). 
(c) (-2,-5) and (1,3). 
ie) (6,3) and (-2.-5). 
{g) (-3,4) and (3,7) 


(6) (—3,1) and (5,6). 

(d) (-6,-1) and (2,-5), 
(/) (0,0) and (5,5). 

(A) (-4,-5) and (8,2). 


7. Given the triangle i4(—4,—2), 5(4,4), C(7,0). (o) Find the length of side AB. 
(6) Find the mid-point of side BC. (c) Find the length of the line joining the mid-points 
of sides BC and AC. (d) Find the length of the median through vertex A. 

8. Using the triangle in Prob. 7, answer the following: (o) Find the point one-fourth 
of the way from A to B. (6) Find the point two-thirds of the way from C to B. (c) Find 
the point where the medians meet. 

9. Given the triangle /!(-6,—4), B(—1,8), C(5,0). Answer (o) to (d) as in Prob. 7. 

10. Using the triangle in Prob. 9, answer the following: (a) Find the point one-third 

of the way from B to C. (6) Find the point three-fourths of the way from C to A. (c) Find 
the point where the medians meet. 
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11. Using Fig. 6, discuss the position of P with reference to Pj and P* (a) when r= ; 

(h) when r — (c) when r = 0; (d) when r = oo ; (e) when r varies from 0 to — 1; 

(/) when r varies from — 1 to — oo. 

12. Find the other extremity of each of the following segments: 

(a) One end at (6,0), mid-point at (0,2). (6) One end at (3,5), mid-point at (—1,1). 

(c) One end at (-2,-4), mid-point at (1,0). 

(d) One end at (4,-3), mid-point at (—2,1). 

13. Answer the following if r, P, Pi, and Pi have the meaning used in the definition of r\ 

(o) Find Pi if Pi is (-4.0), P is (-1.2). and r = (6) Find P, if Pi is (1.2). P is (7.5), 

and r = —3. (c) Find r if Pi is (2,3), Pi is (6,-5), and P is (1,5). 

6 . Inclination and slope of a line. It has been mentioned previously 
that in analytic geometry the direction of a line is one of its important 
properties. A common way of specifying the direction (apart from sense) 
of a line is by giving its inclination. Consider the following definitions: 

Definition. If a line itiiersects the x-axis, its inclination is the least 
positive (counterdochmse) angle from the positive direction of the x-axis 
to the upward direction of the line. 

Definition. If a line is parallel to the x-oxw, its inclination is 0 {units 
of angle). 

We shall use a (Greek alpha) to denote the inclination of a line. 
The definitions are illustrated by the several lines in Fig. 8. A further 
definition is needed. 



(a) (b) 

FIG. 8. 


Definition. The slope of a line is the tangent of its inclination. 

We shall use m to denote slope. The preceding definition is expressed 
by the equation 

m = tan a [f-fij 


The use of “upward direction” is not intended to imply that the 
upward direction of a line is its positive direction. Both directed and 
undirected lines have inclinations and slopes as defined above. Ihe 
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least positive angle between the positive end of the x-axis and the positive 
direction of a directed line is either equal to, or differs by 180 from, 
the inclination of the line, as can readily be determined by inspection. 
In either case the tangent of this angle equals the slope of the line. 

7. Slope of a line passing through two points. If the coordinates of 
two points through which a line passes are known, we may find the 
slope of the line as follows: 

Theorem: The slope of a line passing through Pi(xuyi) and is 

given by the formula 

... 

m =- 

X2 — Xi 


In Fig. 9 let Pi{xi,yi) and Piix^yy^ be two points of a line 

(Two typical positions are shown.) 


Proof. 
whose inclination is a. 

Y 



Through Pi draw a horizontal 
line, and through Pi draw a ver¬ 
tical line to intersect at $(x 2 ,yi). 
For either position 

m - tan a = QP 2 /P 1 Q 
and for either position 

QP 2 = 2/2 - yi> PiQ = Xi - xi 

Hence, 

m = [1-7] 

X2 “ Xi 

In the case of a vertical line, for¬ 
mula [1-7] breaks down because the 

However, in 
- CO in the 


denominator is zero, and division by zero is impossible, 
this special case a = 90°; and by definition m = tan 90 
sense in which this notation is used in trigo¬ 


nometry. 

It is useful to note that, when a is acute, 
m will be positive and the line will slant up¬ 
ward to the right; but when a is obtuse, m 
will be negative and the line will slant up¬ 
ward to the left. 

Example. Find the slope and inclination 
of the line passing through (-5,4) and 

(3,-2). 

Solution. In a numerical case it makes no 

difference which point is identified as and which as PjCxj.j/j). 

Arbitrarily writing Pi(-5,4) and P 2 ( 3 ,- 2 ), 
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-2-4 
3 - (-5) 


a = tan”’ 



-3 

4 

143°8' (nearest minute) 


The student may verify that the other choice of Pi and Pz produces 
the same value for m and thence the same value for a. 

8. An angle between two lines. We know from plane geometry 
that when two lines intersect they form two equal pairs of vertical angles. 
If any angle of the four is known, the others are readily determined by 
elementary methods. In what follows we shall explain how to select 
an angle of reference and express its tangent in terms of the slopes of the 
intersecting lines. The angle of reference is selected as follows: The 
angle (i.e., the angle of reference) between two intersecting lines is 
the positive (counterclockwise) angle between their upward directions; 
if one line is horizontal, the angle is equal to the inclination of the oblique 
line; if both lines are horizontal, the angle is zero degrees. Other 
desired angles are found by inspection from the angle of reference. 

We shall denote the angle dehned above by 6 (Greek theta). 

Theorem: The tangent of d is given by the formula 


tan Q = 


m\ — 7712 
1 + mimz 


where mi is the slope of the line having the greater inclination. 


Y 



Several positions for 9 are shown in Fig. 11. In each position Li 
denotes the line of greater and Lz the line of les.ser inclination; aj and 
02 , m\ and m^ denote tlie inclinations and slopes of L\ and £ 2 , respectively. 
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In all cases 



Taking the tangent of both members of (1), 


tan d = tan (ai — 0 : 2 ) 


tan a] — tan 02 
1 + tan ai tan 02 


tan 6 


m\ — TWj 
1 + mirrii 



If the inclinations happen to be known, (1) may be used directly; i.e., 




The exception to the above theorem occurs when either L\ or Zj is 
vertical so that one of the slopes is infinite. Then [1-8] is meaningless. 



In these circumstances 

0 = 90° - a 2 . or 0 = ai - 90° 
as the case may be, and either 

tan d = cot o ;2 
or 

tan B = —cot ai [1-10] 

Example. Find the interior angles 
of the triangle whose vertices are 
^(6,-1), Z(l,7), and C(l,2). 

Solution. Let a denote the in¬ 
terior angle a.t A. a is the posi¬ 
tive angle between the upward 
directions of sides AB and AC; 
hence, it corresponds to 0 in [1-8], 
Mac corresponds to and mab 
corresponds to 


tan O' 


-3/5 - (-8/5) 

1 -b (-3/5)(-8/5) 


5/5 

49/25 


25 

49 


At vertex B the interior angle (Greek beta) is the vertical angle 
of 0B, which is the angle between the upward directions of sides CB 
and AB. Hence, ^ = Bb* and tan j8 = tan Bb- Since CB is vertical, 
we have the special case covered by [1-10]. AB and CB correspond 
to Li and L 2 , respectively. 


tan Bb = tan = 



5 

8 
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Similarly, at vertex C, 

7 (Greek gamma) = 180® — $c tan y = —tan dc 
tan 7 = — —cot ^tan”* 

The angles may be found from tables. To the nearest minute 

a = 27®2' = 32®0' y = 120°58' 

9. Parallel lines and perpendicular lines. The special cases of 
parallel lines and perpendicular lines are important. 

If two lines Li and L 2 , either directed or undirected, are parallel, 
their inclinations are equal, that is, 

«! = az [1-lla] 

The slopes of parallel lines are equal, that is, 

mi - [1-116] 



Conversely, if two lines have slopes or inclinations that satisfy one 
of the relations [1-lla, 6], they are geometrically parallel (but possibly 
directed in opposite senses). 

In the case of two perpendicular lines L\ and Lzy where Li denotes 
the line of greater inclination, one condition for perpendicularity is 

ai = a 2 + 90® [l-12a] 


Taking the tangent of both sides of this equation and applying 
appropriate trigonometric formulas, 

tan ai — tan (a^ + 90®) = — cot az = — 

XaII Qf2 

Expressed in terms of the slopes of the lines. 



[1-126] 


This formula is used frequently. In words it states that, if two lines 
are perpendicular, their slopes are the negative reciprocals of each other. 

Conversely, if the slopes of two lines are negative reciprocals of each 
other, the lines are perpendicular. The steps in the derivation of 
[1-126] are directly reversible if angles are limited to the range from 
0° to 180®, including 0°. 

EXERCISE 3 

1 . Find the slopes of the lines joining the following pairs of points: 

(a) (-2,6) and (3,1). (6) (0,0) and (5,8). 

(c) (1,-2) and (1.8). (d) (2.0) and (0,-6). 

(«) (1,-4) and (5,-3). (/) (0,8) and (8,0). 


% 
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2. Find the slopes of the lines joining the following pairs of points: 

(а) (-5,1) and (3.3). (&) (-2.0) and (3.5). 

(c) (1,-2) and (6,1). (d) (0»0) and (8,-2). 

3. Find the inclination to the nearest tenth of a degree of each line in Prob. 1. 

4. Find the inclination to the nearest tenth of a degree of each line in Prob. 2. 

6. Find in each of the following cases whether lines Li and L 2 , as determined by the 
given points, are (i) parallel; (ii) perpendicular: 

(o) Li. (0,0) and (2,5); U, (2,-1) and (4,4). 

(б) Li, (3,-2) and (-4.3): U, (7,5) and (2,-2). 

(c) Lu (-4,0) and (0,6); L,, (3,7) and (9,3). 

id) Lu (-2.-1) and (3,1); Ii. (8.-3) and (-7,-9). 

6. Find in each of the following cases whether or not the given points lie in a straight 
line: 

(a) (0,0). (2,-3), (-8,12). (6) (-5.-1), (1,2), (7.4). 

(c) (0.-7), (3.-3). (4>^.-l). id) (-2,4), (2,0), (3,-1), (8,-6). 

{e) (-5,-3), (-1.-1), (1.0), (9,5). 

7. By means of slopes determine which of the following triangles are right triangles: 

(a) X(-2,-l), B(1.2). C(6.-3). (6) ^(1,-4), B(5,3), C(7.0). 

(c) ^(-5,6), B(O.O). C(3.3). (d) ^(0,5), B(-2,l), C(6,2). 

(e) X(-2,-3), B(2.5), C(4.1). 

8. By means of slopes determine which of the following quadrilaterals are parallelo¬ 
grams: 

( 0 ) ^(0.0). B(6.2). C(8.7). Z)(2.5). (6) ^(5,-4), 5(1,6), C(-4.9), Z)(0,-1). 

(c) /l(0,-5), 5(5,0). r(O.O), 5(6,6). 

9. Given the triangle .1(0,-6). 5(3,3), r(7.-5). (a) What is the slope of side BC? 
(6) What is the slope of the altitude through vertex A? (c) What is the slope of the 
median through vertex B? (d) What is the slope of the line through C to the point one- 
third of the way from A to 5? 

10. Determine h for each of the following cases to satisfy the condition stated: (a) The 
line joining (/t,2) and (-3,-4) hasm = 1. (6) The line joining (0,/i) and (-1,0) is parallel 
to the line joining (5.3) and (3.-1). (c) The line joining (0,0) and (A,4) is perpendicular 
to the line joining (—2,5) and (6,1). 

11. Find the tangent of the angle between the upward directions of the lines determined 
by the following pairs of points: 

( 0 ) (-4,-2). (1,1) and (2,0), (-1.3). (6) (1,1), (7.5) and (3,-2), (4,6). 

12. Find the tangent of the angle between the upward directions of the lines determined 
by the following pairs of points: 

(a) (-2,-1), (2.3) and (1,1), (4,2). (6) (-4,-1), (2.1) and (-2,1), (2,-3). 

13. Find each angle in Prob. 11 to the nearest tenth of a degree. 

14. Find each angle in Prob. 12 to the nearest tenth of a degree. 

16. Find to the nearest tenth of a degree the interior angles of the triangles whose 
vertices are as follows: 

(a) 5(0.5), C(8,3). (6) /l(-4.0). 5(3,1), C(-l,4). 

(c) ^(-4.0), 5(8,1), C(6.5). (d) 5(3,1), C(-l,6). 

16. Find the slope of a line making an angle of 45® with the line joining (1,-2) and 
(5,0), (Two answers.) 


Chapter 2 


GRAPHS AND LOCUS PROBLEMS 


10, Introduction, One of the two fundamental problems of analytic 
geometry is to obtain the graph of a given equation, and the other is 
to find the equation of the locus of a point which is required to satisfy 
a given set of geometric conditions. This twofold idea is embodied in 
the following principle: 

Principle: The graph of an equation is the locus of all points, and only 
those points, whose coordinates satisfy the equation. 

\Ve shall begin by discussing a simple method of plotting graphs. 

11, Point-by~point plotting. In this method of plotting the graph 

of an equation, 

1. One of the vanables is expressed directly in terms of the other. 

2. Values are assigned arbitrarily to the latter, and values of the former 

are computed. 

3. The points thus located are plotted. 

4. A smooth curve is drawn through them. 

This is an approximation to the graph of an equation as set forth m 
the principle stated in the preceding section and is commonly called, 
simply, the graph of an equation. A good approximation depends on 
taking enough points, both in extent and closeness together, to show the 
curve correctly and on plotting the points accurately. We shall il¬ 
lustrate the method by several examples. 

Example 1. Plot the locus of the equation 

2a: + 3y = 12 


Solution. Solving for y in terms of x, 

12 - 2x 


In the table accompanying Fig. 13 the values 0, 1, 2, 3, ... , V 
-2, ... are assigned to x, and the values of y are computed. Ihe 

results are as shown. 

The points are shown in Fig. 13, and they suggest a straight line, which 
is, in fact, the graph of this equation. In general one should try to 

15 
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keep the labor of computing values at a minimum by trying to visualize 
how the curve is developing from a few points. 


Y 



FIG. 13. 



Example 2. Plot the locus of the equation 

+ 9y^ =144 

Solution, y = ±/^Vl44 — 4x^ 



This example presents no unusual difficulties. It is useless to compute 
the values of y more accurately than they can be plotted on the graph. 
Observe that values of x greater than 6 or less than —6 give imaginary 
values for y. This restricts x to the range -6 ^ x ^ 6. 

The curve is an ellipse. 
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Questions. What is the graph obtained if only the equation (a) y =* 
+ J4\/l44 — jg used? (6) if y = — 3^Vl44 — 4x* is used? 
Example 3. Plot the locus of the equation 

2/3 - lOx + 8 = 0 



RG. 15. 


Solution. Solving for y in terms of i would introduce a cube root. 
To avoid this we may vary our usual procedure and find x in terms of y. 

a: = ^ (2/® + 8) 

Assigning values to y we may compute the table of values and plot 

the locus in the usual manner. 

The curve is a cubical parabola. 

Example 4. Plot the locus of the equation 

s = 16(2 _ 48/ 


Solutim. Since the letters in the equation are a and t instead of x 
and y, we must assign arbitrarily one letter to the horizontal axis and 
one to the vertical - for instance, as they are assigned in h ig. 10. 

The table shows values of s computed for selected values of «. 

It happens occasionally that the values of one variable are too large 
to plot conveniently if the same scale is marked off on both axes. 1 here 
is no objection to using different scales on the two axes if this fact is 
clearly noted. In Fig. 16 each division of the scale on the «-axis rep- 


resents 10 units. , , , u r, * 

Another point to be noted is that, using only whole numbers for ( 

the points (1,-32) and (2,-32) leave us in doubt about he shape of 

the curve in their neighborhood. By taking the fractional value 

« = we locate the point (^.-36), which clears up this uncertainty. 

Fractional values should always be used when a similar doubt arises. 



18 


ANALYTIC GEOMETRY AND CALCULUS 


[Sec. 11 


We can give a physical interpretation to this example. Thus, if s 
denotes distance in feet from an origin, the positive direction being 
vertically downward, and t denotes time in seconds, the equation 
s = — 48/ expresses approximately the relation between s and t 

for a freely falling body which possesses an upward velocity of 48 ft./sec. 


s 



when / = 0. After the graph has been plotted, it may be used to find 
approximate values of one quantity for assigned values of the other. 
For example, what is the distance of the body from the origin when 
t = 2.4 sec.? Reading from the graph, 5 = -23 ft., i.e., 23 ft. from 
the origin in the negative (i.e,, upw'ard) direction. 

A curve of the type shown in Fig. 16 is called a parabola. 


EXERCISE 4 

Plot the locus of each of the following equations: 


1. 3y — 2r = 0. 

3. 2j — j/ + 3 = 0. 

6. y = X® — 4. 

7 . y = 3? — ^x. 

9. x*H-!/^ = 25. 

11. x® - y2 = 25. 

13. x2-t- 9y== 81. 

16. — 6x = 0. 

17. y2 = 4x. 

19. y® = 4x + 4. 

21. y = x^. 

23. y = l0x> - lOx. 

26. y^ = 1 — 4x. 

27. 2y = — 4x^. 

29. y* = x^. 

31. xy + 4 = 0. 


2. 2y 4- 3x = 0. 

4 . X 4* 2y — 4 = 0. 

6. y = X* 4- 4. 

8. y = x^ 4- 4x. 

10. x2 4- y! = 144. 

12. x2 - y2 4- 25 = 0. 
14. 9x^4- y2 = 81. 

16. x2 + y2 - 8y = 0. 
18. y^ 4- 4x = 0. 

20. y2 = 4x - 4. 

22. y = x» - 8. 

24. y = x^ - 2x2. 

26. y3 = 1 - 4x. 

28. 3x = 4y — y^. 

30. X2 = y3. 

32. xy — 4 = 0. 
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33. What appears to be the relation between the graphs of (a) Probs. 5 and C? 
(6) Probs. 9 and 10? (c) Probs. 11 and 12? (rf) Probs. 21 and 22? (e) Probs. 29 and 30? 

34. A — is an approximate formula for the area of a circle in termsof its radius/?. 
Plot its graph, (a) From your graph find approximately the area of a circle for which 
R = 3.5 cm. (6) Find the radius of a circle whose area is 100 sq. in. 

36. C — 2.5/ is an approximate formula for changing / (inches) to C (centimeters). 
Plot its graph, (a) From your graph estimate the number of centimeters in 04 in. (6) Esti¬ 
mate the number of inches in 30 cm. 

36. C = ^’6(1"’ ~ formula for converting temperature in degrees Fahrenheit, 

F, to degrees centigrade, C'. Plot its graph, (a) From your graph estimate the tempera¬ 
ture in degrees centigrade when it is 99®F. (6) Estimate the temperature in degrees 
Fahrenheit when it is — 12®C. 


X 


12. Locus problems. Having discussed the graphing of equations, 
we return to the other topic mentioned in Sec. 10, viz., finding the 
equation of the locus of a point which 
moves so that it satisfies a given set 
of conditions. We shall begin with 
an example; on the basis of this we 
shall state the proce<lurc to be fol¬ 
lowed in general and illustrate it 
with further examples. 

Example 1. Find the equation of 
the locus of a point that moves so 
that it is equidistant from the points 
and P 2 {-^A). 

Sohdion. Our knowledge of plane 
geometry assures us that the re- 

quired locus is the straight line which is the perpendicular bisector of 
the segment PiPz. 

To find its equation we assume a point P(.r,y) to be a point on the 
locus. 

By hypothesis, PiP = PzP • 

By formula 

PiP = V{x - \y~ + {y + _ 

(1) vu - 1)- + (1/ + 2)^ = + (!/ - 

(2) - 2i + 1 + 1/^ + 4)/ + 4 = + 9 + »■ - 8|/ + 16 





FIG. 17. 


P„P = \/{x + ;!)■ + iy - 4)2 


Simplifying and reducing, 

(3) 2a: - -f 5 = 0 

The student may plot this equation by the point-by-point method 
and observe that it coincides with the perpendicular bisector constructed 

geometrically. 

Conversely, if the coordinates of any point P{x,y) satisfy (3), steps 
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(2) and (1) are retraceable except that the radicals might have unlike 
signs. For either choice of sign the distances PiP and PiP are numeri¬ 
cally equal, which is suflBcient for the conditions of the problem. Hence, 
(8) represents the locus of all points, and only those points, which satisfy 

the given conditions. , 

We may now write down the general procedure to be followed m 

all locus problems. ^ / \ • 

1. Draw a figure shovying the data, and assume a paint P{x,y) in a 

general position to trace the locus. 

2. Write equations in terms of the coordinates of P{x,y) and the data 
which express the conditions imposed on P(x,y) by the problem. 

3. Simplify the equations obtained in the second step to a form which 

represents the locus as simply as possible. 

4. Consider the converse of the problem to show that points whose co¬ 
ordinates satisfy the equation also satisfy the conditions of the problem. 

5. Complete the figure showing the locus, and devise geometric and 

algebraic checks on the accuracy of the answer. 

Example 2. Find the equation of the locus of a point that moves so 
that it is always equidistant from the y-axis and the point (4,0). 

Solution. The point P|(4,0) is plotted in Fig. 18, and a point P{x,y) 
is chosen by inspection in a general position so that the distances PiP 

and MP, the perpendicular distance 
from the j/-axis to P, appear equal. 

By hypothesis, MP - PiP. 

MP = a: by definition of abscissa. 
PiP = V{x - 4)2 + yK 
Equating MP and PiP, 

X = V{x — 4)2 + 

^2 = ^2 _ 8x + 16 + 2/2 

Simplifying, 

2/2 = 8a: - 16 

The graph of the equation is shown 
in Fig. 18. It is a parabola. Since 
this curve is not usually treated in 
plane geometry, we have no elemen¬ 
tary geometric check; but it is evi¬ 
dent by inspection that the points (2,0), (4,4), and (4,-4) all satisfy 
the given conditions. The equation should be checked by substituting 
the coordinates of each of these points; e.g., 

(4,-4): (-4)2 = (8) (4) - 16 16 = 32 - 16 Check. 


Y 
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The student may complete the checking and consider the converse 
of the problem. 

Example 3. Find the equation of the locus of a point that moves so 
that the slope of the line joining it to (4,0) always exceeds by 2 the slope 
of the line joining it to the origin. 

Solution. In Fig. 19 let P(x,y) 
be a general point of the required 

locus. 

By hypothesis, slope of PiP = 

slope of OP + 2. 

Using the slope formula [1-7], 


P(T,y) 


xy 


^ = - + 2 
a: — 4 x 

= an/ — 4i/ + 2a:^ — 

— 4x = 0 


8a: 



FIG. 19. 


The graph of this equation is the 
parabola shown in Fig. 19. For a 

check take some point found in plotting the graph, c.g., (2,-2), and 
see whether or not the slope of the line joining it to (4,0) exceeds by 

2 the slope of the line joining it to the origin. 

The student may also consider the converse of the i)roblcin. How 

does the check work for the points (0,0) and (4,0)? 


EXERCISE 5 

1. Find the equation of each of the following straight lines. Draw the lines. 

(а) Parallel to the y-axis and 6 units to the right of it. 

(б) Parallel to the i-axis and 3 units below it. 

(c) Parallel to the x-axis and 10 units above it. 

((i) Perpendicular to the y-axis at (0,3). 

(e) Perpendicular to the x-axis at (7,0). 

(J) Perpendicular to the x-axis at (—2,0). 

(j) Parallel to x - 4 = 0 and 5 units to the right. 

{h) Parallel to y -|- 5 = 0 and 3 units below. 

1 («) What is the equation of the .-axis? (6) What is the equation of the .-axis? 
(c) What is the equation of the line which bisects the angle hetwec^ the coordmate axes 
and lies in the first and third quadrants? (<f) What is the equation of the hue winch luxe, 
the angle between the coordinate axes an.l lies in the seco.ul and fourth qu,adra ^ 

3. Find and plot the equation of the straight hne passing through (u) (i 1) with slope i. 

(6) (-3.4) with slope -3/4; (c) (0,-5) with slope -1/3; (d) (a 2) n.th slop^ ^ 

4. Find and plot the equation of the straight hne passing througd. (u) ( 2,4) 

(3 IV (bl (3 —21 and (5 4)' (c) ( — 5,2) an<l (l.b); (d) (0, 2) and ( 2, ). 

' 6. Find and plot the equation of the locus of a point that moves so that it is always 
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equidistant from (a) (-1.-5) and (3,-2); (6) (0.-2) and (6.0); (c) (5.3) and (-1.4); 

iT^^dlrdVlofthe equation of the perpendicda. bi-tor of the segjnent Joining 
(o) (1.4) and (-2.1); (6) (-2-5) and (-4,0); (e) (-3.1) and (4. 2). (d) (1.6) 

Find and plot the equation of the locus of a point that moves so that its distance 
from (0) (0.0) is always 4 units; (6) (-1.3) is always 7 units; W (5.-2) “^''vays 2 units 
8. Find and plot the equation of the circle with (n) center (4 3). radius 6. (b) ce 
(2.-4). radius 3; (c) center (0.4). radius 5; (d) center (A.O). radius r; (e) center (O.k), 

radius 4; (/) center (h,k), radius r. • i 

9 Find and plot the equation of the locus of a point that moves so that >t is always 

equidistant from the (a) y-a.is and (6.0); (b) r-axis 

(d) line 1=1. and (5.0); (c) line i = 1. and (-5.0); (/) line y - 2. and (0.4) (» me 
y = 2. and (2.0); (h) line i + 2 = 0. and (1.3); (f) hne i + 3 - 0. and ( 1.2). (;) line 

10. Find and plot the equation of the locus of a point that moves so that the sum of 
the squares of its distances from (a) (0,0) and (4,0) is 26; (6) (3,0) and (-3,0) is 218. 

11 Find and plot the equation of the locus of a point that moves so that the sum of its 

distances from (a) (-4,0) and (4.0) is 10; (6) (0,-3) and (0.3) is 6^/2. 

12 Find and plot the equation of the locus of a point that moves so that t^ ditierence 

of its'dlstances from (o) (-10.0) and (10,0) is 16; (b) (0.-5) and (0.5) is 5V2. 

13. Find the equation of the locus of a point that moves so that its distance from (2,-1) 

is twice its distance from (-3,4). ... ... 

14. Find the equation of the locus of a point that moves so that it is always one-third 

as far from (0.5) as from (4,-2). 

16. A point moves so that its ordinate is 2 less than its disUnce from the origin. Imd 
and plot the equation of the locus. 

16. A point moves so that its distance from x + 2 = 0 exceeds by 3 its distance from 

(4,1). Find and plot the equation of the locus. 

17. A point moves so that its distance from the line y + 6 = 0 equals the distance, 
decreased by 1, of the moving point from (-2,-3). Find and plot the equation of the 

locus. 

18. A point moves so that the sum of the squares of its distances from (1,-1) and 
(-3,5) equals 100. Find the equation of the locus. 

19. A point moves so that the product of the slopes of the segments joining it to (4,0) 
and (0,6) always equals 2. Find the equation of the locus. 

20. A point moves so that its ordinate equals three times the slope of the segment 
joining the moving point to (—3,2). Find and plot the equation of the locus. 



Chapter 3 

THE STRAIGHT LINE 


, 3 . ;W= h.,e 

“ S‘i ««l »-■■ The «,■.«» 

is of the form x = a a = any constant 

and that of a horizontal line is of the form 

= b b = any constant 

A Im. i. P«*> >« ‘1“ r”’- 1Z\ Th“ Ig'bSc 

r«:ionh.^rs‘<.i' .h. i~»•» 

of the 2 /-axis, a is positive; when the 
line is to the left, o is negative Cor¬ 
responding statements are true for the 
equation y = b, according as the line 

is above or below the i-axis. 

IS The slope-intercept form, me 
points at which any curve cuts the i- 
and W-axes are called the x- and y- 
intercevts, respectively, of the curve. 

A line is determined by a point 
through which it passes, together with 

its direction, or slope. 

In particular let the i/-mtercep o ^ 

the line L in Fig. 20 be the point J formula [1-7], 

Let P(.x,y) be a general point of the line. y 

y - ^ = 

X — 0 

Simplifying^ 



m 


ro ol 


_ ^ J-, It 
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Formula [3-2] is called the slope-intercept form of the line. (0,6), 
or simply 6, will be reserved to denote the y-intercept of a line; similarly, 

(a,0), or a, will be reserved for the ^-intercept. 

Formula [3-2] includes [3-l6] as a special case when m = 0, but it 
does not include [3-la], because a vertical line has no y-mtercept. To¬ 
gether, [3-la] and [3-2] include all possible straight lines. 

16. The general equation of the first degree. It was noted in the 
preceding section that [3-la] and [3-2] include all possible straight lines. 
These equations are of the first degree in x and y. Conversely, any 
equation of the first degree in x and y represents a straight line. The 
general equation of the first degree in two variables is 

( 1 ) Ax + By + C = [3-3] 

Dividing (1) by B (assuming B ^ d), and transposing terms, 

A C 

( 2 ) y = -B^^B 


(2) is of the form [3-2], where 


m 


A 

B 





In the event that B = 0, (1) becomes 

(3) Ax C ^ 0 or 

(3) is of the form [3-la]. 

Hence every equation of the first degree in x and y represents a straight 
line. W'e shall refer to [3-3] as the general equation of the first degree^ 
or as the general form of the straight line. 

17. Plotting straight lines. Except for vertical and horizontal lines, 
which are recognized by inspection, usually the easiest way to plot a 
line is to find its intercepts, plot them, and draw a straight line through 
them. 

Example 1. Plot 4x — 5^ + 20 = 0. 

Solution. By definition the ?/-intercept is the point where the line 
crosses the i/-axis, i.e., the point where x = 0. Set x = 0, and solve 
for y. Thus, 

~5y -H 20 = 0 ?/ = 4 

Similarly, setting y = 0 and solving for x gives the x-intercept. 

4x-l-20 = 0 X ~ —5 



Hence, (-5,0) and (0,4) are the intercepts of the line, and its graph 
is shown in Fig. 21. 

Example 2. Plot 2x - Sy = 0. 
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Solution. Both intercepts coincide at the origin. To obtain a second 
point assign any convenient value to x and compute t/, e.g., x - Sy 
2 / = 2. Plot (0,0) and (3.2), and connect them with a straight line 

(see Fig. 22). 


Y 



FIG. 21. 22. 


18, Intersections of lines. The two equations 
(1) Ax By C = 0 

(^) A'x -\- B'y+ C' = 0 

may represent two coincident lines, two distinct parallel lines, or two 
intersecting lines. 

Case I. They will represent two coincident lines (or the same straight 
line) when the three coefficients of one are proportional to the three 
coeflBcients of the other, i.e., when 

± = R = ^,^K or A = KA', B^KB', C ^ KC [3-5] 
A’ B' C 

In this case the x-intercept of (1) is x = -C/A = -KC/KA 
= - C'/A'. This last value, by inspection, is the x-intercept of (2). 
Similarly, their ^/-intercepts are identical. Having two points in com¬ 
mon, (1) and (2) coincide. 

The facts stated for Case I justify dividing out a constant common 
factor from all the coefficients of an equation and clearing the coef¬ 
ficients of fractions. 

Case II. Lines (1) and (2) are distinct, parallel lines if 
^ = X or A = KA', B = KB', but C ^ KC 

In this case the slope of (1) is m = -A/B = -KA'/KB' = » 

which is the slope of (2). The y-intercept of (1) 6 - t/B 

^ -C'/B'; hence lines ( 1 ) and ( 2 ) have different y-intercepts. Having 
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different i/-intercepts and equal slopes, (1) and (2) are distinct, parallel 

Case III. Lines (1) and (2) represent two intersecting lines if A/A' 

B/B', i.e., if the two lines are not parallel. 

The coordinates of the geometric intersection of (1) and (2) must 
satisfy both (1) and (2) separately. Algebraically, the pair of values 
of X and y which satisfy (1) and (2) are found by solving the pair of 
equations simultaneously; hence, the simultaneous solution (if any) 
of a pair of linear equations gives the coordinates of the intersection 

of their graphs. 

For readers who are familiar with determinants the conditions stated 
in Cases I, II, and III may be expressed as follows: 

Case I. Two coincident lines 


= 0 


A B 


A 

C 


B 

C 

A' B' 

1 

A' 

C' 


B' 

C' 


Case 11. Two distinct, parallel lines 

A C 
A' C 


A B 
A' B' 


= 0 and either 


0 or 


B C 
B' C' 


9 ^ 0 


Case III. Two intersecting lines 

A B 
A' B' 


9 ^ 0 . 


EXERCISE 6 


1. State the equation of the vertical line (o) through (4,2); (6) through (-2,0); 
(c) through (0,3); (rf) 5 units to the right of the y-axis; {e) 7 units to the left of the y-axis. 

2. State the equation of the horizontal line (a) through (4.2); (6) through (-2,-3); 
(c) through (0,0); (rf) 6 units above the x>axis; (e) 1 unit below the x-axis. 

3. Find and plot the equation of the line (a) through (0,4) with slope (6) through 

(0,-3) with slope (r) with m = b = -2; (d) with m = — 1, 6 = 5; (e) with 

a = 45®, 6 = 8; (/) with a = 120®, 6=1; (y) with a = tan“* 6 = —6; (h) with 
a = sin“* H, b = -10; (i) with a = cos“^ ^^3. b = 2; (j) through (0,4), and parallel 
to 3r 4- !/ 4- 4 = 0; {k) through (0,1), and parallel to x — 2y 4- 7 = 0; (/) through 
(0,-3), and perpendicular to 2x — 3y — 8 = 0; (m) through (0,5), and perpendicular 
to 5x 4" 2y — 7 = 0. 

4. Plot the lines. 


(o) 2x 4- Sy - 12 = 0. 
(c) 6x 4- 5y 4- 30 = 0. 
(e) 2x 4“ 5y 4- 13 = 0. 
(s) X - y = 0. 

(i) 4x 4- 3y = 0. 


(6) 4x - 7y 4- 14 = 0. 
id) 3x 4- 3y - 1 = 0. 
(/) 5x - y - 4 = 0. 
(6) X 4- y = 0. 


(;■) 5x- iy = 0. 

6. Examine each of the following pairs of equations, and state whether they represent 
intersecting lines, parallel lines, or coincident lines: 
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(а) 2ar + 4y - 5 = 0, and 4r + 2y - 5 = 0. 

(б) 8x - 121/ - 24 =» 0, and 2x - 3i/ - 6 = 0. 

(c) ar — y — 15 = 0, and x — y — 2 = 0. 

(d) — ^y + 2 = 0, and 5x — 2y + 20 = 0. 

(e) X — y — 3 = 0, and x + y — 1 = 0. 

(J) 2x — 7y = 0, and 2x — 7y + 14 = 0. 

6. Solve algebraically for their points of intersection, and plot. 

(o) 4x — 3y + 1 = 0, and x — y + 1 = 0. 

(6) X — 2y — 3 = 0, and 3x — y — 4 = 0. 

(c) 4x + y “ 0 = 0, and 5x — 2y + 12 = 0. 

(d) 8x — 7y = 0, and 3x 4- 2y = 0. 

(c) I -f" y + 5 = 0, and 5x — y + 7 = 0. 

19. The point-slope form. This form differs from the slope-intercept 
form in that the given point of the line is not restricted to being the 
^-intercept but may be any point. 

Let (xi,^i) be a given point through which a line L passes (see Fig. 23), 
and let vi be its slope. 

Let the equation of L be required. 

Let P{Xyy) be a general point of the line. Then 



FIG. 23. FIG. 24. 


20. The two-point form. Let and be two given points 

through which a line L passes (see Fig. 24). 

Let the equation of L be required. 

Let P{x,y) be a general point of the line. Then, since each member 
of the following equation equals the slope of the line, 

y ~ Vi ^ yi - 

X — X\ X2 — Xi 


[3-7] 
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[ 3 - 7 ] is also called the symmetric form of the straight line, especially 
when rearranged as 

= y~y i [3-la] 

X2 - Xi y2 - yi 

21. The two-intercept form. Let a, the x-intercept, and 6 . the 
^/-intercept, of a straight line be given. That is, (a,0) and (0,6) are two 
points of the line (see Fig. 25). Let P{x,y) be a general point of the 

line. Then, by [3-7], 

y — h _ 0 — 6 _ _6 
X — 0 a — 0 a 

— ay-\-ah~hx 




Transposing and dividing by a 6 , 

- + I = 1. [3-8] 

a 0 

Example 1. Find the equation of the line through ( — 4,1) and per¬ 
pendicular to 3x — oy — 15 - 0. 

Solution. The data are plotted in Fig. 26. 

By [3-4] the slope of the given line is 

3 

and by [1-126] the slope of the required line is — ^ 3 . 

Using [3-6], 

2 / - 1 = -^[z - (-4)1 

Reducing to the general form, the required equation is 

5x -f 3?/ + 17 = 0 



Sec. 21] 


THE STRAIGHT LINE 


29 


It is customary to leave answers in the general form. As checks in 
the above example, ( — 4,1) may be substituted in the answer to make 
sure that the line contains the given point, and it may be noted by in¬ 
spection that the slope of the result is the negative reciprocal of the 
slope of the given line. 

Example 2. Given a triangle with vertices —3,4), B(3, —3), and 
(?(5,8), find the median of the triangle through vertex A. 

Solution. The data are plotted in y 

Fig. 27. 

The median through A must pass 
through the mid-point M of B and C. 

By the raid-point formulas we find 
-1/(4,^0. The equation of AM, the 
required median, by [3-7) is 

y — 4 _ 

X - (-3) “ 4 - (-3) 


Reducing to general form, 

Sx -I- 14y - 47 = 0 

To check, substitute the coordinates 
of .1 and M. 



EXERCISE 7 


1. In each of the following 
the given slope. Plot the line. 

(a) (2,1), m = 3. 

(c) (-2.5). m = -H- 
(c) (-3,0). m = 


6nd the equation of the line through the given point with 

(b) (4,-2). m = -1. 

(rf) (-1,-3), m = H- 

if) (0,-2). m = -M. 


2. In each of the following 
of points, l^lot the line. 

(a) (3.2), i-l-o). 

(,) (-1,-2). (3,11). 

(e) (-3.-1), (5.-2). 


find the equation of the line delerinined by the given pair 

(6) (-2,6), (4.0). 
id) (-4,2), (2.-1). 

(/) (-1.1). (2.8). 


3. In each of the following 
intercepts. Plot the line. 

(rt) a = 5, b = 2. 

(r) a = — 2, 5 = —3. 

(<•) a = 3. 6 = 0. 


find the equation of the line deternnne<l by the given 

(t) a = —3. 6=4. 

((/) a = 4. 6 = -1. 

(/) = -4. 6 = 2. 


4. In each of the following find the equation of the line through the origin and satUfy- 
ing the stated additional condition. Plot the line. 

(a) Through (0,4). (f-) Through (-3.-5). 

(e) m = -8. id) m = M- 

(e) Parallel to 5x - 4^/ -|- 10 = 0. (/) Perpendicular to Cj + 5i/ = 0. 
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6. In each of the following find the equation of the line determined by the stated 


conditions. Plot the line. 

(а) Through (2,1) and parallel to 3x - 4i/ + 7 == 0. 

(б) Through (3,-4) and perpendicular to 4x - 2v + 5 = 0. 

(c) Through (1,-3) and parallel to x + 4i/ — 8 = 0. 

(d) Through (-2,5) and parallel to 3x - 2j/ = 0. 

(e) Through (-4,2) and perpendicular to 3i - y — 4 = 0. 

(/) Through (0,0) and perpendicular to x + y = 0* 

6. Given the triangle with vertices i4(—2,1), B(4,—3), and C(2,9). Plot the triangle. 
Find the equation of (a) (i) side AB, (ii) side BC, (iii) side AC; (b) the median through 
(i) vertex A, (ii) vertex B. (iii) vertex C; (c) the altitude through (i) vertex A, (ii) vertex 
B. (iii) vertex C; (d) a line through A and parallel to BC; (e) a line through C and per¬ 
pendicular to AC; (/) a line through C and perpendicular to BC; (j) a line through the 
mid-points of AB and AC. 

7. Find if (2,i/i) lies on the line 3x + 2y — 12 = 0. 

8. Find Xi if {xi, —1) lies on the line x-f 4y -f- 6 = 0. 

9. Find if ^x + 6 j/ - 4 = 0 passes through (2,-1). 

10. Find B if 1 +By-1 = 0 passes through (—3,4). 

11. Find C if 2x + 5y + C = 0 passes through (0,0). 

12. Find the equation of the line through (1,6) and the point which divides the segment 
from (-5,3) to (3,-1) in the ratio 

13. Find the equation of the line with m-—% and passing through the point one- 
sixth of the way from (0,-3) to (6,0). 

14. Find the equation of the line through the origin and the intersection of lines 
2x+ 5y - 13 = 0,x- 3y - 1 = 0. 

16. Find the equation of the line perpendicular to x -f 2y = 0 at its intersection with 


3x + 4y + 2 = 0. 

16. Find the acute angle between the lines 4x — 3y — 4 = 0 and x — 7y — 1 = 0. 

17. Find the acute angle between the lines 2x + 3y + 1 = 0 and 8x — y — 26 = 0. 

18. Find the acute angle between the lines x — 3y + 3 = 0 and x + y + 1 = 0. 

19. Find the acute angle between the lines 2x + 5y — 10 = 0 and x + 1 = 0. 

20. Find the equation of the line through (1,1) and making an angle of (o) 45® with 

2 - _ 7y 6 = 0; (5) 135® with x - 7y + 6 = 0. 

21. Find the equation of the line through the origin whose inclination exceeds that of 
X - 3y 4- 2 = 0 by tan”^ 

22. Find the equation of the line through (0,4) whose inclination exceeds that of 
3x — 5y 4- 2 = 0 by tan“^ 34- 

23. Find the equation of the line through (2,1) whose inclination exceeds that of 
X — 3y = 0 by tan“^ 2. 


22. The normal form of the equation of a straight line. Consider a 
line which may be in any of the typical positions of the line marked 
L in Fig. 28. 

Let ON denote the line from the origin perpendicular to L in any of 
its positions, S being their point of intersection. The positive direction 
on ON is from 0 toward S. The segment OS is denoted by p and is, 
of course, always positive. ON is called the normal axis of line Z, and 
p is called its normal intercept, or normal distance. In the exceptional 
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(a) (b) (c) 



(d) (e) (f) 


FIG. 28. 


case when L passes through 0, the positive direction of the normal axis 
ON is the upward direction. The positive direction of the normal axis 
of the line x = 0 (the y-axis) is toward the right. The counterclockwise 
angle from the positive end of the x-axis to the positive direction of 


ON is denoted by a> (Greek omega). 
For lines not passing through 0, 
0° ^ cjj < 360®; and for lines passing 
through 0, 0° ^ w < 180°. 

Each position of L determines a 
pair of values of p and w; conversely, 
if p and w are given, a position of L 
is determined. 

We shall next derive the equation 
of L in terms of p and u). As a con¬ 
venience a typical arrangement cho¬ 
sen from Fig. 28 is shown in Fig. 29. 



We shall work toward the point-slope formula. The coordinates of S 


(the intersection of ON and L) in any position are (p cos w, p sin w). 
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The slope of ON is tan oi; hence, the slope of L is 


— 1 COS CO 

-s= — cot CO = —;- 

tan CO sin co 


Appljnng the point-slope formula. 


2 / — p sin CO = 


cos CO 

sin CO 


{x— p cos co) 


[3-9] 


y sin CO — p sin^ co = — a: cos co -|- p cos^ co 
a: cos CO -f 2/ sin CO = p{cos^ co + sin^ co) 

This is usually written in the form 

X cos co + psinco — p = 0 

and is called the normal form of the equation of the line. 

The equation is true in general, but the above derivation is not valid 
in case L is vertical and its slope is infinite, i.e., in the cases represented 
in parts (c?) and (/) in Fig. 28. 

In (c) the coordinates of S are (p cos 0°, p sin 0°) = (p,0),and in (/) 
they are (p cos 180°, p sin 180°) = (“p,0). By inspection the equations 
of L are x — py x - — p, respectively, which may be rewritten as 
X — p = 0, —X — p = 0, and [3-9] takes exactly these forms for co * 0°, 
CO = 180°. Hence, [3-9] includes all possible straight lines. 

Example. Find the equation of the line having co = 120°, p = 7. 
Solution, cos 120° = — 3'i, sin 120° = \/3/2. Applying [3-9], 

+ 0 . 


2 


2 


This equation is in the normal form; if we modify it in any way, say 
by writing it as 

x - VSy + 14 = 0 

we have changed the equation to the general form. 

23. Changing an equation from general to normal form. Comparing 

equations 

(1) Ax -\- By C ^ 0 

(2) X cos coH-psinco — p = 0 

the condition that they represent the same line, by [3-5], is 

cos CO _ sin CO — p 


(3) 


B 


C 


= K 


The next step is to find K. From (3) we may write the separate 
equations 


cos CO = AK sin co = BK 
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Solving for X, 

(4) 


cos* w + sin* w = (A^ + B^)K^ 


K = 


Combining (4) with (3). 

A 


rfc VA- + B* 


B 


cos w = 


± VA^ + fi* 


sm 0 ) = 


± VA^- + /?* 


p = 


~c 


±va^ + 5* 


Hence the first step in changing (1) to (2) is to divide (1) by ± V/l*+5*. 
This gives 

(5) - . .. . a: +- . y +-= 0 


VA^ + B* =h V^* + 


±VA^- + B* 


There are two cases to be considered in choosing the ± sign. First, 
when in (1) C 0; to obtain the term —p in (2) we must choose the 
d= sign opposite to the sign of C. (Of course, the choice must be re¬ 
tained in the other terms.) Second, when in (1) C = 0, a> is restricted 
to the values 0® ^ w < 180®. In other words, w is limited to the first 
and second quadrants, and sin w must be positive, sin co is the coef¬ 
ficient of y in (5), and to make this positive the ± sign must be chosen 
the same as the sign of B. 

For emphasis we summarize these statements in a rule. 

Rule. To change Ax + By C = 0 to the normal form, divide it 
by ±VA^ + B‘, choosing the =t sign opposite to the sign of C unless 
C = 0; if C = 0, choose the ± sign the same as the sign of B. 

Example 1. Change 3x + 4y + 100 = 0 to the normal form. 

Solution. iV.'I* + B^ = ± Vs* + 4* = ±5. Since C = +100, we 
must divide by —5, and the normal form is 



Example 2. Change 3x + \y = 0 to the normal form. 

Solution. Again ± V*-F + = ±5. Since C = 0, the sign chosen 
must be the same as that oi B. /? = +4; hence, we divide by +5, 
and the normal form is 

3 , 4 

5-x + -j, = 0 


24. Distance from a line to a point. The normal form may be applied 
immediately to the problem of finding the distance from a line to a point. 
It is agreed to measure the distance from the line to the point and 
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to give the distance the positive sign when the specified direction is 
the same as the positive direction of the normal axis. When the speci¬ 
fied direction is opposite to the posi- 
Y tive direction of the normal axis, 

the sign of the distance is negative. 
For example, in Fig. 30 the distance 
di from line L to Pi is positive; 
from L to P 2 is negative. 

We may derive an expression for 
dx in terms of the equation of L and 
the coordinates of Pi. Let the equa¬ 
tion of L be 

(1) X cos 0 ) y sin 0) — p = 0 

FIQ^ 30. Through Pi draw L' parallel to L. 

V has the same w as P, and its 
normal intercept is p + dx. Hence the equation of V is 

(2) X cos w -1- 1 / sin w — (p + di) = 0 

Since Pi(a:i,i/i) is a point in line (2), 

Xx cos w -h pi sin w — p — di = 0 
Solving this equation for di, 

di = Xx cos w -f 2/1 sin 0 ) — p [3-10] 

This process is summarized in the following rule: 

Rule. To find the disiancey including sigUy from a line to a pointy 
change the equation of the line to the normal form, and substitute the co~ 
ordinates of the point for x and y in the equation. 

Notice that the distance from a line to a point is positive when the 
point and the origin are on opposite sides of the line, negative when they 
are on the same side; if the line passes through the origin, the distance 
is positive when the point is above the line, negative when below. 

Remark. The rule just stated for the sign of a distance is intended 
primarily for problems where all distances concerned are measured 
from lines, notably for finding the equations of bisectors of angles as 
presented in the next section (Sec. 25). In locus problems where 
distances from lines are combined with distances between points the 
rule may need modification for special cases. For such cases it is better 
to follow the evident purport of the problem than to attempt to formu¬ 
late rules for all possible cases. 

25. Bisectors of the angles between two intersecting lines. Two 
intersecting lines form two pairs of equal, vertical angles (see Fig. 31). 
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Each bisector is found as the locus of a point equidistant from the sides 
of the angle, care being taken to assign the proper algebraic signs to 
the distances. 

Example. Find the bisectors 
of the angles between the lines 

(1) 5x + 122/ - 60 = 0 
and 

(2) 4x + 31/ - 36 = 0 

Solution. The lines (1) and (2) 
are plotted in Fig. 31. Beginning 
with the bisector marked let 
P{x,y) be a general point of the 
bisector, and let di and ^2 be 
the distances of P from (1) and 

(2), respectively. To change (1) to the normal form divide it by 13 
and obtain 

^3^ 5x + 122/ - GO 

Then di is given by 

(4) 



13 


= 0 


, _ 5x -b 12y - 60 
-13- 


Question. Do the x and y in (4) have the same meaning as the x 
and y in (3)? 

Similarly, 4x + 3?/ - 36 


Inspection of the figure shows that di is positive, as drawn, and d^ is 

negative. Therefore, , _ , 

a\ — —02 

Consequently the equation of bisector B is 

3j/ - 36 ^ 

The student may verify that this reduces to 

77x + 99i/ - 768 = 0 

The equation for B' proceeds in a similar way except that 

d[ = d', 

5x + ny - 60 _ 4x + 3?/ - 36 
13 5 


5x + I2y — 60 _ _ /4x + 


13 


This reduces to 


9x - 7y - 56 = 0 
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EXERCISE 8 


1. Draw a line L whose intercepts are (- 2^,0) and (0.- 2^); construct its normal 
axis and label p and w; verify that the coordinates of S (see Fig. 28) are (-3,-4). 

2. Find the equation of each of the following lines in normal form. Plot the line. 


(a) 

(c) 

ie) 

(9) 

(i) 

ik) 

( 1 ) 


p = 6. oj = 45®. 
p = 5, w = 330® 

p = 0, u = 60®. 
p = 2, a» = 0®. 

p = 3, w = 90®. 


(6) p « 2, 0) - 210®, 

(d) p = 4, u == 225®, 
(/) p = 0, o) = 150® 
(A) p = 2. o) = 180®, 
(j) p = 0, a, = 0®. 


p = 10,« = tan”^ (Two answers.) 
p = 5,u = tan“H"*:H)- (Two answers.) 

(m) p = 4, w = tan-i 3; 180® < a. < 270®. 

(n) p = 5,0) = tan-‘(-H): 90® < o> < 180®. 

(o) p = 1, w = tan“* 5^2* 0® < o; < 90°. 

(p) p = 1. 0 ) = tan'>(“ 270® < « < 360 


3. Change the following equations to norma) form, and plot; 


(a) 4x - 3p + 20 = 0. 
(c) 4x — Sy = 0. 

(e) 5x - ny + 26 = 0. 

(?) J = y. 

(i) 15x + 8y = 0. 

(A) I + 2 = 0. 

(m)2/ - 3 = 0. 


(6) 4x — 3y = 20. 
(d) 4x + 3y = 0. 
(/) 5y = 12x - 39. 
(A) X + y = 0. 

(j) y = 4x. 

(0 X - 2 = 0. 

(n) 2y + 5 = 0. 


4. In each of the following 6nd the distance from the given line to the given point, 
and plot; 


(a) 3x - 4y - 15 = 0; (4.2). 

(c) 5x+12y-26 = 0; (-3,8). 
(c) X + y + 8 = 0; (0,0). 
ig) I- 3 = 0; (7,2). 

(i) y+5 = 0; (2,1). 

(A) 22 4-3y = 0;(-4.-l). 


(6) x + 3y+ 100 = 0; (8.4). 
(d) 2x-3y+16 = 0; (0,1). 
(/) X + y = 0; (3.3). 

(A) X - 3 = 0; (0,5). 

(j) y = 2;(-3,-4). 

(0 3y = 4x;(-1.3). 


6. In each of the following find the length of the altitude through vertex A of the 
triangle ABC, and plot: 

(a) X(1.6), C(5,5). (5) .■l(-4.0), B(0.-4), C{4,0). 

(c) ^(4.-3), B(7,5). C(-5.0). (d) -4(5,4), fi(O.O), r(8,-0). 

6. In each of the following find the distance between the parallel lines, and plot: 

(a) 4x — 3y — 10 = 0 and 4x — 3y — 40 = 0. (Hint; Use a combination of their 
normal intercepts.) 

(A) X + y - 4 = 0 and x + y -j- 8 = 0. 

(c) 12x — 5y — 13 = 0 and 12x — 5y + 03 = 0. 

(d) 6x + 8y + 75 = 0 and 3x + 4y + 13 = 0. 

7. Find the area of the rectangle bounded by the lines 8x+6y + 55-0, 
6x - 8y + 15 = 0, 4x + 3y -i- 5 = 0, 3x - 4y - 25 = 0. 

8. Find the area of the rectangle bounded by the lines, x + y = 0, x — y = 4, 

x + y=0, 1 —y+ 8 = 0 . 

9. Find the equation of a line parallel to 2x — 3y — 10 = 0 and having its normal 
intercept twice as great. (Two answers.) 
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10. Find the equation of a line perpendicular to ;t — 4^/ + 8 = 0 and having an equal 
normal intercept. (Two answers.) 

11. In each of the following find the equations of the bisectors of the angles formed 
by the given lines, and plot: 

(o) 8x - 6y + 15 = 0, 3i + 4y - 12 = 0. 

(6) j 2 = 0, X = 4. 

(.c) 2x + 4j/ — 5 = 0, X — y = 0. 

(d) 6x - 12y = 0, 12x + 5y - 13 = 0. 

(«) X — 41/ + 8 = 0, 4x — y + 1 = 0. 

(/) 2x — 5y + 2 = 0, lOx — 4y — 3 = 0. 

12. In each of the following find the equation of the bisector of the interior angle at 
vertex A of the triangle ABC: 

(a) ^(0,0). B(4.3), C(-3,4). (b) A{0-2), B(5.-2). C{2,6). 

(c) ^(3,0), B(5,4), C(0.6). (d) /l(-2,4), B(3.-8), C(7.4). 

13. Find the equation of the locus of a point that moves so that its distance from 

3x + 4j/ — 5 0 is twice its distance from 5x — 12i/ 4* 13 = 0. (Two answers.) 

14. Find the equation of the locus of a point that moves so that its distance from 
* + y + 3 = 0is always one-third its distance from 2x — 4y — 9 = 0. (Two answers.) 

15. Find the equations of the lines through (—10,5) whose normal intercepts are each 
10 units long. 

16. Find the equations of the lines through (5,5) whose normal intercepts are each 
3 V 5 units long. 


Chapter 4 

GRAPHS OF ALGEBRAIC FUNCTIONS 


26. Introduction. In Chap. 2 we gave a point-by-point method of 
plotting graphs. In this chapter we return to curve plotting and shall 

develop some more powerful methods, 

27. Function. Definition. When two quantities are so related that 

to each value of the first there corresponds at least one value of the second, 

then the second quantity is said to be a function of the first. 

The quantity to which values are assigned is called the independent 
variable, or simply the variable, or argument; the quantity that is de¬ 
termined is called the dependent variable, or simply the function. 

The definition of function is very broad and rests fundamentally 
on the idea of correspondence. In practice the correspondence is usually 
given by an equation. For example, y = Sx defines ^ as a function of 
x; the volume F of a sphere is a function of its radius r, V = 
etc. A function is not necessarily given by an equation, however. The 
definition of function permits the correspondence between function 
and variable to be set up in any way. A function may be given by a 
table of values of variable and function, or by a graph, or by observa¬ 
tions. For example, the temperature at any spot is a function of the 
time and may be given by values observed on a thermometer. However, 
in this book we shall study functions by means of equations or formulas. 

A general notation for function is valuable. The equation y - f(x) 
(read “y equals / of x”) indicates that y is sl function of x. A specific 
function may be indicated by writing /(x) equal to the desired expres¬ 
sion in X, e.g., 1 

/(x) = x^- 

Writing any other quantity for x in the parentheses associated with 
/ moans that the quantity so written is to be substituted for x in the 
right member. Thus, in the example just offered, 

/(3) = 33 - 1 = 26? 
fiy + z) = (y + zy - ]— 

y + z 

/(sin 8) = sin^ 6 — esc $ 

38 
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In a given discussion/(x) can denote only one function of x; if several 
functions are involved, different letters must be used for each function. 
Letters frequently used are F(x), (Greek phi), ff(x), g(x), etc. 

If to each value of the variable x there corresponds just one value 
of the function y, then y is said to be a single-valued function of x, for 

instance, ?/ = 3x, or y = x® — etc.; but sometimes there are two 

or more values of y for each value of x. In that case 3 / is a multivalued 
function of x. Thus y = =b\/x is a double-valued function of x; 
y = tan~^ x is an infinitely many-valued function of x. 

Suppose y is given as a function of x, for example, y = x^. Then the 
roles of variable and function may be reversed; i.e., if y is given, x may 
be found, and x becomes a function of y. In the example y = x-, 
x= ±V^. ^Ye say that the new function (square root) is the inverse 
of the old (square). Further examples are 

y = sin X and x = sin“^ y ?/ = x® — 2 x and x = 1 ± y/ij \ 


We obtain the inverse function by solving the original equation for 
the variable. It is often customary, in order to keep the symbols x 
and y as variable and function, respectively, after such solving, to 
reverse the letters. Thus y = x^ and y = zkVx are inverse functions 
with X for variable and y for function in both cases. 

Another useful notation is /(x,y) = 0 (read “/ of x and y equals 
zero”). This equation connects x and y\ it indicates that there is a 
functional relation between x and y but does not commit the user to 
stating which letter is the argument and which the function. We say 
that y is an implicit function of x or that x is an vnplidt function of y. 
(The equation “implies” that one is a function of the other.) If we 
solve an equation f{x,y) = 0 for y in terms of x, obtaining, say, 
y = g{x)y then y is called an explicit function of x; similarly, if/{x,i/) = 0 
is solved for x = h{y), then x is an explicit function of y. 

Example. Consider the equation 


Explicitly, 


f(x,y) = x^y - x2 - 43 / + 25 - 0 



X = ± 


- 25 

y - 1 


Functions are classified as algebraic or transcendental. Algebraic 
functions involve only a finite number of the oi)erali(>ns of addition, 
subtraction, multiplication, division, raising to powers, and extraction 
of roots. Other functions arc transcendental. The common functions 
of the latter type contain trigonometric, inverse trigonometric, logarilh- 
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mic, or exponential terms. In this chapter, unless otherwise specified, 
we shall consider only algebraic functions. 


EXERCISE 9 

1. UJ{x) = - 73: + 1, fiDd/(0)./(10)./(-3). 

2. li Fix) = (i - 2)(x + 5). find F(2). f(4). f(-2). F{-5). 

3. If/( 3 :) = x^-x*-\-l, find/( 2 )J(x + h)Jiix),f{\/x). 

4. Jigix) = findff(0).ff(-l),i?(i)- gix - D* 

6. If 4>it) = + vty where g and v are constants, find <#>(0), 0(2), 0(20, 0(^), 

0 (^ - 1 ). 

6. If T(d) = sin 20 + sin d, find r(0®). r(30°), riir/i), riir). 

7. If f(0) = tan 0 - cot 0. find f(0®), f(45°). f(3 t/ 4), f(20). 

8. If rid) = sin 6- cos 0, find r(7r/6), r(ir/2). Does r(0 + tt) = r(0)? Does 
»‘(0 + t) = r(—0)? Does r(0 + 27r) = r(0)? 


Find the inverse of each of the following functions: 
9. y = 4i — 1. 10. y = 

n.y^-‘ 12. y = 


13. y = 

16. y- 

17. y- 

19. y = 
21. y = 
23. y = 

26. y = 


3 : — 1 

F+1' 

(x - 2)^ 

3^ + 3i. 
x{x - 4). 
sin X. 

sin(i + 1). 
tanl^-x 


14, y = 

16. y = 
18- y = 
20. y = 
22. y = 
24. y = 


4x2- 1. 

3 

X 2 

1 -?. 

X 

X2 — X + 1. 
X* — 2x + 4. 
x* + 3x — 5, 
1 + sin X. 
cos 2x. 


26. y = 1 — cos* X — sin X. 


The following equations define one letter as an implicit function of the other, 
express y as an explicit function of x and then x as an explicit function of y. 

27. xy — X — 3y + 2 = 0. 28. 3xy + 2x — y — 5 = 0. 

29. x^y - x2 + y + 1 = 0. 30. xy* + 2y* - 4 = 0. 

31. xy* — 3y* — 2x = 0. 32. x* — xy + 4y = 0. 

33. x*y* + 4x - 4 = 0. 34. xy* - x* + 4 = 0. 


First 


QO 

36. y*- 16 + - = 0. 

X 


36. x*y* - 9y* - 3x = 0. 


28, Intercepts; symmetry; extent of values. Some of the items that 
are considered in studying the graph of a function are its intercepts, 
symmetry, and the extent of the values of x and y. In a later section 
we shall also consider asymptotes. 

Intercepts. Intercepts were defined in Sec. 15 and used extensively 
in studying the straight line. Formal rules are as follows: 

Rule 1. To find the y-intercepis of f(x,y) = 0, substitute zero for x 
and solve for y. 

Rule 2. To find the x-intercepts of /(ar,y) = 0, substitute zero for y 
and solve for x. 
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— 1 

Example 1 . Find the intercepts of y = - - 

Solution. Let X = 0 ; y = ^ ^ They-intercept is (0,34)- Let 

x^ — 1 

y = 0 ; 0 = ' x* — 1 = 0 , x = ± 1 . The x-intercepts are (1,0) 

and ( — 1 , 0 ). 

Symmetry. SjTnmetrical points were discussed in a note on page 5 
(see Fig. 4). A curve is symmetrical to a line, called an axis of symmetry, 
if every point of the curve is symmetrical to some other point of the 
curve with respect to the axis. A curve is symmetrical to a point, called 
a point of symmetry, if every point of the curve is symmetrical to some 
other point of the curve with respect to the point of symmetry. 

For the present w'e shall consider only the coordinate axes as axes 
of symmetry and only the origin as a point of s^mimetry. 

Figure 32 shows four examples of curves possessing symmetry. In 
each case P and P' are a pair of symmetrical points. 

Let /(x,y) = 0 be represented by Fig. 32(a). Both P{x,y) and 
F'( —x,y), points symmetric to the y-axis, lie on /(x,y) = 0 ; hence 
their coordinates satisfy the equation. That is, it must be possible to 
substitute —x for x in/(x,y) = 0 without changing the function. This 
reasoning leads to the following test: 

Test for Symmetry vnth the y-axis. The graph of a function f{x,y) = 0 
is symmetrical to the y-axis if substituting —x for x does not destroy the 
equality. 

The tests for symmetry with the x-axis and origin are obtained 
similarly. They are as follows: 

Test for Symmetry with the x-axis. The graph of a function f{x,y) = 0 
is symmetrical to the x-axis if substituting -y for y does not destroy the 


equality. 

Test for Symmetry with the Origin. A function f{x,y) = 0 is sym¬ 
metrical to the origin if substituting both -x for x and -y for y does not 


destroy the equality. 

Exercise. Let the student verify that y^ - 4x + 4 = 0 is symmetrical 


to the x-axis; that xy = I is symmetrical to the origin; that x^ - y^ = 16 


is symmetrical to both axes and to the origin. 

Extent of Values. A third point to be considered in discussing a graph 
is the extent of permissible values for each variable; more precisely, 
the extent of values of x comprises those values of x which yield real 
values of y; conversely, values of x which make y imaginary are excluded 
values of x. Similar statements apply to the extent of values of y. 

There are no formal rules for determining extent of values; the general 
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procedure is to express each variable in terms of the other and then by 
inspection note what values of one give real values of the other. 



(C) A curve symmetrical to the (d) A curve symmetrical to both 

origin. axes and to the origin. 

FIG. 32. 


Example 2. Discuss the extent of — x + 4 = 0. 

Solution. 

(1) y = ±Vx - 4 

(2) x = 3/2 + 4 

From (1), when x ^ 4, ?/ is real; from (2), all values of y give real 
values of x. The extent of values of x is x ^ 4; of i/, all values (often 
written — co < ^ < co). 

In discussing graphs one must be guided by the rules and principles 
stated above, but they cannot be applied too rigidly. Common sense 
and practice are necessary to supplement them. After these general 
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properties have been investigated, the graph may be made as exact 
as desired by computing a table of values. 

Example 3. Discuss and plot = 25. 

Solution. 

(3) y - ±\/x2 - 25 

(4) a: = ± + 25 

1 . Intercepts. When x = 0, y \s imaginary; when y = 0, x = 

The intercepts are (±5,0). 

2. Symmetry. Substituting — x for x does not destroy the equality, 
nor does substituting —y for y. Therefore, the curve is symmetrical 
to each of the coordinate axes. Of course, both substitutions may also 
be made simultaneously, and the locus is symmetrical to the origin. 

3. Extent. From (3) when x^ exceeds 25, i.e., when x ^ 5 or x ^ —5, 
y is real. From (4) all values of y make x real. In symbols, the extent 
is — 00 < X ^ —5, and 5 ^x<oo; —co<y< ®. 


y 



FIG. 33. 


In addition to these facts, if we compute y = ±V75 = ±8.7 wlien 
X = ±10, we may plot the curve well enough. It is shown in Fig. 33. 
Example 4. Discuss and plot y- - x^ — 9x. 

Solution. 

(5) 2/ = ± >/x3 - ^ 

It is not convenient to express x in terms of y. 

1 . Intercepts. When x = 0, y — 0; wlien y = 0, x(x^ — 9) = 0, 
X = 0, or X = ±3. The intercepts are (0,0), (±3,0). 

2. Symmetry. ~2/ be substituted for y, but not — x for x, 

without destroying the equality. The curve is symmetrical to the 
x-axis only. 
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3. Extent. From (5) y = ±Vx{x - 3)(x + 3). By studying the 
signs of the factors separately, we find that when x is between —3 


Y 



X 

1 y 

-2 

-1 

4 

5 

t 3.2 

t 2.8 

±5.3 

±8.9 


and 0, inclusive, and when x ^ 3, is real. In symbols, the extent 

is -3 ^ X ^ 0, 3 ^ X < 00 . 

A small table of values is needed as shown in Fig. 34. From the way 
in which the right-hand portion of the curve is developing it is evident 
that there are no excluded values of y. 

Returning to the extent of values of x, sometimes a table of signs of 
the factors helps in finding the values to be kept. 



=h Vx(x - 3)(x + 3) 


X < -3: — — 

-3 < X < 0: - - 

0 < X < 3: -I- - 

X > 3: -f -b 


+ 

+ 

+ 


product is —, y is imaginary 
product is +, y is real 
product is -, y is imaginary 
product is y is real 


EXERCISE 10 


Discuss and plot the following functions with particular attention to intercepts, 
symmetry, and extent of values; 


• 

1 

II 

2. y2 = 2^ - 4. 

3. 2^ -b y — 4 = 0. 

4. 2*-by*—4 = 0. 

11 

1 

H 

1 

CO 

• 

6. y = 2^ — 42 + 4. 

7. 2® — y = 0. 

8. 2^ — = 0, 

9. -b 2= = 0. 

10. — 2 = 0. 

11. y = 3^ 

12. y = 2 ® — 42. 

13. 2^ — 4l2 — y = 0. 

14. 2® — 42® — y® = 0. 





Sec. 29] 


GRAPHS OF ALGEBRAIC FUNCTIONS 


45 


16- y = X*. 16. 2 /* = - 8x. 

17. I* - 9x* - y = 0. 18. X* - + y® =0. 

19. y = i(x - 2)Cx - 3). 20. y = x> - 6x* + 9x. 

29, Asymptotes, We shall add one more general property to those 
already mentioned to be included in the discussion of a curve. 

An asymptote of a curve is defined as follows: 

Definition, If pari of a curve recedes to infinity and as it does so ap¬ 
proaches indefinitely near to a fixed straight line, the line is called an 
asymptote of the curve. 



(a) (b) (c) 

FIG. 35. 


Some typical curves with asymptotes are shown in Fig. 35. Note 
that a curve may cross its asymptotes at finite points. 

When a curve consists of several parts, like those shown in Fig. 
35(6) and (c), each part is called a branch of the curve. 

At present, although the asymptotes of a curve may extend in any 
direction, we shall interest ourselves only in vertical and horizontal 
asymptotes, as in Fig. 35(a) and (6). Such asymptotes may usually 
be found by certain rules. 

We shall first discuss vertical asymptotes. We saw in Sec. 14 that the 
equation of a vertical straight line is of the form x = constant. From 
the definition of asymptote it would seem natural to seek vertical 
asymptotes by making the ordinate y of a curve become infinite and 
seeing whether or not the corresponding abscissa x approaches a fixed 
value. We shall defer this point of view till the next section, however, 
and at present consider a reversed procedure; i.e., we see whctlier or 
not letting x in the equation of a curve approach a fixed value can make 
y become infinite. If, when the equation of a curve is solved for y, 
the result is a fraction in which x appears in the denominator, any value 
of X that makes the denominator zero must be excluded, since division 
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by zero is impossible; but when x comes indefinitely near to such a value, 
the quotient expressing y increases beyond all bounds, i.e., becomes 
infinite. Therefore x equal to a value that makes such a denominator 
zero is the equation of a vertical asymptote. We may express the prac- 
tical procedure in a rule. 

Rule for Vertical AsymptoUs. To find the vertical asymptotes of the 
locus of fix,y) = 0, solve for y in terms of x; if the result is a fraction, set 
its denominator equal to zero and solve for x; equaling x to each of the real 
solutions gives the equations of the vertical asymptotes. 

To find the horizontal asymptotes we reverse the roles of x and y 

as employed in finding the vertical asymptotes. 

Rule for Horizontal Asymptotes. To find the honzonial asymptotes 
of the locus of f{Xjy) — 0, solve for x in terms of yi if the result is a fractioUy 
set its denominator equal to zero and solve for y; equating y to each of the 
real solutions gives the equations of the horizontal asymptotes. 

Example 1. Find the asymptotes of x'^y — x^ - y = 0. 

Solution. Solving for x and y. 



Setting the denominator of (1) equal to zero, — 1 = 0, whence 
X = ifcl are the equations of the vertical asymptotes. Setting the 

denominator of (2) equal to zero, 
2 / — 1 = 0, and this is the equation 
of the horizontal asymptote. 

Example 2. Discuss and plot 
j,2y — — 4?/ + 25 = 0. 

Solution. Solving for x and y, 



(4) X = ± 

1. Intercepts. Setting y = 0, 
X = ±5; setting x = 0, y - 
The intercepts are (±5,0), (0,2^). 

2. Symmetry. Substituting — x 
for X does not destroy the equality; 

hence, the curve is symmetrical to the y-axis. There is no other sym¬ 
metry. 
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3. Asymptotes. Inspection of the denominator of (3) yields x = 2 , 
X = —2 as vertical asymptotes; from (4) y = \ is the horizontal 
asymptote. 

4. Extent. All values of x yield values of y. Values of y ^ 2 ^^ and 
values of 1 / < 1 yield values of x. 

30, Another method of finding asymptotes. We now consider the 
reverse of the argument embodied in the rules for finding asymptotes 
in the preceding section. That is, we shall let one coordinate become 
infinite and see whether or not this makes the other approach a fixed 
value. 

For example, we shall find by this method the horizontal asymptote 
in Example 2 of the preceding section. 

We have 


- 25 



Letting x become infinite gives 


00—25 



which is meaningless. However, dividing numerator and denominator 
of the fraction by x- before letting x become infinite, we have 

1 - 25/x2 
^ “ 1 - 4/i* 

Now let X become infinite, and we liave 

1 - 25 /» 1-0 

^ “ 1 - 4/t» “ 1 - 0 

y = 1 is the equation of the horizontal asymptote, and this agrees with 
the result previously obtained. 

In this particular case we divided by x*; more generally, one divides 
numerator and denominator by the highest power of x that appears 
in the fraction before letting x become infinite. 

The same principles may also be used to find vertical asymptotes 
by reversing the roles of x and y. 

EXERCISE n 

Discuss and plot tlie following functions: 

1. XI/ - X - 4i/ = 0. 2. xy - X* - 4£/ = 0. 

3. x^y - X - 4y = 0. 4. x*y2 - X - 4y® = 0. 

6. x=y^ - x^ - 4y3 =0. 6. x®y - x* - 4 = 0. 

7. xy - 4 = 0. 8. x*y - 4 = 0. 
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% 

1 

• 

*■2'- x» + 4- 

< 

• 

1 

11. a:»y + 3/-10 = 0. 

12. x®y — 4x2 - 4y = q. 

14 ■ 

- 9- 

^ x* — 9 

y* - 4 

16. X = r- y 

9 - y* 

1/2 — 4 

• 

11 

1 

• 

18. 

y 


A/x . 36 

20. x2 = - - y 

9 - 2/2 


22 jA — ^ ~ ^ , 

• 

1 

II 

-1 

4 

x^-ix 



_ r*-16 

^ (x-|-2)(z- 6) 

AA » - X) 

26. t/2 = ' ^ ,-* 

^ 3 -h X 

27. xy - - 4y“ -1- 4x = 0. 

28. xy^ — ix — 1 — 0. 

• 

1 % 

II 

• 

30.,-%'. 


31, Intersections of curves. The same principles govern the inter¬ 
sections of curves in general as were explained for straight lines (see 
Sec. 18). To find the intersections of two curves,/(x,?/) = 0 and F(x,y) 
= 0, solve their equations simultaneously. The real points thus ob¬ 
tained may be checked graphically by plotting the curves. 


Y 



FIG. 37. 


Example. Find the points of inter¬ 
section of 

(1) x2 -I- = 5 

and 

(2) X + ?/ — 3 = 0 

Solution. From ( 2 ) y = 3 — x. 
Substituting this for y in ( 1 ) and re¬ 
ducing, 

x2 - 3x + 2 = 0 
Solving by factoring, 

(x — l)(x — 2 ) = 0 X = 1 , 2 
Substituting these values of x in (2), 


X = 1 gives y = 2; X = 2 gives y = 1. 
The intersections are ( 1 , 2 ) and ( 2 , 1 ). 


Omitting the discussion, the locus of ( 1 ) is a circle, and ( 2 ) is a 
straight line. They are plotted in Fig. 37 to show their intersections. 
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32. Plotting by factoring. Occasionally the left member of an equa¬ 
tion f(x^y) = 0 can be completely factored. When this occurs the 
plotting may be expedited by the following principle: 

Factor Principle: If the left member of f{x,y) = 0 can be expressed as 
a product of factors, the graph of f{x,y) = 0 consists of the several graphs 
obtained by equating each factor to zero and plotting the several equations 
separately. 

The proof of the principle consists in noticing that any point whose 
coordinates cause any one of the factors of f{x,y) to vanish thereby 
satisfies f{x,y) = 0 and is a point of the locus. 

Example 1. Discuss the equation 4x‘^ — 25y^ = 0. 

Solution. This may be written 

{^x - 5y)(2x + 5y) = 0 

Equating each factor to zero, 2x — 5y ^ 0, and 2x + 5y — 0. 
Each equation represents a straight line, and together these lines 
constitute the locus of the equation. 

Example 2. Discuss the equation xy = 0. 

Solution. This separates into the factors X = Oand?/ = 0. Therefore, 
the locus of xy = 0 consists of the two coordinate axes. 


EXERCISE 12 


Find the intersections of the following 

1. -H X — 7 = 0 and x = 3. 

3. x^/ = 2 and x — -|- 1 == 0. 

6. ^ •\r ~ o and x* — 4]/ = 0. 

7. = 2x and i/* = 4 — 2x. 

9. X® — 4y = 0 and x — y = 0. 

2 

11. y = ^ ^ and y = x^. 


curves, and check with a figure in each case. 

2. y* + X — 7 = 0 and x + 5y — 13 = 0. 
4. x^ — — 20 = 0 and 3z -j- 2^/ = 0. 
6. 3^ y^ — 13 = 0 and xi/ -|- 6 = 0. 

8. X® — y = 0 and 2x* — y = 0. 

10. x“ — y* — 4 = 0 and -|- x — 8 = 0. 

12. y =- - and x—y— 2=0. r 

Z ^ X 


Plot by the factor principle. 

13, x^ - y* = 0. 

16. x! - 4 = 0. 

17. 9x2 _ = 0. 

19. x2 - X - 12 = 0. 

21. x^i/ - 4x = 0. 

23. x^-\- xy^- lOx = 0. 


14. x2 — 2xy = 0. 

16. i/2 - 9 = 0. 

18. 16x2 - 49i/2 = 0. 
20. i/2 + 2i/ - 8 = 0. 
22. xi/2 -h 9i/ = 0. 

24. 1/2 - xi/ + 2i/ = 0. 
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33. Equations oj the circle. The circle is the next locus that we shall 
study in detail. We shall begin by finding the equation of the circle 

whose center is at C{kfk) and whose 
Y radius is r. 

' ‘ In Fig. 38 C{h,k) is the center of 

-D/ \ ^ circle of radius r. 

be a general point of 

/ ^ / \ the circle. 

/ ^/ \ By definition of a circle, 

j / \ V{x - hy -h (2/ - W = r 

1 C(/i,fc) ) Squaring both sides, 

\ 0 / ~ k)' iy — ky = [5-1] 


r / 
/ 

/ 

/ 

✓ 

C(Kk) 


_We shall call [5-1] the hjc^r-form 

of the equation of the circle. 

FIG. 38. [^'l] Le expanded and ar¬ 

ranged in the form 

— ^hx — 2ky + = 0 

This is equivalent to the form 

+ 2/2 H- Z)x + Fy + F = 0 [5-2] 

Conversely, any equation of the form [5-2] represents a circle, real, 
null, or imaginary. These distinctions will be explained later. To 
show that [5-2] represents a circle, and to find its center and radius, 
rewrite [5-2] as 

3 ^ y^ Dx Ey - -F 

and complete the squares in the left member. (To complete the square 
of x‘^ -h Dxy add the square of half the coefficient of x\ etc.) This gives 

7)2 rz jyi rz 


( 1 ) 


U |Y . 
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Comparing (1) with [5-1], 


2 


2 


= 


D^- + -4F 


The customary arrangement of these equations is 


2 


k= 

^ 2 


[5-3a] 


r = yzVD^- + £2 _ 

Summarizing, x- 7 / Dx + Ey + F = 0 is called the general 
equa tion of a circle whose center is ( —Z)/2, —£/2), and whose radius is 
yVD- + E'^ — 4/'\ The quantity under the radical may be positive, 
zero, or negative, and this leads to 
the following classification of circles: 

AVhen Z )2 ly — 4 /r > 0 , r is real 
and the circle is called a real circle. 

When D- -\~ E^ — 4F = 0, r is 
zero and the circle is called a point 
circlcy or a null circle. 

When 1)2 + £- — 4F < 0, r is 
imaginary and the circle is called 
an imaginary circle. 

A very important special case is 
the circle with ra<lius r and having 
the origin as center. The /i,^*,r-form 
then becomes 

x^ + if = 7 ^ [5-4] 





(- 1 .- 2 ) 


FIG. 39. 


Example 1. Find the equation of the circle having the segment 
joining ( — 1,-2) and (5,4) as a diameter. 

Sol niton. The center of the required circle is the mid-point of (— 1, — 2) 
and (5,4); i.e., C(2,l). 

The radius is the distance from (2,1) to (-1,-2), or to (5,4). 

r = \/S~ -h 32 = VlH 

Using the /i,Ar,r-form, 

{X - 2)2 -^{y - 1)2 = 18 

It is customary to leave an an.swer in the general form, i.e., 

x2 if - 4x - 2y - IS = 0 


To check, substitute the coordinates of (5,4) and (-1,-2) in the 
result. This is not a complete check, but the center can be rechecked 
by inspection, using [5-3a]. 
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Example 2. Find the center and radius of 

4^2 + 4i/2 - 16x + 202/ + 5 = 0 

Solution, This may be reduced to form [5-2] by dividing by 4. 

5 

(2) -f 2/2 _ 42 ; -f 52/ j = 0 

« . .25 5 ... 25 _ _ 

a:2-4x + 44-y^ + 52/ + -j- 4 '^^'^ 4 ^ 

(x - sr + ( 2 / + = 3“ 

Comparing with [5-1], we see that the center is (2,-%) and the 
radius is 3. These results may also be obtained from (2) by using 

[5-3a, h]. 

EXERCISE 13 


Find the equation of the circles having centers and radii as sUted below: 

(6) Center (4,3), r = 2. 

((f) Center (4,0), r = 4, 

(f) Center (A,0), r = h. 

(h) Center (1,2), r = 0. 

Find the center and radius of each of the following, and plot: 


1 . 

(fl) Center (0,0), r = 8. 

(c) Center (—2,-5), r = 4. 

(e) Center (0,-3), r = 6. 

( 3 ) Center (O.t), r = k. 

2 . 

(a) x® -h y* — 4i — 6y + 12 = 0. 

(c) 03- _ _ 90 = 0. 

(e) 2x2 -H 2(/2 4. 8x - 4y - 15 = 0. 

(?) - 2a: + 2? + 2 = 0. 

(0 1^-1- - 2x - 4y-|- 21 = 0. 

(fc) x“ -I- 1/* - 49 = 0, 

(m) Sx* + 3?* - 16,y = 0. 


(6) x2 -}- y* -h 2x 8y 5 = 0. 

(d) 4x2 + 4y - 4x - 12y - 54 = 0. 
(/) H- y2 - 8x + 6y = 0. 

(A) X* -b y2 4- 6x - 8y -h 75 = 0. 

O') + y* + 12x 4- 2y + 37 = 0. 

(f) X® -|- y* — Cx = 0. 

(n) 5x^ -1- 5y* 4- 2ax: = 0. 


3. Determine F so that x® + y^-}-6x — 2^4*^ — 0 shall pass through (-1,-3). 

4. Determine D so that x* + y® -h Dx - 4y - 27 = 0 shall pass through (5,3). 

6. Determine D and E so that — 9 — 0 shall pass througli 

(—1,4) and (3,2). 

6. Determine D and F so that x“-|-y2-l-Dx-l-4y-l-F=0 shall pass through 
( — 3,2) and (3,0). 

7. (a) Find the equation of the radial line with slope 2^ through the center of x^ -|- y* 
= 13. (6) Find the equations of the tangents to the circle that are perpendicular to the 
line in (a). 

8. Find the equation of the tangent to x* + y^ — lOx = 0 through (2,4). 

9. Find the equations of the tangents with slope — ^ to the circle 2 ? 9x 

- 2y - 24 = 0. 

10. Find the intersections of the circle x* -|- y* = 17 and the line 3x — 5y — 17 = 0. 

11. Find the intersections of the circles x^ 4* y^ = 5 and -h y^ — 12x -|- 19 — 0. 

12. Find the length of the common chord ofx*-|-y*4*3x—y — 10 = 0 and x“ + y* 

— 9x -h 8y -h 5 = 0. 

13. Find the equation of the line of centers of 3x“ 3y^ — 12x — 15y —6 = 0 and 

53* + 5y* 4- 30x 4- 55y - 2 = 0. 
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the circle 

In the following problems the word identify nreans to name the kind of loens, e.g., 

circle or straight line, and to give enough information to locate it, e.g,. center and radius 
of a circle: 

14. Find the equation of the locus of a point that moves so that the square of its distance 
from the origin equals twice its abscissa. Identify the locus 

16. Find the equation of the locus of a point that moves so that the square of its 
distance from (3,o) equals four times Us distance from y - i = 0. Identify the locus. 

16. Find the equation of the locus of a point that moves so that its distance from 
(-4.3) IS always equal to its distance from (4,-7). Identify the locus. 

17. Find the equation of the locus of a point that moves so that the sum of the squares 
of Us distances from the origin and (0,-4) is 208. Identify the locus. 

18. Find the equation of the locus of a point that moves so that the sum of the squares 
of Us distances from (0,0), (3.0), (3,3), and (0.3) is 67. Identify the locus. 

34. Circles deUrmined by three conditions. In the hXr-form there 
are three cjuantities, viz., h, ky and r, which must be given or found 
before the equation of a circle can 
be obtained; similarly, there are 
the three quantities Z), £, and F 
in the general form. In general 
a circle is said to be determined 
by three conditionSy meaning that 
the equation of a circle can be 
found when the data are suffi¬ 
cient to determine h, ky and r or 
D, Ey and F. We give some typi¬ 
cal examples to show how this 
may be done. 

Example 1. Find the equation 
of the circle which passes through 
(0,0), (4,-2), and (1,7). 

Solution. We choose a purely algebraic method. Since the points 
lie in a circle, their coordinates must satisfy 

+ Dx Ey F = 0 

Substitute (0,0), (4,-2), and (1,7) in turn for x and y, obtaining, 
respectively, 

( 0 , 0 ); F = 0 

(4,-2): 4D - 2F -h F = -20 
(1,7): Z) -h 7F + F = -50 

These equations must be solved simultaneously. The student may 
verify that their solution is D = —8, E = — 6, F = 0. Hence the 
equation of the circle is 



X' — 8x — 6y = 0 
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Check. The answer should be checked by substituting the coordinates 
of each of the given points, e.g., 

(1,7): 1 + 49 - 8 - 42 = 0 

Analysis of the answer shows that the center of the circle is (4,3) 
and the radius is 5. 

Example 2. Find the equation of the circle passing through (4,7) 

and (8,3) and having its center in 
Y the line 

(1) X + 2/ - 3 = 0 

Sobiiion. The following method is 
based on a geometric construction: 
( 8 . 3 ) First, plan the ruler and compass con¬ 
struction of the circle. Line P 1 P 2 (see 
Fig. 41) joining two points in the cir¬ 
cumference must be a chord of the 
circle. The center must lie in BSy the 
perpendicular bisector of P 1 P 2 . By 
hypothesis the center lies in line ( 1 ); 
hence, the intersection of ( 1 ) and BS 
PIG 4 ] must be the center ^(A,^). The dis¬ 

tance from C to Pi (or P 2 ) is r. Hav¬ 
ing planned the geometric steps, we try to carry them out with equations. 
The equation of PS, the locus of points equidistant from Pi and P 2 , is 

V{x - 4)^ + ( 2 / - 7)2 = V(x - 8)2 + {y- Sy 

or 

(2) X - y - 1 = 0 

(1) (as given) x + y — 3 = 0 

Solving ( 1 ) and (2) simultaneously, x = 2, y = 1. Therefore, 
C(hyk) = C( 2 ,l). r = CPi = \/(4 - 2)2 + (7 - 1 )^ = V40. Know¬ 
ing ky ky and r we apply [5-1]. 

(x - 2)2 + (y - 1)2 - 40 

(3) x2 + y2 - 4x - 2y - 35 = 0 

Check. The student should verify that (4,7) and (8,3) satisfy (3) and 
that C(2,l) satisfies ( 1 ). 

EXERCISE 14 

1. Solve Example 1 in the preceding section by using a method that requires finding 
/», k, and r. 




Sec. 34] 


THE CIRCLE 


55 


2. Solve Example 2 in the preceding section by determining D. £, and F of the general 
form. 

3. Find the equation of the circle through each of the following sets of points. (Any 
method.) 

(a) (1,0), (4.3). (4.5). (6) (o.i), (1,-4), (5,2). 

(c) (-4.1). (-2.-1). (2,3). (rf) (-4,2). (-2.-6). (4,4). 

4. Given the points ^(- 2 ,-i), B(0.5), and C(6.1). Find the equation of the circle 
satisfying each of the following conditions: (a) AB is a diameter. (6) The center is the 
mid-point of AC, and the circle passes through B. (c) The center is the point one-fourth 
of the way from A to C. and the circle passes through the origin, (d) AB is a chord, and 
the center is in 3r + y -|- 9 = 0. 

5. Given the points A(-l,3), B(2.-5), and C(6.7). Find the equation of the circle 
satisfying each of the following conditions: (a) BC is a diameter. (6) A is the center, and 
the median of triangle ABC through A is a radius, (c) The center is three-fourths of 
the way from B to C, and the circle passes through the origin, (d) BC is a chord, and the 
center lies in the line x — 2y — 7 = 0. 

6. (—2,— 1) is the center of a circle of radius 10 units. Find the ends of the diameter 
whose slope is 

7. Find the equation of the circle concentric with x* + j/* — 2x — 4y — 4 = 0 
and having a radius four times as great. 

8. Find the equation of the circle concentric with x*4-y* — 2x — 4y—4 = 0 and 
having an area four times as great. 

9. Find the equation of the circle with radius 4 units and having its center at the in¬ 
tersection of X — 3i/ d" 5 = 0 and 3x — 4y -{- 10 = 0. 

10. Find the equation of the circle passing through (5,2) and having its center at the 
intersection of 2x + y — 3 = 0 and 3x + y — 2 = 0. 

11. Find the equation of the circle with center at (3,4) and tangent to the line 3x -(- 4y 
-5=0. 

12. Find the equation of the circle with center at (2,-2) and tangent to the line 
X + y — 8 = 0. 

13. Find the equations of the circles with radius 3 units and tangent to the x-axis 
at (2,0). 

14. Find the equations of the circles with radius 5 units and tangent to 4x + 3y — 7 
= Oat (1.1). 

16. Find the equations of the circles of which the centers have the same ordinate as 
the center ofx^+y“ — 4x — 6y-f9 = 0 and which are tangent both to this circle and 
to the x-axis. 

16. Given the circle x^ -|- y* - 8x - 2y = 0. Find the equation of the tangent at the 
point, other than the origin, where the circle cuts the x-axis. 

17. Find the equations of the circles tangent to both x = 4 and y = 2 and having 
their centers on 3x d- y — 22 = 0. 

18. Find the equations of the circles tangent to both y = x and x d- 7y -f 4 = 0 
and having their centers on the line x = 4. 

19. Find the equation of the circle inscribed in the triangle whose sides are x d" 2 = 0, 
y — 4 = 0, and 3x — 4y — 14 = 0. 

20. Find the equation of the circle inscribed in the triangle whose sides are 2x - y = 0, 
2i d- y - 16 = 0, and X - 2y - 9 = 0. 

21. Given the circle C whose equation is d- y“ — 2 x d" 4y — 20 = 0. Find the 
equation of the circle concentric with C and with a radius which exceeds that of C by the 
distance from the center of C to (—11,3). 
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35. IntToduction. The parabola, ellipse, and hyperbola are cases 

of curves called conic sections, or simply conics. The name is derived 

from the fact that they may be obtained as sections made by a plane 

with a right circular cone, and they were first studied in this way. 

In this book, however, we shall discuss them as loci by means of equa¬ 
tions. 

36. The parabola. Definition. The locus of a point that moves so 
that it is equidistant from a fixed point and a fixed line is a parabola. 


D Y 



FIG. 42. 


The fixed point is called the focus, 
and the fixed line the directrix of the 
parabola. The line through the focus 
perpendicular to the directrix is 
called the principal axis (or simply 
axis) of the parabola. It is an axis of 
symmetry. The mid-point of the seg¬ 
ment of the axis from the focus to di¬ 
rectrix is called the vertex. This point 
isinthelocus,forit is equidistant from 
focus and directrix by its definition. 

Let 2a denote the distance from 
the directrix of any parabola to its 
focus. On a set of coordinate axes 
(see Fig. 42) let the vertex be placed 
at the origin and the principal axis 
on the x-axis. Then the focus is 
F(a,0), and the equation of the di- 


rectrix D'D is x + a = 0. 

t nx,y) be the point which traces the locus. Join F and P, and 
construct 3IP perpendicular to D’D. By definition, FP = MP. 

definition of a 

sign of the distance. Actually, by the definition of distance from a line 
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to a point, MP is negative (see Remark, Sec. 24). To obviate this 
difficulty we may write the equality as 

_ fF = MF 

FP‘ = {X- ay + y^ mP = {-X- aY = (i + aY 
Substituting, 

{x - aY + 2/2 = (a; + aY 


Expanding and simplifying, 

2/^ = 4aa: [6-1] 

Discussion of [6-1] shows that 

1. Its only intercept is the origin. 

2. It is symmetrical to the x-axis. 

3. It has no vertical or horizontal asymptotes. 

4. The extent of values of x, a being positive, is x ^ 0. 

The line FP in any position is called a focal radius. The chord L'L 
through the focus and perpendicular to the axis is called the laius 
rectum. (The plural is latera recta.) The x-coordinate of Z. is a; sub¬ 
stituting it in [6-1], 2/2 = 4a2, y = ±2a, and the coordinates of L are 
(a,2a). Similarly, for L' they are (a,“2a), and the length of the latus 


rectum 




Note that OF = a relation that is very useful for 

drawing a parabola with approximate accuracy. 

37. Other standard forms of the parabola. The parabola in Fig. 42 
is said to be open to the right. Figure 43 shows parabolas (a) open to the 
left; (6) open upward; (c) open downward. 

In these figures and formulas a is positive. 


Y 



(a) y* * -4(» 
l6-3(fl)) 



(6) ar’ = 4ay 

FIG. 43. 


(c) z* = -4at/ 
[6-3(c)) 
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The standard equation for each position is noted beneath it. The 
student should make note of the coordinates of the focus and the equa¬ 
tion of the directrix in each case. A characteristic of each equation is 
the presence of the square of one variable and the first power of the other; 
this is very helpful in identifying parabolas. 

Parabolas are not restricted to these four standard positions, but at 
present we shall not investigate more general forms. Such cases as 
arise will be handled by means of the locus definition. 

38. Applications of the parabola. There are numerous important 
applications of the parabola. A searchlight reflector whose axial 
(longitudinal) sections are equal parabolas possesses the property that 
rays of light emanating from a source placed at the focus are collected 
by the reflector and sent forth in a beam of light whose rays are parallel 
to the axis of the searchlight (see Sec. 67). 

If a suspension bridge is designed so that the weight of the bridge is 

distributed uniformly horizontally per unit of length, the cables will 
bang in parabolas. 

Neglecting air resistance and other refinements, the trajectory of a 
projectile is a parabola. 

It is as important to notice the analytic form of the equation of the 

parabola as to dwell on its geometric form. Note that the equation 

expresses the square of one variable in terms of the first power of the 
other. 


Example 1. Plot the parabola x" = \Qy. Y 



Solution By inspection the parabola opens upward, the equation 

bemg of the form = 4ay. Setting 4a = 10, a = Hence the 

ocus IS (0,^), and the directrix is y = This information is 

sufficient for a rough sketch (see Fig. 44); if more accuracy is demanded, 
a table of values may be calculated. 
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Example 2. Find the equation of the parabola with vertex at the 
origin whose principal axis is the x-axis and whose directrix is x - 4 = 0. 

Solution. To satisfy the data (see Fig. 45), the parabola must be 
open to the left; hence the required standard form is 

^ — 4ax 

Comparing x — 4 = 0, the equation of E 'with x a = 0, it follows 
that 0 = 4. The required equation is 

yl ^ -I6x 

Example 3. Find the equation of the parabola whose focus is (5,2) 
and whose directrix is x - 1 = 0. 

Solutio 7 i. Here we use the locus definition of the parabola. Plot 
F(5,2) and the directrix x — 1 = 0 (see Fig. 46), and let P(x,y) trace 

the locus. 

Then FP = \/(x + {y - and .UP = x - 1. 

Equating PP' - 3/P^, 

(x - 5y + {y- 2)2 = (x - 1)2 

Simplifying, 

( 1 ) y- — 8x — 4?/ + 28 = 0 

Check. Can the coordinates of K, L, and // be found by inspection? 
Do their coordinates satisfy (1)? 


Y 



HG. 46. 


Y 



FIG. 47, 


Example 4. Find the equation of the parabola whose foeus is ( 1,2), 

and whose directrix is 3x — 4y — 25 = 0. 

Solution. P(-l,2) and 3x - 4y - 25 = 0 are plotted in Pig. 47. 

Let P(x,y) trace the locus. 
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By Sec. 24, 


MP 


3x — 4i/ — 25 
5 



and is negative. 

Equating FF = MF, 

{X + 1 )^ + {y- iy = -f- 

The student may verify that this 
reduces to 

16a:2 _|_ _|_ Qy2 _j_ 200x 

- 300y - 500 = 0 

Example 5. A parabola may be 
plotted by the following geometrical 
construction: Draw a series of lines 
parallel to the directrix (see Fig. 48) 
at distances of 1 unit, 2 units, and so 
on. With the focus as center draw a 
series of concentric circles whose radii 
are 1 unit, 2 units, and so on. The 
intersections of the first line with the 
first circle (if any), the second line 


with the second circle, and so on, are 
points on the parabola since by construction they are equidistant from 

focus and directrix. A smooth curv’^e may then be drawn through the 
points. 


EXERCISE 15 


1. Derive directly from a figure the standard forms (a) [6-3ol: (6) [6-36]; (c) [6-3c]. 

2. Sketch the following parabolas. In each case slate the equation of the directrix, 
the coordinates of the vertex and focus, and the length of the latus rectum. 


(a) y* = 12i. 

(d) = —8y. 

(?) 3y2 - 16a: = 0. 

0) V - 21^ = 0. 


(6) = Uy. 

(e) 3^-\-Gy= 0. 
(h) Sr* + 24y = 0. 


(c) y* = — 4r. 

(/) + 2r = 0. 

(d 2r* + 9y = 0. 


3. Find the equation of the following parabolas, and plot them. In each case the vertex 

IS at the origin. 

(a) The focus is (^,0). ((,) The focus is (0,-2). 

(c) The (lirectrk is 3;/ = 4 (rf) The directrix is x = -1. 


4. Find the equations of the parabolas having the directrices and foci 
(a) D'D, X - 2 = 0; f(3,2). 


(c) D'D. y-f 3 = 0: 

(e) Z)'D, 1 = 0; f{0.0). 

ig) D'D, X -f y = 4; f (0,0). 

(0 D'D,x + 3y= -3;F(-1,1). 


specified below. 

(6) D'D,x- 2 = 0; 

(d) D'D. y + 5 = 0; f(0.3). 

(/) D'D.y = -2;/-(-I,-6). 

(A) D'D, 2r-y= - 4 ;f(l.- 2 ). 

O') D'D.Sr- 4y = 6; D(4,-S). 



Sec. 39] 


PARABOLA, ELLIPSE, AND HYPERBOLA 


61 


5. (o), (6), and (c) refer to parabolas understood to be in the standard position indicated. 
Find their equations, plot, and answer the questions, (a) the parabola opens upward and 
passes through (6,9). Where is the focus of the parabola? (6) The parabola opens to the 
left and passes through (—1,2). What is the equation of the directrix? (c) The parabola 
opens downward and passes through (-8,-5). How long is the latus rectum? 

6. The equation of a freely falling body which starts from rest is s = 16f*, s being in 
feet and I in seconds. Plot the graph of the function by the approximate method of 
Example 1 in the preceding section. From your figure estimate s when t = 3.5 sec., and 
check by calculation. 

7. The arch which supports a bridge is in the shape of a parabola, as shown in Fig. 49. 
Its focus is known to be 18 ft. below the vertex of the arch. The water level is known to 
be 25 ft. below the level of the vertex. How wide is the span of the water within the arch? 


Y 



8. Figure 50 represents a roadbed suspended from a cable which hangs in the shape of 
1 parabola. Find the length of the supporting chains at the 25-, 50-, and 75-ft. marks 


Y 

k 


from the bed to the cable. Where is the 
focus of the parabola? 

9. A section through the axis of a 
searchlight reflector is a parabola. The 
diameter of the open end of the reflector 
is measured as 16 in., and the axis is 10 
in. long. If the filament of the light should 
be located at the focus, how far along the 
axis from the open end should the filament 
be placed? 

10. A man watering the lawn with a 
hose discovers that the stream of water 
will just clear a cherry tree. By pacing 
and guesswork it is discovered that the 
top of the tree is 24 ft. above the nozzle, 
which is 15 ft. from the tree. If the stream 



arch, find an equation to represent it. , , r •, 

11. Find the equation of the locus of a point which moves so that the square of its 

abscissa equals eight times the ordinate of the moving point. Identify the locus. 


39. The ellipse. Definition. The locus of a point that moves so that 
the sum of its distances from two fixed points is constant is an ellipse. 

The two fixed points are called the/oci of the ellipse; their mid-point 
is called the center of the ellipse; 2a denotes the constant which is the 
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sum of the distances of the moving point from the foci; 2c denotes the 
distance between the foci. The lines joining any point in the locus 
to the foci are called the focal radii of the point. 

Let the center of an ellipse be placed at the origin of a system of 
axes as shown in Fig. 51. Then the foci are F'( — c,0) and F(c,0). Let 
P(j, 2 /) trace the locus subject to the condition imposed by the definition, 

FP + PP = 2a 

V(a: + cp -f* 2 /^ + V(a: — cY 4- — 2a 


( 0 ,- 6 ) 

FIG. 51. 

Transpose the second radical to the right member, and square. 

+ 2ca: + ^ - 4aV^- cf + f + x^ - 2cx + c^ -f i/^ 

This reduces to 

c)2 + 2/2 = a2 - cx 

Squaring again, 

aH^ - 2a2cx + + aY = - 2a2cx + c^x^ 

This reduces to 

Y - c2)x2 + aY = a\a^ - 
Let 

(1) a2 - c2 = 62 

(it is clear from the figure that 2a > 2c; hence a > c, - c^ > 0, and 

62 is always positive); then 

62x2 + aY = a262 

or 

a2 ^ 62 - 



[6-4] 
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A discussion of [6-4] shows that 

1. The x-intercepts of the curve are (±a,0), and the y-intercepts are 

( 0 » ± b ). 

2. The curve is symmetrical to both axes and to the origin. 

3. It has no vertical or horizontal asymptotes. 

4. The extent of values of x is from —a to +a, inclusive, and for y 
the extent is from —6 to +6, inclusive. 

The segment through the foci and terminated by the curve is called 
the major axis of the ellipse. The extremities of the major axis are 
called the vertices of the ellipse; in Fig. 51 they are the points V'{-a,0) 
and F(a,0). Hence the length of the major axis is 2a. The segment 
through the center perpendicular to y 

the major axis and terminated by the 

curve is called the minor axis of the ^ 

ellipse. Its length is 26. ) 

Equation (1), which introduced the 6^^ \ 

quantity 6, may be restated thus: / q ^ 

= + 16-51 W^c,o, 

Figure 52 suggests an easy way of re- \l \/^ 

membering it. a is the hypotenuse of Z/"’" L (C,~ ^ ) 

the right triangle whose legs are 6 and c. 

Either chord L'L through a focus PIQ 52 . 

and perpendicular to the major axis 

is a latus rectum of the ellipse. To find the length of a lalus rectum 
note by inspection that the x-coordinate of L above f is c. Substituting 

c for X in [6-4], 

62 

y = 

Evidently for the right-hand latus rectum L is {c,b~/a) and L' is 
(c.-62/a), and the length VL of either latus rectum is 


F'i-c,o) F{c,o) 


L\c,~ f) 


FIG. 52. 


VL = 


262 


[ 6 - 6 ] 


The quantity c/a is called the eccentricity of the ellipse. It is denoted 
by e\ i.e., 

. = [ 6 - 7 ] 

a 


In a general way, as the name implies, the eccentricity measures 
how far the ellipse departs from a circle. If c - 0 - e, the foci coincide 
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and the ellipse becomes a circle of radius a. As e increases, c approaches 
a in value and the limiting value of e is unity; geometrically, the foci 



FIG. 53. 


move toward the vertices, and the ellipse be¬ 
comes relatively long and flat. 

Some changes in the standard form [6-4] are 
necessary when the foci are on the y-axis. 
Figure 53 shows an ellipse with foci at (0,±c). 
By repeating the steps used to obtain [6-4] we 
find its equation to be 


_L - 

52 ■ 



Note that, when the foci are on the y-axis, 
the major axis and the vertices are also on 
the y-axis and the minor axis is on the ar-axis. 
The equations = 52 e = c/a, and Z.R. 

(latus rectum) = 26Va all hold without 
change. 


Formulas [6-4] and [6-8] may be written together as 


(i-intercept)^ (jZ-intercept)* 



The foci, vertices, and major axis of the ellipse lie on the axis of which¬ 
ever of the letters in the numerators, i and 7 /, has the larger denominator. 
The identifying characteristic of the ellipse is the presence in an 

equation of the squares of both a: and y with unequal, positive coef- 
ficients. 


40. Construction of an ellipse; applications. There are several 
constructions for ellipses; in principle the simplest is to place a loop 
of thread around two thumbtacks 
placed at the foci, hold a sharp 
pencil firmly against the thread, 
and slide the pencil around inside 

the loop. The method is indicated 
in Fig. 54. 

If a and h are known, the follow¬ 
ing method of construction is satis¬ 
factory: At the origin of a system 
of axes draw concentric circles of 

radii a and 6 as shown in Fig. 55. Let OR be any line through 0 inter¬ 
secting the inner circle at G and the outer circle at H. Draw MH 
perpendicular to OX, NG perpendicular to OY, and let MH and NG 
intersect at P(x,y). The locus of all points P thus located is an ellipse. 
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Proof. By the Pythagorean theorem, 



or 

/OMY . (MH\^ , 

\oh) '^{oh) ^ 

Directly, 

OM — X OH = a 

hence 

OM ^ X 
OH a 

By similar triangles, 

MH ON y 
OH OG b 

Substituting, 



Y 



RG. 55. 


Ellipses have long been of importance to scientists. The planets 
move around the sun in elliptical orbits with the sun at a focus. In 
mechanics certain types of gear teeth have elliptical arcs; elliptical 
cams are also important. 

Whispering galleries, so called, are spectacular examples of a property 
possessed by ellipses. In a vaulted gallery which has elliptical sections 

with common foci, if a whisper is uttered 
Y at one focus, the sound waves will be col¬ 

lected by the walls and reflected in such a 
way that they are concentrated at the 
other focus and may be clearly heard by a 
listener who in a direct line would be out 
of earshot (see Sec. 67). 

Example 1. Sketch the ellipse 

lOOx" -h 36y2 = 3,600, 

and find the foci, vertices, eccentricity, and 
the lengths of the axes and latus rectum. 
Soliiiion. Rewrite the equation as 

f! 4- ^ = 1 

RG. 56. 30 + 100 



Inspection of the denominators. 36 and 100, shows that y has the 
larger; hence the foci, vertices, and major axis will he on the j-axis. 
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Comparing with [6-8], 

a = 10 b = 6 c = 8 

The major axis is 2a = 20; the minor axis is 2b = 12; the foci are 

(0,±8); the vertices are (0,±10); e = L.R. = 2(36)/10 

= 7.2. 

Example 2. Find the equation of the ellipse with center at (0,0), 

one focus at (4,0), and e ^ and 
plot. 

Solution. One focus is given on 
the a:-axis; hence both foci, both 
vertices, and the major axis are on 
the x-axis. The standard form 
needed is [6-4]. From F(4,0), c = 4. 
e = c/a = 4/a = %, and a = 6. 
62 = a2 - = 36 - 16 = 20. The 

required equation is 

-f- = 1 

36 20 





EXERCISE 16 

1. Derive (6-8| directly as a locus problem. 

6nd the length of the latus rectum. State the coordinates of the foci and the vertices 

*5*= + 16g> = 400. 

M QJ 1 t ~ *'*'*■ (<i) 1= + 25!,= = 25. 

'■ (/) 9^ + = 180. 

M r + 3y> = 45. 

(i) 4a^ + Oj, = 25. le^ ^ ^ 

the f;n^:l!r r::;z 

fcl m" '‘T (0.±8)- 

(c) Major axis = 4. minor axis = 2, foci on y-axis. ^ 

m I - 6 I - r,' W = 5. < = 0.4. foci on jr-axis. 

i ! -~0 6 1T' t r (“'±2^3). rectum = 8. 

U) e - 0.6, latus rectum = 12.8, foci on x-axis. 

throteh^'l^lt^T^t^/ir 

through";;', ^ the ^-axis which passes 

6 . Find the equations of the ellioses with rpnta.. «* 4 k • • . 

ordinate axes which pass through (6.4^ and have a 1 2^ ““ 

. A person w.shes to lay out an elliptical garden with a smooth concrete curb having 
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a major axis 26 ft. long running east and west. The minor axis is 10 ft. long. In making 
the form for the concrete how far from the major axis will the points 10 ft. from the minor 
axis be? 

8. Find the equation of the ellipse whose eccentricity is ^ and whose foci are the 
centers of the circles + y* ± lOx = 0. 

9. Find the equation of the ellipse whose minor axis is 4 and whose vertices are the 
foci of the parabolas x* = ±24y. 

10. Find the acute angle between the focal radii of the ellipse 4x* 9y* = 180 which 

pass through (3,4). 

11. Find the acute angle between 
the focal radii of the ellipse 

16x> + 2V = 800 

which pass through (5,4). 

12. A right-circular cylinder is cut 
by a plane oblique to the axis of the 
cylinder (see Fig. 58). Prove that the 
curve of intersection is an ellipse. 

13. A circular pipe 4 in. in diame¬ 
ter is cut by a plane making an angle 
of 45* with the axis. Find an equation 
of the curve of intersection. 

14. Prove that the orthogonal pro¬ 
jection of a circle on a plane oblique to 
the plane of the circle is an ellipse. 

(Hint: Let the plane onto which the 
circle is projected contain a diameter 
of the circle.) 

16. Using the type of construction suggested in Fig. 54, how long a loop of thread wouUl 
be needed for each of the following ellipses (assume 1 cm. = 1 unit on each axis): 

(a) 16x* + 25ya = 400. (^») 2r* + = 50. 

41. The hyperbola. Definition. The locus of a point that moves so 
that the difference of its distances from two fixed points is constant is a 

hyperbola. 

The two fixed points are called the/oci of the hyperbola; their mid¬ 
point is called the center of the hyperbola; the constant difference is 
denoted by and the distance between the foci is denoted by 2c. 
The lines joining the foci to any point in the locus are called the/oca/ 

radii of the point. 

Let the center of a hyperbola be placed at the origin of a system of 
coordinate axes, and let the foci be F(-c,0) and F(c,0) as shown in 
Fig. 59. Let P(x,y) trace the locus subject to the condition imposed 

by the definition, viz., 

F'P - FP = 

y /(x + c)“ + y' — V(x — c)'^ -p i/^ = 2a 



(1) 
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Y 



FIG. 59. 


By steps similar to those used in deriving the equation of an ellipse, 
(1) may be reduced to 

(c^ — a^)x^ — 

Let 


( 2 ) 

(in Fig. 59, since any side of a triangle exceeds the difference of the two 
other sides, 2c > 2a, c > a, c* > a^, and 6* is a positive number); then 



A discussion of [6-9] shows that 

1. The z-intercepts are (±a,0) and that there are no y-intercepts. 

2. The curve is symmetrical to both axes and to the origin, 

3. There are no vertical or horizontal asymptotes (we shall later 
6 nd that there are oblique asymptotes). 

4. Values of x between —a and -fa are excluded. 

The intersections of the curve with the straight line through the foci 
are called the vertices of the hyperbola; they are the points ^'(- 0 , 0 ) 
and V (a,0) in Fig. 59, The segment V'V is called the transverse axis, 
its length is 2a, the constant mentioned in the definition. 

If we solve [6-9] for the y-intercepts, the solution is y = it5i, a pair 
of imaginary numbers; however, it is customary to use the real coef- 
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ficients to locate the points (0,±fe) and to name the segment joining 
these points the conjugate axis of the hyperbola. From this definition 
the length of the conjugate axis is 26. 

(2), which introduced the quantity 6, may be restated thus: 

a* 4- 6* == [6-10] 


The relation may be shown geometrically as in Fig. 
hypotenuse of the right triangle whose legs are a and 6. 

The quantity c/a is called the 
eccentricity of the hyperbola and ^ 

is denoted by e; i.e., T 


60. c is the 


c 

e = - 
a 


[ 6 - 11 ] 


This formula is the same as that F'(-€,o)y^ ^ \^yc,o} 

for the eccentricity of an ellipse, 
but for the hyperbola c > 1 al- 

ways, whereas for the ellipse FIG. 60. 

e < \. 

Either chord UL through a focus (Fig. 60) and perpendicular to the 
line joining the foci is called a latus rectum of the hyperbola; by a sub¬ 
stitution similar to that employed for the ellipse it may be shown that 

the length of a latus rectum is 

Y L.R. = — (6-12) 


F{c,o) 


FIG. 60. 


F{o,c) 


^ / 
/ 

/ 


P(x,y) 


Fio,-c) 


FIG. 61. 


A second standard form is obtained 
when the hyperbola is placed so that its 
transverse and conjugate axes lie on the 
y- and x-axes, respectively (see Fig. 61). 
By carrying out the steps of the locus 
derivation we obtain the equation 


-1 


[6-13] 


Some care must be exercised to avoid 
confusing this standard form with the 
earlier one, [6-9], viz . 


^ ^ = 1 

^ « A A 


It is suggested that attention be fixed on their right members, -1 
and +1, the left members always being written in the order I’-term 
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minus y'-term. Solving for the x- and ^-intercepts, one set will be real 
and the other imaginary. The real intercept becomes a, the real coef¬ 
ficient of the imaginary intercept becomes 6; the foci, vertices, and the 
transverse axis lie on the axis of the letter whose intercept is real, and the 
conjugate axis lies on the axis of the letter whose intercept is imaginary. 
Lastly, contrast the conditions which control the standard forms of the 
ellipse and the hyperbola. In the case of the ellipse the standard form 
to be applied depends on the relative magnitudes of the denominators 
of the and y^-terms; in the case of the hyperbola the standard form 
depends on the combination of algebraic signs. 

The identifying characteristic of the hyperbola is the presence of the 
squares of x and y with coeflScients of unlike signs. 

Example 1. Sketch the hyperbola 9x^ — 16y^ + 144 = 0, and find 
a, 6, c, e, and the length of the latus rectum. 

Solution. Rearrange the equation as 

_ 2 ^ = -1 
16 9 


By inspection the y-intercepts are real and equal ±3; the z-intercepts 
are imaginary; i.e., when y = 0, a: = ±4i. T he hyperbola lies along 
the 2 /-axis. a = 3. 6 = 4. c = Va^ 6^ = 5. e = c/a ^ 5/3. 
L.R. = 26Va = 32/3. The sketch is shown in Fig. 62. 


Y 



FIG. 62. 


Example 2. Find the equation of the hyperbola whose center is the 
origin, whose conjugate axis is 16 and lies on the y-axis, and whose 
latus rectum is 32. Sketch. 


Solution. The conjugate axis is 26 = 16; hence 6 = 8. L.R. = 


26//a 128/a - 32; hence a = 4. The conjugate axis is on the y-axis. 
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thus the transverse axis must be on the x-axis. and [6-9] is the appropriate 
form. The required equation is (see Fig. 63) 



FIG. 63. 


EXERCISE 17 

1. Supply the omitted steps in the derivation of formula [6-9]. 

2. Derive formula [6-13] directly from the locus definition (see Fig. 61). 

3. Sketch the following hyperbolas; state the values of a, 6 , e, e and the length of a 

latus rectum. 

(o) 16i= - 9i/> - 576 = 0. ( 6 ) 9x* - ICy* -|- 576 = 0. 

(c) - y* + 36 = 0. (d) - 16y* - 400 = 0. 

(«) -t- 32 = 0. {/) a;’ - 491/“ - 49 = 0. 

(j) r“ - y“ = 81. (M - 3i/“ + 3 = 0. 

(i) 225x“ - 144i/“ - 400 = 0. {;) l9Gi“ - 400y“ = 1.225. 

4. Find the equations of the hyperbolas with centers at the origin and satisfying the 
following conditions. Sketch the loci. 

(a) 0 = 6 . foci (± 12 . 0 ). (fe) 0 = 6 . f^^i ( 0 .± 12 ). 

(c) 6=3, vertices (0,±7). (d) 6=2. foci (±.1,0). 


(e) « = q’ foci (±10,0). 


(/) e = 2, vertices {0,±4). 


(j;) ^ z» -• transverse axis = 4 and lies on the y-axis. 

(h) e “ - • conjugate axis — Sv^lO and lies on the y-axis. 
3 
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L.R. = —* vertices (±4,0). 


(j) L.R. — 16, transverse axis = 16 and lies on the x-axis. 

B. Find the equation of the hyperbola traced by a point that moves so that the dif¬ 
ference of its distances from (±5,0) is 4. 

6. Find the equations of the hyperbolas with centers at the origin and foci on the 
x-axis and passing through (a) (6,0) and (10,-8); (&) (3,4) and (5,-8). 

7. Find the equations of the hyperbolas with centers at the ori^n and foci on the 
y-axis and passing through (a) (1,6) and (5,11); (b) (2^5,4) and ('n/10,2V3). 

8. Find the equation of the locus of a point that moves so that its distance from (8,0) 
is twice its distance from x = 2. 


9. Find the equation of the locus of a point that moves so that twice its distance from 
(—9,0) equals three times its distance from x + 4 = 0. 

10. Find the equation of the locus of a point that moves so that its distance from (0,18) 
equals three times its distance from y — 2 *= 0. 

11. Find the equation of the hyperbola whose foci coincide with the foci of the ellipse 
16x* + 25y* — 400 — 0 and whose eccentricity is the reciprocal of the eccentricity of the 


ellipse. 

12. Find the lengths of the focal radii of the point in the 6rst quadrant of which the 
abscissa is 15 and which lies in the hyperbola t ^ = L 

9 ID 


13. Find the acute angle between the focal radii in Prob. 12. 


42, The asymptotes of a hyperbola. In discussing [6-9] it was re¬ 
marked that a hyperbola possesses oblique asymptotes. In Sec. 29 
we saw that an asymptote is a line approached by a point which traces 
a branch of a curve as the tracing point recedes indefinitely along the 
branch. There follows a rule for finding the asymptotes of hyperbolas 
in standard form, together with a proof of the property for one case: 

Rxile. The asympiotes of a hyperbola in either of the forms 



are found by replacing the right member by zero and factoring the left 
member; each linear factor thus obtained equated to zero is the equation of 
an asymptote of the hyperbola. 

We shall consider the proof in detail for one case. Replace the 




y 


1 in —2 — p = 1 by zero, and factor. 


a 


or 

( 1 ) 

(2) 



bx — ay = 0 

6x -f ay = 0 
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Select the line 6a: — ay = 0 (Fig. 64). 
on the branch of the hyperbola in the first 
the distance from the line (1) to P. 
Using the normal form of (1), 



bxi - gyi 

V62 + 


Since P lies on the hyperbola, its co¬ 
ordinates satisfy the equation of the hy¬ 
perbola; i.e., 

a* 62 

Clearing of fractions and factoring, 

(6xi - ayi)(6xi + ayO = 0^6^ 

and 


Let P(xi.yi) be any point 
quadrant, and let di denote 


Y 




, a262 

bxi - ayi = T-;- 

bxi + ayi 


Substituting (4) in (3), 

(5) - 


_ 0^62 

Vb^ + ^(bxi 4- ayi) 


The numerator of (5) is constant, but the Xi and yi in the denominator 
are both positive and increase without limit as P(xi,yi) recedes in¬ 
definitely away from the vertex in the first quadrant; hence di ap¬ 
proaches zero. 

In a similar manner either line (1) or line (2) may be shown to be an 
asymptote of any branch of either hyperbola mentioned in the rule. 
The asymptotes are very helpful in drawing the graph of a hyperbola. 
We postpone an illustration of their use to the example in the next 

section. 

43. Conjugate hyperbolas. Definition. Two hyperbolas are conjugate 
to each other if the transverse and conjugate axes of one are^ respectively^ 
the conjugate and transverse axes of the other. 

Consider the hyperbola 



Its transverse and conjugate axes are 2a and 26, which lie on the 
X- and y-axes, respectively. The equation of the hyperbola whose 
transverse axis is 26 on the y-axis and whose conjugate axis is 2a on 


the x-axis is 

( 2 ) 
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Comparing (1) and (2) leads to the following general rule: 

Rule. Given the equation of a hyperbola in either standard form [6-9] 
or [6-13], the equation of its conjugate is found by changing the sign of 

its right member. 

Since a pair of conjugate hyperbolas coining under the above rule 
differ only in the signs of their right members, it follows that they have 
asymptotes in common because the asymptotes of each are found by 
replacing their right members by zero. 

Example. Given the hyperbola 



Find the equation of its conjugate and the equations of the asymptotes, 
and sketch. 

Solution. By the rule, the equation of the conjugate hyperbola is 



The equations of their common asymptotes are 



Sx — 4iy = 0 
3a: 4- 4?/ = 0 


Y 



FIG. 65. 


The sketch is shown in Fig. 65. From either (3) or (4) the semiaxis 
□D the x-axis is 4, and the one on the y-axis is 3. Construct a rectangle 
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with sides 8 and 6 units, with center at the origin and the sides parallel 
to the coordinate axes; its diagonals are the asymptotes of both hy¬ 
perbolas. Both hyperbolas are tangent to the sides of the rectangle 
at their vertices. A semidiagonal of the rectangle, such as 0^4, represents 
c. A circle with radius OA and center 0 will pass through all the foci. 

44. The equilateTcl, or rectangular, hyperbola. A hyperbola whose 
transverse and conjugate axes are equal is called an equilateral, or 
rectangular, hyperbola. The equations 

f = ±a^- [6-14] 


represent hyperbolas of this type, 
are perpendicular to each other, 
hyperbola = a^. 


Y 



FIG. 66. 


In such h 3 ’perbolas the asymptotes 
This is shown in Fig. 66 for the 


Y 



FIG. 67. 


Since the asymptotes are perpendicular to each other in Fig. 66, it 
is evident that if the coordinate axes could be rotated about the origin 
through an angle of 45^ either positively or negatively, they would 
come into coincidence with the asymptotes. It is proved in a later 
section (Sec. 115, Example) that, if the axes are rotated through an 
angle of 45°, the equations [6-14] become, respectively, 

2x7/ = =Fa- 


It is suflBcient at the moment to observe that these equations are 

of the form . . . f/> i ei 

xy = (fc = a positive constant) [6-15) 

When the sign before k is positive, the equation represents an equi¬ 
lateral hyperbola whose branches lie in the first and third quadrants 
and whose asymptotes are the coordinate axes; similarly, when the sign 
before k is negative, the branches lie in the second and fourth quadrants. 
These statements are illustrated in Fig. 67. 
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EXERCISE 18 

1. Find the equation of the conjugate of each of the following hyperbolas; find the 
equations of the asymptotes; draw a sketch showing both hyperbolas and their asymptotes: 

(a) 42* - 3 /» - 64 = 0. ( 6 ) 252* - -f 225 = 0. 

(c) I* - fty* + 36 = 0. (d) 4i» - V - 25 = 0. 

(e) 100x» - 441*/* - 4,900 = 0. ^ I 62 * - 81j/* - 1,296 = 0. 

2. What is the eccentricity of any equilateral hyperbola? 

3. Find the equation of the equilateral hyperbola whose vertices are the 2 -intercepts 
of the circle 2 * + y* = 25. Plot. 

4. Find the equation of the equilateral hyperbola with center at the origin and with its 
transverse and conjugate axes on the coordinate axes and passing through the point 
( 0 ) (6-4): ( 6 ) (-8,10); (c) (5,-7). 

6. Prove that the perpendicular distance from an asymptote of a hyperbola to a focus 
is equal numerically to the semiconjugate axis. 

6. Prove that the product of the perpendicular distances from the asymptotes to a 
general point of a hyperbola is constant. 

7. Sketch the following loci: 

(o) 23 / = 4. (h) xy 9 = 0. (c) 5 = 0. 

(d) 2 */ - 64 = 0. (c) 42j/ — 1 = 0. (J) xy = 0. 

8 . Find the equation of the hyperbola which passes through each of the following points 
and has the coordinate axes as asymptotes. Sketch. 

(a) (4,6). (b) (-2,1). (c) (4,-3). 

(d) (-5.-4). (e) (7,7). (/) (-10,12). 

9. Find the equation of the locus of a point that moves so that the product of its co 
ordinates equals 10. Discuss, and plot the equation. 
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4S. Limit of a variable; theorems on limits. The subject of calculus 
is based on certain limits. Hence, although we have in several instances 
assumed some knowledge of limits, we now give the basic definition. 

Definition. A variable approaches a constant as a limit when^ after a 
certain poinU the absolute value of the difference between the variable and 
the constant becomes and remains less than any preassigned positive 
number however small; and the constant is called the limit of the variable. 
The definition is symbolized in the following ways: 

(1) 1 X - a 1 < € (2) lim X = a (3) x —► a 

In these expressions x denotes the variable, a the constant limit, and 
e (Greek epsilon) the preassigned positive number. 

When we speak of a variable taking on different values, it is implied, 
although usually not expressly stated, that there is some law which 
governs the successive values that it assumes. For example, if we say 
that X approaches zero as a limit, it may do so through the sequence 

of values 

1111 

To’ Tot’ i.ooo’ lo.ooo’ 


or through the sequence 

111111 .. 

2 ’ 4 ’8’ 16’ 32 ’ 64’ 

or, starting with 1, it may assume all positive values in the order of 
decreasing magnitude. Variables do not necessarily attain their limits; 
thus zero is not a number of the sequence (4) or of (5); nevertheless 
the limit of each of these sequences is precisely zero. However, m 
other instances a variable may take its limiting value. 

Occasionally the nature of the discussion may put limitations on the 
behavior of a variable. For example, if we have in mind log (x - 2) 
and wish to consider what happens when x ^ 2, we maj wish to unit 
the manner of approach to values of x > 2, because, when x < 2, 
log (x - 2) is imaginary. If x is required to approach 2 through values 
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greater than 2, the symbols used are x->2+; similarly x->2~ means 
that X approaches 2 through values restricted to those less than 2. 
The + and — superscripts have similar meanings for any other limit. 

A special case is the notation frequently used 

(6) lim X = CO or x —> x 

Although these resemble (2) and (3) it must be understood that infinity 
is not a limit in the sense of the definition, since there is no € such that 
the difference between x and x is less than c. (6) is best read “x in¬ 
creases without limit.” 

With this introduction we next state three theorems concerning limits 
whose formal proof is beyond the scope of this book. 

Theorem 1: The limit of the algebraic sum of any fixed number of vari- 
ableSy each of which approaches a limiU is the algebraic sum of their limits. 

Theorem 2: The limit of the product of any fixed number of variables, 
each of which approaches a limit, is the product of their limits. 

Theorem 3: The limit of the quotient of two variables, each of which 
approaches a limit, is the quotient of their limits; provided that the limit 
of the divisor {denominator) is not zero. 

46. Limit of a function of a variable. Suppose a function of a variable 
is given, /(x). Let x take on a sequence of values, nearer and nearer 
to a fixed value a, in such a way that lim x = a, or x —> a in the sense 
of the preceding section, but in this connection with x =* a expressly 
excluded. With this exception x-~>a in any manner whatever. As 
X a, f(x) will take on a corresponding sequence of values, and it is 
possible that /(x) will approach some fixed value X as a limit. If so, 
we write 

lim fix) = L 

X—^0 

This is read “the limit of /(x) as x approaches a is X.” (That x 7 ^ a 
is to be understood.) 

47. Finding limits of functions. We shall next show some methods 
that are frequently useful for finding limits of functions. 

If a function is made up by addition, multiplication, or division, 
the theorems on limits in Sec, 45 usually enable us to find the limit by 
direct substitution, as in Example 1. 

Example 1. If/(x) = -- ^ find lim/(x). 

X + 5 


Solution. 


lim 

x->i 


4x + 5 
X -I- 3 


4-2 + 5 
2 + 3 


13 

• 

5 


Example‘i. If/(x) = l/2‘^*b find lim/(x). 

r -*0 
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Solution. Here substitution gives no result, because it involves 
division by zero, an impossible operation. (See the exception to Sec. 
45, Theorem S.) However it is easy to see that as x comes nearer to 
zero from either direction, 1/x^ becomes indefinitely greater and 
comes as near to zero as we please. Hence lim f{x) = 0. 

r ->0 

21/* — 1 

Example 3. lff{x) = lirn/(j). 

Solution. Substitution of x = 0 gives no result because it involves 

1 


1 - 


division by zero as in Example 2. If x —> O'*', we write f{x) = 


o\/. 


1 


and as x —> 0+, this approaches y = 1. If x —► 0 , /(x) - 


1 + 
1 

2 - 1 /; 


21/* 

- 1 


1 


2-1/ 


+ 1 


shows that /(x) approaches -p - -1. We sometimes speak of a right- 

hand limit ( + 1) and a left-hand limit (-l),but there is no single limit. 

4x + 5 


Example 4. If /(x) = 


find lim f(x). 


X + 3 

Solutim. Again substitution gives no result since it involves division 
by zero. If we let x come closer and closer to —3, the numerator ap¬ 
proaches -7 while the denominator approaches zero. Consequently 
the quotient increases indefinitely numerically. Hence there is no 
limit. This result may be written lim /(x) = oo but, as noted in 

X“*-S 

discussing (6) of Sec. 45, oo cannot be a limit in the exact sense. Compare 

the treatment of vertical asymptotes in Sec. 29. 

x^ - 9 

Example 5. If f{x) = - 


- 3x2 -h X - 3 


find lim /(x). 




Solution. Substitution gives 0/0 with a zero denominator, which is 
again meaningless. To find the limit we may proceed as follows; 

x‘ - 9 _ (x + 3)(i - 3) ^ X + S 

X® - 3x2 + I - 3 " (x‘ + IKi - 3) 3:2 + i 

The last equality does not hold if x = 3, but it is true for values of 
X indefinitely near 3, and thus 

(i _ 3 
" 10 5 


x2 - 9 X -f- 3 

lim___ = lim T 

x^ - 3x2 -h X - 3 ^^3 x- -H 1 


Example 6. If/(^) = ——\im f[h). 


i—0 
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Solution, Note carefully that this is a function of K not x. The 
limit is to be taken with x fixed while h —> 0. As in Example 5, substitu¬ 
tion (here /i = 0) gives 0/0, but, as in that example, 


^hx + 

h 


^x ’h h 


provided that h 9^ 0; hence 

lijn = lim (2 j. + A) = 2x 

A-»o n h-*0 


The procedure for finding limits used in Examples 5 and 6 is im¬ 
portant; therefore we formulate it in a rule. 

Rule. To evaluate the limit of a function which by substitution takes 
the form 0/0 find the cmimon factors of numerator and denominatory and 
after dividing out the common factors evaluate the limit of the result.* 
Another kind of limit that we sometimes need to evaluate occurs 
when the variable increases indefinitely, making the function co/oo. 


Example 7. 


Evaluate lim 

Z—♦» 


x^ — 2x 
3x2“^ 4* 


Solution. We have 


lim 

X— 


X- — 2x 
3x2 _ 4 



We may formulate the procedure in a rule. 

Rule. To evaluate an algebraic function which takes the form co/co 
ay X increases without limity divide numerator and denominator by the 
highest power of x in the fractiouy and then let x increase without limit. 

Compare this with the treatment of horizontal asymptotes in Sec. 30. 

The forms 0/0 and co/oo are two of many forms known as “inde¬ 
terminate forms.” They will be considered in greater detail in a later 
chapter. 

48. Continuity. One should distinguish carefully between lim /(x) 

and/(a). The former means the value (if any) that/(x) approaches 
as X comes as near as we please to a (but not = a), while/(a) means 
what (if anything) f(x) becomes when x is given exactly the value a 
in the definition of/(x). If /(x) is given by a formula, this means what 
the formula becomes when x = a is substituted in the formula. Fre¬ 
quently the two are equal, but not necessarily. This leads to some new 
definitions. 

* The rule is not always applicable to Umits of this form. Further methods will be 
developed later when needed. 



Sec. 48] 


INTRODUCTION TO CALCULUS 


81 


Definition 1, A function f(x) w said to be continuous at x = a if 
(1) /W = f(o) [/(a) finite] 


X—►a 


Definition 2. When a function is continuous at every point throughout 
an interval, say from x = b to x = c, it is said to be continuous in the 
interval from b to c. 

Definition 3. When a function is not continuous at a point, it is said 
to be discontinuous at that point. 

To make (1) true three things are necessary, first that lim f(x) = a 




definite number, second that/(a) be defined, and third that the two be 
equal. 

For most of the elementary functions these statements are true except 
possibly at some special points. That is, our common functions are 
usually continuous.* Consequently the limit of most functions for 
not exceptional values of the variable can be found by direct substitution 
(e.g., Sec. 47, Example 1). The commonest exceptions occur when 
substitution involves division by zero. 

4x + 5 

In Sec. 47, Examples 1 and 4,/(x) = ^ ^ ^ is continuous except at 
X = “-3. It is discontinuous for that value because neither lim fix) 

X—► —S 

/(-3) exists. In Example 2 of that section f{x) = 1/2*^^ is dis¬ 
continuous at X = 0 because /(O) is not defined. For a similar reason 

in Sec. 47, Example 5, fix) = ^3 _ discontinuous at 

-j- /(• 

X = 3, and in Sec. 47, Example 6, f{h) = — 


h 


is discontinuous at 


/i - 0. 


If in the function of Sec. 47, Example 2, f{x) = 1/2'/^*, we were to 
supplement the definition of f{x) as follows, 

fix) = for X 7^ 0 and /(O) = 0 

should have lim/(x) = /(O) and /(x) so defined is everywhere con- 


we 


tinuous. 


X—0 


We might do likewise with the functions of Sec. 47, Examples 5 and C. 
In general, if lim/(x) exists and/(a) <loes not, to define fia) as l»i^n/(j-) 




will make /(x) continuous at x = a. In Sec. 47. Examples 1 and 4, 
and 3, no agreement will remove the discontinuities from the functions. 
The graphs of Fig. 68 help to make this clear. 

• The limit theorems of Sec. 45 justify this for simple functions. We shall assume it 
for others, e.g., roots, trigonometric functions, logarithms, etc. 
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/ \ tf \ 4a: + 5 

(a) y = fix) = ^ 




FIG. 68. 


EXERCISE 19 


1. Is y = z continuous for all values of x? Is y — x’* continuous if n is a positive 
integer? Is y = z'* continuous if n is a negative integer? Is any polynomial in z a con¬ 
tinuous function of z? Is the quotient of two polynominals in z a continuous function of z? 

2. If a variable takes successively the values indicated in the following sequences, 
what is the limit approached, if any? In each case write the next three terms of a sequence 
that follow the same law as the terms given. 

{a) 0.9, 0.99, 0.999, ... ( 6 ) 13^, VA, IK. • • • 

(c) 3^, At At ~At • • • (d) 33^, SAt 33^7, . . . 

(e) 0.3, 0.33, 0.333. ... if) H> Ht Ht H, Ht ^ . 

(g) y2t-HtHt-HtHt . . . 


In Probs. 3 to 48 6nd the value of the limit. 


3. lim z* — 3z -|- 5. 

4. lim 

X—»S 

6. lim 

X—1 ic + 2 

6. lim 

x-tO 

7. lim z* “ 6z -H 1. 

x-*-l 

8. lim 

a V 

10. lim 

x~ti 

11. lim . 

12. lim 

x-ti 

13. liiE ^ 

i—o 2z 

14. lim 

x-*0 

1- Z^ — Z — 2 

IB* hm ^ ^-— • 

X* + 3x — 10 

16. lim 
x-»l 


z* — 3 


z»+ 4 


z* — 4 


3z 


z* + 4z — 5 
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_ x»-2a:-3 

17. hm —^- z — 

x-^-i 


18. lim . f* -—^— 

T* + 4x + 4 


19. Um 


X* — X 


- 1) 

X> - 2x> - X + 2 

21- IIS', 3r= - 6x> 

Vx — 3 

23. lim , • 

z-*9 V X* - 3x 

Vx» + 3x - 4 

26. urn ■ 

x^\ Vx* + 7x - 8 

Vx* - 4x 

27. lim -17== • 
i-*i Vx* - 2x* 


^ ^ 

20. lim - - 

r—1 - X 

22. lim 

x-»i X* - 4x 

24. lim 

r-.-2 V4 - X* 
oe V^ 5X + 6 


28. lim — " 

Vx* - 8x + 12 

— 1 

28. lim — ^ ' - 

Vx* - X* + X - 1 


^®-h(x-4)>' 

30. lim x-^TTT^^- 

31 lim *'"**• 

32 lim'*'"”^- 

Z -.0 s»n X 

^-♦0 sin X 

.. sin* X 

34 lim ' ■'■ 

o3* Ills . 

^0 1 - cos X 

Sin* X 

4x + 5 

36. lim - - 

X— ^ * 

X — 3 

*®- 9x + 7 ■ 

77 1-1 L 6x* - 2x + 1 

38 lim ■ 

VI* IltD r 9 t 4 

5x* + 4x “ 2 


I* — 2 

40 lim ® . 

**■ i™. 3x‘ + 1 

4x* - 3 

,. 2x*-6x*+8 

"•i” 3x>-8 • 

.... X — 9 

3x- + 4 ■ 


44. lim 

3x* - X* + 5 

8x« + X* - 2 

46. lim 2'. 

z—*ae 

46. lim 2*- 

Z—•( —» ) 

47. lim |!. 

48. lim ~ 

X—*» 

Discuss the continuity of the following 
of discontinuity that you may find. 

functions. Sketch the curve 

49., = ^. 

60 y ■ 

^ X - 3 

Fill ^ 

62 0 ■ 

01* u — ^ ■ * 

^ X* - 1 


Ko 4x — 2 

X* - I 

66 t, - * . 

66 V - ^ 

X* - x + 5 

^ X* - 4 

67 u ^ ~ X 

jr 

Rfi |i ^5 1 -. — ■ . « 

x> - 1 

^ 2x* + X + 3 

69. y = 4-V25 - X*. 

60. ^ = + v'x* — 25. 
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1 




X 


1 



1 

66. y = 10*-*. 


64. y = 2**. 


1 

66. y = 10**-*’ 


[Sec. 49 


49. Tangent line to a curve. We now turn to the problem of finding 
the direction of a curve at any point, or more exactly of the tangent 
line to a curve at any point. 


Y Y 



In plane geometry a straight line is tangent to a circle when it has 
one point, and only one, in co: 


lllil 


Y 



any point of a continuous curve 


on with the circle no matter how far 
the line may be extended. This 
definition, however, is not adequate 
for the tangents to all curves. 

Looking at Fig. 69, we feel intui¬ 
tively that PT in (a) is tangent to 
y = }(^) at P, but not at Q although 
the line and curve have only one 
point in common in each case. 
Again, in (6) we feel that PT is tan¬ 
gent to the curve at P even though 
it intersects the curve at the point 
of tangency. 

To formulate a definition that will 
include all tangent lines, let P be 
y - as shown in Fig. 70. Draw 


P'P, a secant line from P to a neighboring point P' of the curve. Let 
P' move along the curve and approach P as a limit. (Several positions 
of P' and the secant are shown in the figure.) If as P' —> P the secant 
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line approaches a limiting position, this position is called the tangent 
line. In Fig. 70 PT is the tangent. 

Definition. The tangent line to a curve at a point is the limiting position 
oj the secant line joining the point to a second point of the curve as the latter 
point approaches the former as a limits provided such a limiting position 
exists. 

Ordinarily there is just one tangent to a curve at a point. Some 
common exceptions are suggested in Pig. 71. 

Y Y 


X 

FIG. 71. 

The curve in (a) is said to have a salient point at P; the one in (6) 
has a node at P. In general we shall not consider such exceptional points. 

50. The derivative. In the pre¬ 
ceding section we defined the tan¬ 
gent line as the limiting position of 
the secant line. Consequently the 
slope of the tangent is the limit, if 
it exists, of the slope of the secant. 

In Fig. 72 let y = fix) be a con¬ 
tinuous function of x, and let PT 
be a tangent to the curve at a 
general point P{x,y). 

The slope of PT is required. 

Let the abscissa x of P(x,y) be piG. 72. 

changed by an increment Ax (read 

“delta x’’), and denote the corresponding ordinate by yAy = 
f(x -t- Ax). Let P' denote the point (x -f- Ax, y + Ay). 

Ax = QP = PS Ay = SP' = UP' - RS = fix + Ax) - /(x) 

Ay is called the increment of y, or the increment of the function. 

By trigonometry the slope of the secant line PP' is 

SP' Ay _ fix + Ax) - fix) 

tan a - 
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We next pass to the limit by letting P' > P; or, we say, let Ax > 0. 
Hence the slope of the tangent is 


lim po 

P'^P o 


Ax^O 


Ax 


^ x—*0 


Ax 


The lim is called the derivative off{x) wiih Tested to x. 

Ax 

on notations for the derivative. Some are 


Ax—»0 

There are several co 


lilii 


j)^y^ ^, f{x), and y. For the present we shall confine ourselves 
dx dx 

io^,OT and f'(x). In any case the derivative is the result of 

dx dx f 

carrying out the operation above. The symbol ^ looks like a fraction 

whose numerator is dy and whose denominator is dx, but for the present 
it should be regarded as a whole, as a symbol for the derivative. A 

similar remark applies to To find a derivative is called to differ- 

entiate, and the process is called diferentiaiion. If a function has a de¬ 
rivative, the function is said to be differentiable. 

Summarizing, the following is the definition of the derivative of a 
function using symbols: 

Definition. The derivative of y ~ f{x) is 


f'(x) = ^ = lim - - / (£) 

dx A^o Ax 


[M] 


In words, the following is the definition of the derivative of a function: 

The derivative of a fundion y — fix) with resped to x is the limit of the 
quotient of the increment of the function divided by the increment of the 
independent variable as the latter increment approaches zero. 

In the first step of finding the derivative we gave an increment to x, 
the abscissa of P(x, 2 /). Since P is a general point of y — /(x), the de¬ 
rivative that resulted was a general expression for the slope at any pomt. 
Therefore to find the slope of the tangent at a particular point we find 
the derivative in general and then substitute in it the coordinates of the 
particular point. The procedure is summarized in the following statement: 

The Geometrical Interpretation of the Derivative. Geometrically the 
derivative of a function is a new function which gives the slope of the tangent 
line at any point. To find the slope at a specified pointy substitute the 
coordinates of the point in the derivative. 

51. Finding derivatives by the increment method. We may reduce 
the procedure in the preceding section to the following specific steps: 

First Step. Substitute x + Ax for x and y Ay for y throughout the 
equation. 
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Second Step. Subtract the given equation from the one obtained in 
the first step to obtain an expression for Ay. 

Third Step. Divide the resulting equation by Ax. 

Fourth Step. Evaluate the limit: lim 4^* 

Az-»0 Ax 

Example 1. Find the derivative oi y = — 5x and the slope of 

the tangent at (1,-4). 

Solution. 

y + Ay = (x + Ax)® — 5(x + Ax) 


2 / + At/ = X® + 3x- Ax + 3x Ax^ + Ax^ — 5x — 5 Ax 


(Subtract) y 


= X® 


— 5x 


Ay = 


(Divide by Ax) 


Ax 


3x2 3 xAx 2 + Ax’* 
3x2 3 a; + Ax® — 5 Ax 


- 5 Ax 


dx 


_ 


“ lim 

Ax-*0 

-3x2-5 


Ax 

lim (3x2 + 3x Ax + Ax' 

Ax-»0 


- 5) 


(Compare Sec. 47, especially Example 6.) 

The derivative ^ = 3x2 - 5; the slope of the tangent at (1,-4) is 

dx 

found by substituting the coordinates of the point in the derivative. 

- 3 - 5 - -2, the 


:.4y 

dx 


(1.-4) 


A suitable notation for the substitution is 
required slope. 

Example 2. Find ^ if >/ = ‘‘"d find the slope of the curve at 

(5,1). ^ 

Solution, y + Ay — 


y = 


(x + Ax) - 2 
3 

X - 2 


lim . 


"" (x + Ax) ^ X - 2 

3x - 6 - 3x - 3 Ax + 6 
^ (x + Ax - 2)(x - 2) 

_ -3 Ax _ 

^ (x + Ax - 2)(x - ^ 

^ ^_ zl - 

Ax (x + Ax - 2)(x - 2) 

Ay _ dy _ 


-3 


dx (x - 2)(x - 2) (x - 2) 
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The slope at (5,1) is 



dy , 


Example 3. Find — if = vl — a:. 


Solution. 

y + Ay = Vl — (x + Ax) 

y = Vl — X 

Ay = Vl — (a: + Aar) — Vl — a: 

Ay _ Vl — X — Ax — Vl — X 
Ax Ax 


Rationalizing the numerator, 

Ay _ Vl — a; — Aa: — Vl — x Vl — a: — Aa: + Vl — x 
Ax Ax -y/l _ 3 . _ 4* Vl — X 

1—ar — Ax— l+x _ — Aa: _ 

Ax(Vl — X — Ax + Vl — x) 


_ -1 

—»o Ax dx 2\^^1 — X 


Ax(Vl — X — Ax+Vl — x) 

_ -1 _ 

Vl — X — Ax + Vl — X 

Ay dy 


Example 4. Given y^ xy ~ 6x — 0; find ^ and the slope at (1,-3). 


Solution. The increment method can be used to differentiate an 
algebraic function in implicit form by a slight variation. 

(y + Ay)2 + (x + Ax)(y + Ay) - 6 (x + Ax) = 0 

y2 + 2y Ay + Ay^ + xy + y Ax + x Ay + Ax Ay — fix — 6 Ax = 0 
y^_ + xy _ — fix _ = 0 

2y Ay + A^ + y Ax + x Ay + Ax Ay — 6 Ax = 0 

Dividing by Ax, 

+ + + + Aj/-6 = 0 


As Ax —> 0 (i.e., as P' 

but by definition liin ~ 

Ar~*o Ax 


P)y Ax and Ay separately approach zero, 

dy 

dx 



d_y 

dx 


• 0 4 - y + X 


dx 
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dy 

Solving for 


^ ^ ~ y 

dx X 9,y 


The slope at (1. —3) is 

dy 

dx 


^ 6 - (-.3) 
(1,-3) 1 + 2( —3) 


9 

5 


EXERCISE 20 

1, (a) Find the derivative of i/ = at a general point P{x,y). (6) Find the slope of 
the tangent at (2,8) hy substituting its coordinates in the derivative. 

In Probs. 2 to G find the derivative and the slope of the tangent at the point indicated. 

2. y = - 4x; (2.4). 3. y = 5i^ - 2x - 3; (1.0). 

4. j, = x’-3x+4; (1.2). 6. y = 2x3 - i* + 5x - 10;(0.-10). 

6. y = x*-3x2; (-2.4). 

Find the derivatives of the following functions; 


7. y = 


10. y = 


13. y » 


16. y = 


x+ 1 

z 

3 

X — 1 

i +1' 

x^+ 1 

X2 - 1 


8. y = 


X — 1 


1 


1^* y ^_ jp. 

..., - HH- 

17- y = 7,- 


9. y = 


12. y = 


16. y = 


18. y = 


2x 


2 - X 
4 

1 - !»' 
3x 

1 - X* 

X 

x3 - 1 


19. y = Vx - 3. 


22. y = V3 - 4x. 

5 


20. y = v^x + 2. 

23. y — : 


Vx+ 1 


21. y = v^4 - 2x. 

1 

24. y = 


26. y = 


26. y = 


Vx - 1 

4 


Vi - 3x 


Vs — 2x 

In the following problems find the derivative and the slope of the tangent at the stated 


point; 

27. x^+ y* = 5; (-1.2). 

29. xy + X — y + 1 = 0; (3, —2). 
31. i3+ y'- 10-c = 0; (i>^)- 
33. y* = x3; (1.1). 


28. x* - y“ = 9; (5,-4). 

30. x“ + xy — y* — 5 = 0; (3,4). 
32. 2xy — 3 x + 7 = 0; (1,-2). 
34. y’=x=; (-1.1). 


52. Physical interpretation oj the derivative; rate. 1 he idea of rate 
is commonly first encountered in connection with motion. If an auto¬ 
mobile goes 100 mi. in 3 hr., we say that the rate, or speed, or velocity 
is 100/3 mi./hr. More generally the rate or velocity is defined as 
distance/time. Since the velocity is almost certainly not the same 
throughout the whole time, 3 hr. in the illustration, this is the average 
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velocity. We can get a more exact measure of the velocity by using a 
shorter interval of time and the corresponding distance, and we define 
instantaneous velocity as the limit of (distance interval)/(time interval) 
as the two intervals approach zero. Suppose that the distance s covered 
by a moving body in time t is known in terms of U s = f(t), and suppose 
that we want the velocity at some definite time t. Consider an interval 
of time beyond ty which in agreement with Secs. 50, 51 is properly 
called increment t and denoted by Aty and the corresponding change in 

• • « 

the distance is increment Sy As. Then — gives the average velocity 


At 


As 


during time A/, and lim ~ gives instantaneous velocity, or simply ve- 

ji—»o At 

locity, at time ty commonly denoted by v. But this is the derivative 
of s with respect to i. That is, 




ds 

di 


Example 1. A particle moves in a straight line according to the law 
s = s being measured in feet and t in seconds. What is the average 
velocity of the particle in the interval from i = 1.00 sec. to < = 1,50 
sec.? from t — 1.00 sec. to i = 1.10 sec.? What is the velocity at 
t = 1 sec.? 

Solution. When t = 1.50 sec., s — 6.75 ft.; when t = 1.00 sec., 
s = 3.00 ft. During an interval of 0.50 sec. the particle moves 3.75 ft. 
By definition the average velocity is 


a.v. 


3.75 

0.50 


7.50 ft./sec. 


When t = 1.10 sec., s = 3.63 ft.; when t = 1.00 sec., s = 3.00 ft. 


a.v. 


0.63 

0.10 


6.3 ft./sec. 


To find the velocity at < = 1 sec. we find which by the increment 

ds 

method may be found to be -y; - 6^ 

at 

dt 

The values 7.50 ft./sec. and 6.30 ft./sec. reasonably suggest 6 ft./sec. 

as the limit approached by the velocity as the time interval is made 
shorter and shorter. 


= 6 ft./sec. 
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ds . . dv 

Just u = gives the rate of change of s with respect to U 

gives the rate of change of v. This is called the acceleration of the moving 

body. In this book we shall denote acceleration by 

Example 2. A certain body thrown vertically upward moves ac¬ 
cording to the law s = 16^^ — 40i (5 in feet, t in seconds). Find its 
velocity when i = 3 sec. Find its initial velocity. When and where 
is the body at rest? What is its acceleration? 

Solution. It may be verified by the increment method that 

^ - 32« - 40 
at 


ds 

Jt 




= 96 - 40 = 56 ft./sec., the velocity when t = 3 sec. 


The initial velocity means the velocity at the start of the motion, 
i.e., when t = 0. 

= —40 ft./sec. 


dt 




The initial velocity is -40 ft./sec. According to custom for the vari¬ 
ables 5 and U the equation is set up so that the positive direction of s 
is dovmward; hence the minus sign is to be expected for the initial 
velocity, which is stated to be upward. 

(Is • 

The body comes to rest (at least momentarily) when = 0. Setting 

32( - 40 = 0, i = 1.25 sec. At this instant s = 16(1.25)2 - 40(1.25) 
= 25 - 50 = -25 ft., i.e., 25 ft. vertically above the starting point. 
The acceleration is by definition the derivative of the velocity, which 

we have found to be = i- = 32i - 40. From *; = 32/ - 40 we may 

find by the increment method ^ i histance 

the acceleration does not involve /; it is a constant, and its value is 32 

ft./sec2. ^ ■ 

In the above discussion of rates the variable has been time. This is 

not essential, however. The derivative may be interpreted as a rate of 

change in general. If t/ = f{x), the quotient measures the average 

rate of change of y with respect to x (luring the interval Ax and 

Urn ^ = ‘^1 gives the insUntaneous rale, or simply the rate, of y with 
,^0 Ax dx 
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respect to x. Thus in Sec. 50, where we interpreted ^ as the slope of a 

curve, we may also say that it measures the rate of change of the 
ordinate y with respect to the abscissa x. 

Let us assume that x is increasing, so that Aa: is positive. Then, if y 
is increasing, Ay will be positive; or if y is decreasing, Ay will be negative. 


Ay 


dy 


Consequently, where y is increasing, and hence the rate of y, 


dx 


dy 


will be positive; and where y is decreasing, the rate of y, will be 


negative. 

To sum up: 

The Physical Interpretation of ike Derivative. The derivative of a func¬ 
tion gives the rate of change of the function with respect to its variable. 
The value of the rate at any instant may be found by substituting the value 
of the variable at that instant in the derivative. 

Example 3. If a gas obeys Boyle’s law, if P is pressure, V is volume, 
and k a constant, we have P = k/V. Given, for a certain body of gas 
P = SO/Vy P in atmospheres (1 atm. = 14.7 Ib./sq. in.), V in cubic 
inches. If the volume changes, what is the rate of change of pressure 
per cubic inch change of volume when the volume is 60 cu. in.? 


dP 


Solution. The wanted rate will be given by By the increment 


= — — atm. change of pressure 
K = 60 4o 


„ j dP 80 dP 

process we find ^ = ~W 
per cubic inch change of volume. 

The minus sign (negative rate) shows that as volume increases 
pressure decreases. 

EXERCISE 21 


1. A particle moves in a straight line according to the law « = ^ ^ (j in feet, t in 

seconds). Find the average velocities in the intervals from t = 3.00 sec. to t = 3.30, 
3.20, 3.10 sec., respectively. Find the derivative and its value at / = 3 sec. 

2. A particle moves in a straight line according to the law s = 2^ — 8^ (s in feet, 
( in seconds). Find the average velocities in the intervals from t = 0.70, 0.80, 0.90 sec., 
respectively, to I — 1.00 sec. Find the derivative and its value at ^ == 1 sec. 

In Probs. 3 to 10 it is understood that a particle moves in a straight line according to 
the stated law. s is measured in feet and t in seconds. In each problem find (o) the 
formula for the velocity, and the initial velocity ro; (6) the formula for the acceleration, 
and the initial acceleration ^'o. 


3. 

s = 8t*. 

4. 

s = SP- 24f. 

6. 

5 = - 24f + IG. 

6. 

s = 8tK 

7. 

5 = p - m. 

8. 

1 

s = -• 

t 

fi 2 

9. 

2 

S s? " • 

10. 

<+ 1 

" (+1 
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11. In Prob. 3 find the velocity and acceleration when t — i see.; when < = 5 sec. 

12. In Prob. 4 find when and where the particle is at rest. 

13. In Prob. 5 find when and where the particle is at rest. Where is the particle when 

i = 0 sec.? This value of s is called the iniiial displacement. 

14. In Prob. 7 find when and where the particle is at rest. Does it have an acceleration 
when at rest? 

15. In Prob. 9 what is the initial displacement? (See Prob. IS.) When and where 
does the particle come to rest? 

16. In Prob. 10 discuss how the distance, the velocity, and the acceleration vary as 
t increases without limit starling from < = 0 sec. 

17. Water is leaking from a wooden tank in such a manner that during a certain time 
interval the volume V (cubic feel) of water in the tank is given by P = 1,000 — 20t + f* 
(/ in hours). The water causes the wood to swell, thus gradually stopping the leak. When 
will the leak be stopped, and how much water will remain in the tank? 

18. On a certain afternoon the weatherman observes that the temperature, d (degrees 

(I (i 

Fahrenheit), follows the law ^ = 88 - - + —; t denotes hours from noon (t = 0) to 

midnight (f = 12). Find the temperature and how fast it is changing at (a) 4 p.m.; 
(6) midnight. 



Chapter 8 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


53. Introduction. Using the increment method developed in the 
preceding chapter we shall proceed to derive several formulas of dif¬ 
ferentiation which will save much time and labor. 

We shall use the four steps listed in Sec. 51; the directions will not 
be repeated in the following differentiations, as the procedure should 
be known by now. 

54. Derivative of a constant. Let y = c; then 

y -\- Ay = 

y 

Ay = 

^ = 

Ax 

lim^ = 



Theorem: The derivative of a constant vnth respect to a variable is zero. 

55. Derivative of a i;ano6/e with respect to itself. Let y x; then 


y Ay = X Ax 
y = X 
Ay = Ax 


Ax 



lim^ = 

Since y - X, [8-2] may also be written = 1. 

ax 

Theorem: The derivative of a variable vnth respect to itself is unity. 

56. Derivative of the sum of several functions. Let 



y=‘u-\-v-\-w-\- • • • 

where u. v. w. . . . denotes a fixed number of functions of a single 
independent variable x. Assigning an increment Ax to x produces an 
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S©C# 58] 

increment Au in w, Av in v, etc.> and from these an increment Ay in y. 
When Ax 0, so also does Au 0, etc. 

y-\-Ay = u-{-Au-\-v + Av + w +Aw • • • 

y = U +» + W +... 

Ay — Au + Ar + Aw + • • • 


lim 

Ax—*0 


Ay 

Au Ar Am? 

-f • • • 

Ax 

Ax 

Ax 

Ax 


= lim 


lim 

At? , 

— + hm 

Ax 

Ax—*0 

Ax 

Ax—♦O 

ax Ax-*o 


dy _ 
dx 

du 

dx 

dv , dw . 
dx+ dx + ■■ 


Ate 

Ax 


+ 


» • 


[8-3] 


Theorem: The derivative of the algebraic sum of any fixed number of 
functio 7 is equals the algebraic sum of their derivatives. 

57. Derivative of a constant times a function. Let y = cu, c being 

any constant; then 

2 / + Ai/ = c(ti + Au) = cu + c Au 

y = ^ 

Ay = c Au 


Ay Au 
Ax Ax 


du 


V /> 

lim = c-T- 

^^0 Ax dx dx 


[8-4] 


Theorem: The derivative of a constant times a function equals the con¬ 
stant times the derivative of the function. 

58. Derivative of the product of two functions. Let y = uv, where 
u and V are functions of an independent variable x; then 

y + Ai/ = (u + Au)(tJ -h Av) 
y Ay = uv u Av V Au Au Av 
y = uv 

Ay = u Av + V Au Au Av 


Ay Av , Au . Au 

— = u- ht;--At? 

Ax Ax Ax Ax 

Au dy dv . du 

^^0 Ax dx dx dx 


[8-5] 


In passing from the next to the last equation to the last, the treatment 

of the term — Av is this: lim ^ At? = -^{0), and the product of the 

Ax ^x_oAx dx 

two factors vanishes. 

Theorem: The derivative of the product of two functions equals the first 
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function tiTnes the derivative of the second 'plus the second function times 
the derivative of the first. 

If 'y equals the product of more than two functions, say y = U’ v ^ s 
• • • , we state without proof the formula for the derivative of y. 


dx 


— {v ' W ' s 


$ 0 


. du , , 


) 


dv 

dx 


+ {u - V ' s 


• • 


dw 

Ux ^ 


0 0 


[8-6] 


In [8-6] it is understood that there is a fixed number of functions. 
The proof of the formula consists in making repeated applications of 
the formula for the product of two functions. 

59. Derivative of the quotient of two functions. Let y = u/v, where 
u and V are functions of an independent variable x. 


2/ -h Ay 


u + Ak 
V -f- At? 




% 

Aar 


u 

V 


u •+■ Au u 
V 4- At? V 



v{v -I- At?) 


ttt? + t? Au ~ nt? — u At? 
t?(t? -h At?) 


lim ^ ^ = 

Ax dx 




Theorem: The derivative of the quotient of two functions equals the 

denominator times the derivative of the numerator minus the numerator 

times the denvaiive of the denominator, all divided by the square of the 
denominator. 


60. The power formula. Let y = and let n be a positive integer so 

that the binomial theorem is applicable for the expansion of (x + Ax)**, 
y + Ay = (x -f- Ax)” 

= + ni"-' Ax + ^ ~ x"-' ^ + . . . 

1 • X 


y ^ 

Ay = nx”“* Ax -|- 

1 • 2 

n 1 , n{n — 1 ) 

= nx”-i -f ^ Ax -b • • . 


Ax -h 


Ax 


1 • 2 


lim ^ ^ 

Ai —0 Ax dx 




[ 8 - 8 ] 
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Theorem: The derivative of x to the nth power equals n times x to the 
power (n — 1 ). 

The power formula has been derived only for the case when n is a 
positive integer. It is a fact that the formula holds for any value of n, 
positive or negative, rational or irrational. We shall use this fact 
whenever convenient and postpone discussion until later (Sec. 89). 

There are two special cases of the power formula important enough 
to stand out as separate formulas. 


Case I 


y 


= Vi = xH ^ = 

dx 

dy/x 




dx 


2\/x 


[8-8a] 


Case II 


y = - = x 


-I 




dx 


(-l)x 


-t 


d{l/x) 

dx 


a? 


[ 8 - 86 ] 


Several examples showing the use of the formulas are provided. 
Example 1. Differentiate y - — 5x^ H- 7. 

Solution. ^ = 3x2 - 5 ( 23 .) + q = - lOx. 

ax _ 

Example 2. Differentiate y = x^\/x -f v^x^ — V^. 

Solution, y = + xH - VSxH 

ax 2 4 2 

5 , 3 Vs 

2 4 Vi 2Vi 

1 2 5 

Differentiate /(x) = — “ “ + 


Example 3. 
Solution, 


S\x) = 


Vx 


-ix-^ - 2(-l)x-= + 5(-3)x 

/V 


-4 


-1 


2x'n/x 


2 _ 15 

*1* n A 


Example 4. Differentiate s = {t^ — 1)(8< + 5). 
Solution. 

= ((» - 1){8) + ( 8 ( + 5)(3(2) 

= - 8 + 24(3 + 15 ^ 

= 32(3 + 15 ^ _ 8 
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Example 6. 
Solution. 


Differentiate <^(y) = 


% + 1 

Sy - 1 


My) _ ( 32 / - 1 )( 2 ) - ( 22 / + 1 )( 3 ) 

dy (32/ - 1)^ 

Gy — ^ — 6y — S 
(32/ - 1 )^ 

-5 

“ ( 32 / - 1 )^ 


EXERCISE 22 

Differentiate each of the following functions with respect to the variable in the right 
member. Letters which stand near the beginning of the alphabet, such as o, 6. c are 
understood to denote constants. 


1. y = - 42)2 + 6x - 3. 

3. y = X® + 4z’ “ 9x. 

6. y = ox* + 6 'n/x! 

7. y — 6x — 3 4- " 

9. y = ^x^Vx- |xVx. 

11. y = S'^x* - lOv?. 

13. y = ox - - + 

. _ /- 4 5 

16. y = Vx-p-TT- 

Vx xVx 

..T 3 5,7 

19. y - -V - 

4x V X 

21. y= (x+3)(x-8). 

23. y = (2 - x)(x= 4- 5). 

26. /(x) = (x^- a>)(3x4-&). 

27. m = 4)C1 - (»). 

29. = (u - 2)(u3 4- 2« - 1). 

31. y = x*(x- l)(x+2). 

33. y= (x^- l)Cx4-2)(x-2). 

•9R X - 3 

36. y = 

37. y- 


39. y = 


X 4" 4 
2 x 2 
X — 1 

1 - 3x 
1 - X* 


2. y = x^ — 3x^ 4- 6x — 8. 

4. y = 5x^ — 2x* 4- 6x — 4. 

. c 

6. y — ox-- 

X 

8. y = 2x* - 5\/x4- 8. 

10. y = ^ “ I 

12. y = Sx^Vx - 

14. j, = ai= + p - |j- 


16. y = xVx — 


4- 


Vx xV^ 


.... 2.4 6 


20. y = 


4- V16x. 


Sx'^x 

22. y = (x2- l)(x»4- 1). 

24. y = (x^ - 3)(1 - 2x). 

26./(z) = (c-2*)C^4-1). 

28. F(t) = tit* - 6(4- 1). 

30. /(y) = (3 - y^)(y* - 4y). 

32. y = (x4- DCx - 2)(x - 3). 

34. fix) = (l-x2)(3-x)(x4-l). 

36. y = 


38. y = 
40. y = 


X - 2 
3x 

X* - 2 
x 2 - 1 

x*4- 1 
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1 

u - 3 

sr* - 2 

(* +1 


42. /(*) 


2z» 


1 - 2 * 


41. 0(u) 

43. f (0 : 

46. Check the power formula for the derivative of y = x* by writing it as y = z • x • x • x 
and applying the product formula. 


«•«{») = 


46. Find the slope of the tangent to y = 


X* - 1 

X - 7 


at (2,3). 


47. Find the slope of the tangent to y = ^ _j_ g at (-1,-4). 

48. Find the slope of the tangent to y = — - — at (3,-2). 

49. A particle moves in a straight line so that s and i (s in feet, t in seconds) are con¬ 
nected by the equation s = 2 - 3\^t. Find the velocity of the particle when t = 4 sec- 

60. A particle moves in a straight line so that a and f (« in meters, t in seconds) are 

connected by the equation a = 10 - Discuss the change in a. in the velocity, and 

in the acceleration of the particle as i starting from zero increases without limit. 

61. The derivative of a function of a function. ^Ye next seek a method 

for differentiating a function of a function. We first illustrate what the 
phrasemeansby an example, say 3 / = (3ar^ - 1)^ If we set u = - 1. 

then y = u*; u* is a function of u, which in turn is a function of x (viz., 
y _ 1 ); hence y may be described as a function of a function of x. 

In this case we might find by expanding {Sx‘ - 1)^ and differentiat¬ 
ing term by term; but in general reducing everything to the types we 

have studied is impossible, and we need a new method. 

If y = f{u) and w is a function of x, giving x an increment Ax produces 

an increment Au in m, which in turn causes an increment Ay in y. As 
Ax —> 0, so also Au 0. Writing the identity 

Ax Ax 

we may multiply the numerator and denominator of the right member 

by Aw. _ Ay Aw 

Ax Aw 


Ax 


"" - lii'ir. ■ s) - 


^0 Ax 



Urn ~) 

j^oAx/ 


(; 


dy dy du 
fir fin dx 


[8-9] 


Theorem: The derivative of a function of u where n Is a function of x 
equals the product of the derivative of the function of u with respect to u 
times the derivative of u with respect to x. 
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In this theorem, as in general elsewhere also, we assiune that the 
functions involved are differentiable. 

The theorem generalizes for a sequence of a fixed number of functions. 


Exam-pie 1. Find ^ if 2 / = (3x^ “1)^* 
Soluiio-n. Letting u — — 1,2/== u**. 

^ = 4w’ = 4(31^ - 1)’ 



Applying [8-9], 

^ = 4(3i2 - 1)3.6a: = 24x(3x^ - 1)’ 
ax 


We may make the power formula [8-8] more general by applying 
the above theorem, li y — w", where w is a function of ar, 


dx 




du 

dx 


[ 8 - 10 ] 


The special cases [8-8a, 6] become, respectively. 


y 


= “s/w 


and 


and 


1 

y - - 

^ u 


^ _ 1 du 

dx gVu dx 


and 


dy _ _ 1 dw 
dx dx 


[8-1 Oa, h] 


dy t 

dx 


Example 2. Find ^ if y = Vl — 


Solution. With a little experience it is unnecessary to write out u 
explicitly. 

^ {-Wx)= 


dx 2Vl - 5x3 


Vl - 5x3 


Example 3. 
Solution. 



4x 

a - xr 


^ ^ (1 - xYW - 4x[2(l - x)(-l)] 
dx (1 — 

4 H- 4x 

" (l-xV 


We may illustrate the theorem from a different point of view if we 
recall that a derivative may be interpreted as a rate. For example, 
if a motorcycle goes 5 times as fast as a horse can trot and if a horse 
trots 3 times as fast as a man can walk, how many times faster does 
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Sec. 62] ... 

the motorcycle go than the man? By inspection the answer is 15 
times, i.e., the product of the rates (derivatives). 

Let us consider one more special case, viz., the relation between 

— and ^ when v is a function of x. In the identity 
ax ay 

Ay ^ ^ j 
Ax Ay 

let Ax —» 0, whereby Ay —> 0 also. Then 


( 


Ay 


lim 
»0 


lim = 1 
,A«-o Ay/ 


Written differently, 


^ ^ = 1 
dx dy 


[ 8 - 11 ] 


dx 


J_ 

dx 

dy 


or 


dx 

dy 


dx 


62. Derivatives of higher order. The derivative of a function of a 
variable is also a function of that variable; accordingly it possesses a 
derivative which is appropriately called the second derivative of the 
original function; similarly, the second derivative has its own derivative, 
which is called the third derivative of the original function; and so on. 
Several notations for the sequence of derivatives just described are 

y = f(^) 

dy ^ dfjx) 
dx dx 


= /'(x) 


d}y d (dy\ _ d‘f{x} _ 
di^ - dx\dx) dx^ ^ ^ ^ 

d^y _ ±(^\ = = f»(x\ 

dx^ dx\dxV dx^ 

_ d ( d^-^y \ ^ di(x) ^ ^ 

x” dx\dx’‘“v dx’* 


d 

dx 

The derivative of a function is also called the derivative of the first 
order, the second derivative is called the derivative of the second order 

and so on; ^ is called the derivative of the nth order. 

dx** 

In Sec. 52 we discussed velocity and acceleration. Starting from 

ds 1 • dv 

s = f{t). we said that velocity ^ li^d that acceleration j = 

dv d-s 

With our new notation we may write j ~ ~Ji ~ df' 
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Example 1. Find the successive derivatives oi y = 5x* — 6x 10 
SoLlio.. I - IS.- - Si g - 30.; g - SO; g - 0. 

Evidently all derivatives of higher order than the fourth are zero. 
Example 2 . Find the successive derivatives oi y — ^ 


X — \ 


Solution. 


By inspection 


dy ^ 

-1 

^ = 


2 

dx 

- 1 )^ 

dx^ 

(x 

- 1)* 

d^y _ 

-6 



24 

dx^ 

(x - 1 )^ 

dx* 

(x 

-1)^ 

d^y _ 

( — 1\n _ 

nl 



dx'* 

^ (x 

- 1)”+* 




\Mien, as in this example, it is possible to find a general expression 
for the nth derivative, it is often desirable to do so. 


EXERCISE 23 


In Probs. 1 to 10 Sod the first and second 

1. y= (2x- 3)’. 

3. y - {x ^ - + D*. 

6. y = V4 — 5x. 

7. s = (3r5 - 2)?^. 

9. fix) = ^ 


(2x+l)* 

Differentiate the following functions: 

11 - y =-T/’ 

(5x» - 

13. 3 / = (o -f 6x)*. 


16. fix) = Vox* 4- ^ + c. 

17. » = (i* - o«)«. 

19. y = xiix — 1)V 

21. y = (1 - 2x)(3 - 4x). 

23. 3/ = x> Cl - i“)*- 

26. y = xVa + bx- 

27. j/ = (3 — x)(x^ — 2x — 1). 

29. y = ^ 


31. y = 


33. fix) = 


(3x- D* 

(x- !)»' 
2x - 1 


derivatives. 

2. y = (3x 4- 1)\ 

4. y — (x* — 3x 4- 5)*. 

6. y = V2^— 3x. 

8. z = (2w* — 1)^. 

3 


10. fix) = 


(1 - 4x)* 


12. y = 

14. y = 
16. /(x) 
18. y- 
20. y = 
22. y = 
24. y = 

26. y = 
28. y = 

30. y = 
32. y = 


(1 - 4x»)?^ 
(a + 6x2)». 


= V (ox^ + 6x 4- c)’. 

"V^ — X^’ 

x2(l - 3x)*. 

(3x 4- 2)(4x - 1). 
x*iix 4- 1)*. 
x*Va* — x^. 

(3x4- l)Cx“- 4x4-2) 
1 

(3x2- 1)^' 

4x 


(1 - 3x)2 


34. /(O = 


(1 - 3x)» 
(1 - 0 * 


1 + f 
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43. y = 


Vl - 2x 


46. y 


= 

- 3 


47. y = 


Vx2+ 1 


49. y 


t x^^- 2 

\2x*+ 1 



Differentiate successively the following until a derivative is obtained whose value is 
zero or until ^ can be seen by inspection. 


61. y = + 6x - 5. 62. y = - 3x + 7. 

63. y = ix*-\- 3i> - ix- 11. 64. y = 5a:> - 2i* + Tar - 4. 

1 e.. 1 

66 . y — 



63. Differentiation of implicit functions. In Chap. 7 we differentiated 
a few implicit functions directly by the increment method, for instance, 
Example 4 in Sec. 51. However, we can expedite the process by ap¬ 
plication of the theorem for finding the derivative of a function of a 
function. 


The equation f{x,y) = 0 defines y as a function of x. A function of 
y is, therefore, a function of a function of x, and its derivative with re¬ 
spect to X equals its derivative with respect to y times the derivative of 


y with respect to x. 
its derivative with 


For example, if y^ occurs in an equation /(j,y) = 0, 
respect to x is 3y- the derivative of Vy is 


and so on. Of course, all the theorems for the derivatives of 
sums, products, and quotients are applied as usual. 
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Exam-pie 1. Find ^ if a:’ + -{- a? “ y + 10 = 0. 

Solution, Differentiating term by term, and applying the method 
explained in the preceding paragraph to each term containing y, 


dx 


3x^ + 3(3,’|)-2(xg + 2,) + l 

ttt/ • 00 

Now we factor out ^ and solve for it explicitly. 

(9^’ -9,x-\)^ - l + iy - Sa:^ 

^ — 1 — 2 y -f 

dx 1 H- 

Example 2 . Find ^ and ^ if x* + 2 y^ — 8 x = 0. 
So/u^ion. 


= 0 


2 , + 6 j ,^|_8 = 0 


( 1 ) 


dx 


4 — X 

'W 


( 2 ) 


^ is found by differentiating implicitly. 

St/H-l) - (4 - x)Qy 


d^y ^ 

dx* 


dx 




To put the answer in an acceptable form we must substitute ^ 

ox 

as found in ( 1 ) wherever it occurs in ( 2 ). 

d}y 


Reducing, 


dx* 


9t/^ 


d'^y _ -3y» - 2(4 - xY 
dx* 9y^ 


EXERCISE 24 


dy 


In Probs, 1 to 10 6nd ^ by differentiating implicitly* 

1. + j/> = <85. 2. z* - = 4. 

3. = 8. 4. y* — 8;c = 0. 

6. z* - Sry + y* - 10 = 0. 6. 2a:* - 5xy - 3y» - 4 = 0. 

7. 2z* — 4i*y -f y’ — 5z — 8y - 6 = 0. 8. z* — 3zy* — y* + 2zy + y 

3. (* - y)* + 4z - 5y — 1 = 0. 10. (2x — 3y)< + z* - 5y = 0. 


- 4 =» 0. 
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In Probs. 11 to 18 6 nd ^ and ^ by difTerentiating implicitly 

az (ur 

11. I* + */» - 6i = 0. 12. I* + - 6y = 0. 

13. 3zy» - - 1 = 0. 14. 3X3/* + 2j/* - 1 = 0. 

16. 1 /* - 4az = 0 . 16. 33 /* - 2 x* + X = 0 . 

17. X* - 3xy + 3 /* = 20. 18. y* - 4x - 83 / = 0. 

In Probs. 19 to 22 find the required derivative. 

19. 3 r* — 2 r# — 4 * + 4r — 6 = 0; find “ 

20. r* - 4 r *4 + 2rj* - «* + r - 4 = 0; find 

« , dz 

21. z* — 42 w + ~ 6z + 8 = 0; find 

22. 0 * - 3uV + 2 up - r - 1 = 0; find —■ 


In the remaining problems find needed derivatives by differentiating implicitly. 

23. Find the slope of the tangent to 3 /* + 12x = 0 at (—3,—C). 

24. Find the slope of the tangent to the circle x* + 3 /* = 10 at the point in the fourth 

quadrant whose abscissa is 3. 

26. A parabola has its vertex at (0,0), and iU focus at (0,-2). Find the slopes of the 
tangents at the ends of the latus rectum. 

26. Find the slope of the tangent at (-2.1) to the recUngular hyperbola of which the 
asymptotes are the coordinate axes and which passes through the given point. 

27. Find the slope of the tangent at (- 1,-2) to the circle passing through the given 

point and concentric with the circle 2x* + 23 /* — 4x d- 83 / = 0. 

26. Find the equation of the ellipse with foci at (±4,0) and e = '^■id find the 

slope of the tangent at the end of the latus rectum in the third quadrant. 
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CERTAIN APPLICATIONS OF THE DERIVATIVE 


64. Introduction. In Chap. 7 we discussed the geometric interpreta¬ 
tion of the derivative and carried it far enough to find the slope of the 
tangent to a curve at a point. In Chap. 8 we developed more powerful 
formulas of differentiation. Returning to applications, it is our purpose 
in this chapter to study other problems, using our new methods. 

65. Tangent and normal; subtangent and subnormal. The tangent 
line to a curve was defined in Sec. 49. If Pi(xuyi) denotes a point on a 
curve y = /(x), or f(x,y) = 0, we saw in Sec. 50 that the slope of the 
tangent to the curve at that point is found by substituting its co- 


Y 



FIG. 73. 


ordinates in the derivative of the 
function. 

That is. at Pi(xuyi) the slope of the 
tangent equals 

dy 

Piixuyi) 

Using the point-slope formula [3-6] 
the equation of the tangent at 
P\{xuy\) is 




(x - Xi) [9-1] 

Pi 


To conserve space in formulas. Pi will be written in subscripts instead 
of the full form Pi(xi,yi). 

In Fig. 73 line PiT is the tangent to the curve at Pi. The normal 
line, or normal^ to a curv^e at a point is the line perpendicular to the 
tangent at that point. In Fig. 73 line PiN is the normal to the curve 
at Pi. Since by definition the normal is perpendicular to the tangent, 
its slope is the negative reciprocal of the slope of the tangent. Therefore, 
the equation of the normal at Pi(xi,?/i) is 

1 

dx /*, 

106 


y - yi = 


(x - Xi) 


19-2] 
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The segment of the tangent intercepted between the r-axis and Pi 
is called the length of the tangent at Pi. Similarly, the segment of the 
normal between the x-axis and Pi is called the length of the normal 
at Pi. In Fig. 73, PoPi and NqPi are the lengths of the tangent and 
normal at Pi, respectively. 

The projections on the x-axis of the lengths of the tangent and normal 
are called, respectively, the subtangent and subnormal at Pi. 

The length of the subtangent may be found in either of two ways. 
First, To may be found at the x-intercept of PiT, and then PoPo may 
be found by inspection; PoA’o may be found similarly. The alternative 

method uses trigonometry. In Fig. 73, 

_ dy 

~ I 

Pi 


tan a 


dx 


PoPi = yi 


T,P, = 2/1 cot a = ^ 


or 


Subtangent at Pi = 


^ y^ 


dx 


[9-31 


Pi 


NoPo = PoPi cot (90° + a) = -yi tan a 


or 


Subnormal at Pi = 


r 


[9-41 


The algebraic signs of ToPo and .VoPo are often ignored; if it is desired 
to retain signs, this may be done on the basis of formulas [O-.Sl and 
[9-4]. Since they are relatively unimportant, we shall always take their 

lengths as positive. 

The lengths of tangent and nor¬ 
mal may be found by the Pytha¬ 
gorean theorem. 

'■ [9-5] 

19-6] 


PoPl = V T^pj + Po^l 

A'oPi = + p^\ 


Example 1. Find the equations 
of the tangent and normal to the 
circle -h at a general point 

Pi{xuyi)‘ 

Solution. Differentiatingthegiven 
equation, 

dy - n ^ = -5. 

dx 



X 


2x -h 22 / ^ = 0 


dx dx y 

The slope of the tangent at Pi is 

dll 


Xi 


FIG. 74. 
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The equation of Pi 7* is 


y -yi—- xi) 


* 1 ® + 3/i3/ = + y? 

XiX + yiy = 0 = 

In obtaining the last equation we use the fact that Pi{xx,y^ is a point 
on the circle, i.e., x? + i/f = 

The equation of the normal PiN is 


y - yi = - xi) 


or yix - Xiy = 0 


The locus of this equation seems to pass through the origin. Is this 
correct? 

Example 2. Find the equations of the tangent and normal, and the 
lengths of tangent, normal, subtangent, and subnormal to the curve 
20a/ = — (x* 4- 3x -f 4) at the point where x = 3. 

Solution, Substituting x = 3 in 
the given equation, a/ = — 2; hence 
the point of tangency is P(3, — 2). 



20 ^= - 
ax 


dx 


(3x2 _|_ 3) 

^ _3 
2 


The normal PN by [9-2] is 


(5,-«) 

The tangent PT by [9-1] is 
2 / + 2 = -\{x - 3) 

3x -f Sy — 5 = 0 


2 


a/ + 2 = g(x - 3) 


By [9-3] the subtangent is FoPo = 


2x - 32/ - 12 = 0 

-2 _ 4 
3 


This answer may be checked by finding the intercept of PT and 
calculating TaPo directly. 

By [9-4] NoPo — ^ —3, or, simply, 3. 

Let the student devise a check for this answer. 

2 Vis 


TJ> 



4 + 


16 

9 


A^oP = VTT^ = Vl3. 


Can ToNq — vToP^ -f N oP^ be used as a check for these answers? 
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EXERCISE 25 

Find the equations of the tangent and normal to each of the following loci at a general 
point Pi(xi,yi). Draw a figure in each case. 


I. y* = 4oa:. 

>s+s-> 

7. zy - o*. 

9. + y* - 2aj = 0. 

II. + y» - 26y = 0. 

13. - y* = a>. 

16. y = x*. 

17. y* = x>. 


2. X* - 8y = 0. 

t 

4. 9x» + 4y* - 36 = 0. 

6. 4x» - y> + 16 = 0. 

8. xy + 10 = 0. 

10. X* + y» - 6x = 0. 
12. x*+y*- 12y = 0. 
14. X* - y> + 25 = 0. 
16. 6y — X* = 0. 

18. 9y* - 4x’ = 0. 


In Probs. 19 to 30 find the equations of the tangent and normal to the given curve at 
the stated point. 

19. y = 3x* - 8x* + 16 at X = 2. 20. y = x> - 2x - 4 at x = -1. 


21. y = 3x-at X = 2. 

^ X 


23. » = 


22. y = X* — 9x* at its x-intercepts. 


24. y* = ^ - at X = 1, and y is negative. 

z ~r o 


26. y =■ X* - 8x - 2 at y = 2. and X is negative. 

8a» 

27 . ;ry» + 2xy - 3 « 0 at x = 1, and y is negative. 

28. xy* + 4y* - 12 = 0 at y = 2. 29. x> - 6x + 8y - 7 = 0 at y = 2. 

30. y* — 4x — 4y — 0 at X “ —1. 

In Probs. 31 to 36 find the lengths of the tangent, normal, subtangent, and subnormal, 
using the data of the problem mentioned. 

31. Prob. 19. 32. Prob. 20. 

33. Prob. 23. 34. Prob. 24. 

36. Prob. 29. 36. Prob. 30. 

37. Find the length of the subtangent to xy = o* at a general point Pi(xi,yi). How may 
the result be used in drawing the tangent? 

38. Find the lengths of the subtangent and subnormal to y* = 4ax at a general point 
Pi(xi yi). How may these results be used in drawing the tangent and normal? 

39. A right triangle is formed by the coordinate axes and the tangent to the rectangular 
hyperbola xy = a> at any point P,(x,.y,) of the curve in the first quadrant. Show that the 
area of the triangle is independent of the position of the point. 


66. Other problems involving tangents. In this section we shall 
discuss several typical problems. The first is the angle between two 
curves. The angle between two curves at an intersection is defined 
to be the angle between the tangents to each curve at the intersection. 

Example 1. F'ind the angle between the circle = 5 ^nd the 

parabola = 4x at their intersection in the first quadrant. 



no 
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Solution. Solving the equations simultaneously, the intersection 




is (1,2). The student may verify that for the circle ^ = 


X 


and for 

y 


the parabola 




dx 


y 


For the circle 
For the parabola 


mi = 




dx 

dx 


(i.«) 


1 

2 


= 1 


(i.«) 



Fi(-3.4) 


FIG. 76. 





P2I3.-4) 


FIG. 77. 


Then by [1-8], 


tan 6 — 


2 ^ 




— = -3 


5 = 108.4 


The second problem is to find the equation of a tangent to a curve 
having a given slope. 

Example 2 . Find the equations of the tangents to the circle = 25 
whose slopes are 

Solution. Inspection of Fig. 77 shows that, of all the lines having 

for their slope, there are two which are tangent to the circle. Hence 

we find the points of tangency Pi and P 2 and use the point-slope formula 
for the tangents. 

By differentiating = 25, we get ^ 

dx y 

P^ yi 


dx 
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By hypothesis, 




or 

( 1 ) 


4xi + 3i/i = 0 

Also, since is on the circle, 

(3) + y? = 25 

Solving (1) and (2) simultaneously. Xi = ±3, pi = t4. 

Hence Pi( —3,4) and p2(3, —4) are the points of tangency, and the 
equations of the tangents are 


Through P\: y — ^ = -(x + 3) 
Through P 2 : ?/ + 4 = ^(x — 3) 


or 


or 


3x - 4?/ + 25 = 0 


3x — 4?/ — 25 = 0 


Example 3. Find the equation of a tangent to the parabola + 4x = 0 
through (2,1) (Fig. 78). 

Solution. We shall write the 
equation of the tangent at a general 
point Pi(xi,j/i) and then impose the 
condition that it must pass through 
( 2 , 1 ). The figure shows that we 
may expect two solutions. 

By differentiating + 4x = 0, 

y 


verify 


dx 


dx 


Pi 


1 

yi 



— 4xi and the equation of 


y - yi = --{x - Xi) 

yi 

yiy - yl = - 2x + 2 x, 

Since Pi(xi, 2 /i) lies on the parabola, y\ 
the tangent reduces to 

(3) 2x + yxy -f 2xi = 0 

(3) is the equation of any tangent to the curve; to express the fact 
that it must pass through (2,1) we su})stitute 2 and 1 for x and y. 

2x, + yi + 4 = 0 

Solving this simultaneously with 

2 /? + 4x, = 0 

the solutions for (xj,?/i) are (-1,-2) and ( — 4,4). 
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Using the two-point formula, or equation (3), the equation of Li is 

Li\x ~ y - 1 ^ 0 

and the equation of is 

+ — 4 = 0 

EXERCISE 26 

1. Find the equations of all tangents to 2 /* = with slope — 1. 

2. Find the equations of all tangents to x® — 4i/* = 15 with slope 2. 

3. Find the equations of all normals to xy -f- 18 = 0 with slope 

4. Find the equations of all normals to x* + y* — lOx = 0 with slope 

6. Find the equations of all tangents to xy — 2x — 3y -j- 2 = 0 parallel to the line 
X + y - 5 = 0. 

6. Find the equations of all tangents to x* — y* = 8 perpendicular to the line 
a: — 3y -f- 6 = 0. 

7. Find the equations of all normals to x* — 3xy -{- 4y* = 32 parallel to 4x -f- 5y 
-9 = 0. 

8 . Find the equations of all normals to y* — 8x® = 0 perpendicular to 6x -f- y — 8 = 0. 

9. Find the equations of all tangents to xy = 4 passing through (3,1). 

10. Find the equations of all tangents to x* -f- 2y* = 36 passing through (6,3). 

11. Find the equations of all tangents to the circle with center (-3,-1), radius 5, 
which pass through (2,^). 

12. Find the equations of all tangents to y* = 8x which pass through (—2,3). 

13. Find the equations of all tangents to y = x’ w hich pass through (2,0). 

14. Find the equations of all tangents to 2xy •+•7 = 0 which pass through (—1,0). 

16. Find the equations of all tangents to 5y* = x* which pass through (0,^). 

16. Find the equations of all tangents to y = x® +- 1 w’hich pass through (4,1). 

17. Find the equations of all normals to x* +- y* = 4 which pass through (6,3). 

18. Find the equations of all normals to y* = 6x which pass through (9,0). 

In Probs. 19 to 30 6nd the angles (to the nearest minute) between the curves at al! 
their points of intersection, and sketch. 


19. 


4x, X* = 4y. 


20. 

y^ 

= X, X* -b y^ = 20. 


21. 

= 

4x, X* +- y^ = 

32, 

22. 

X* 

-b / = 16, X* +-y*- 

- 8x = 0. 

23. 

xy = 6, X* -b y* = 

13. 

24. 

X* 

-b 6y = 0. 2xy -b 9 

= 0. 

26. 

y = 

X*, y = x’. 


26. 

X* 

+- 18y = 0, X* +- y2 

= 40. 

27. 

y = 

x^» y = X*. 


28. 

y 

= x\y = X*. 


29. 

y^ = 

4x, y* = 5 — 

X. 

30. 

y 

= x®, y = 8x — x^. 


31. 

Find 

1 the equation - 

of the curve 

of the form j 


ox* +- 6 if the curve 

passes through 


(1,-2) and its slope is 4 at that point. 

32. Find the equation of the curve of the form y = ox* -|- h tangent to the line x — 2y 

- 10 = 0 at (4,-3). ^ 

33. Find the equation of the curve of the form y = ox* +- 5x -|- c which passes through 
(3,0) and has slope —2 at (1,-8). 

34. Find the equation of the curve of the form y = ox* +- 6x +- c tangent to 2x +- y = 0 
at (1,-2) and passing through (2,-2). 

36. Find the equation of the curve of the form y = ox* +- 6x +- c tangent to 3x — 2y 

— 2 = 0 at (-2,-4) and passing through (3,1). 
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36. Find the equation of the curve of the form y = oz* + -{. cx + d tangent to 

8x+ + 8 = 0 at and tangent to 6y + 91 = 0 at (3,-91/6). 

37. Find the equation of the curve of the form y = ox* + + cx + d tangent to 

8x — y — 5 = 0 at (0,-5) and tangent to x — y — 5 = 0 at (4,-1). 

67. Reflection properties of the conics. We shall next consider a 
geometrical theorem concerning the ellipse. There are analogous 
theorems for the hyperbola and parabola, which will be stated after¬ 
ward. 

Theorem: At any point in an ellipse the tangent bisects the exterior 
angles between the focal radii, and the normal bisects the interior angle 
between the focal radii. 



FIG. 79. 


Referring to Fig. 79, the theorem stales that the tangent PiT at Pi 
bisects the exterior angles F'PiH and FP\R’ between the focal radii, 
while the normal PiN bisects the interior angle, F'PiF. 

Denote /.FPiT by 0, ZTPiR' by d>. The theorem is established 
for the tangent if it can be shown that 9 = <i>. We shall find the slopes 
of the lines concerned and shall find the angles between them by formula 
11 - 8 ]. 

Let the equation of the ellipse ^ ~ student may 


verify that 


dx 


b’Xi 


and also that 


slope myp, = 


a-yi 

yi 

xi c 


and 


slope mFl>^ = 

JC\ c 


tan 6 = 
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Formula [1-8] is stated for use with the angle between the upward 
directions of two lines; thus we shall not find <i> directly, but rather 
angle T'PiR' = 180® - (fj; also, tan 0 = — tan(180° — 0). 


tan(180® - 0) 



yic 


The details of the reduction of the above equation are omitted since 
they are similar to the steps in the reduction of tan 6. tan 0 — h^/yiC 
= tan $. 

In applying [1-8] to the angles 6 and 0 the details vary to accommodate 
the requirements of mi and The above details are for a point in the 
first quadrant; however, by repeating the process for points in other 
quadrants (or by symmetry) the theorem holds in general. It follows 
by plane geometry that the normal bisects the angle described in the 
theorem. 

An obvious application of the theorem is to use it for a ruler and 
compass construction of the tangent and normal to an ellipse at any 
point; the focal radii are drawn with the ruler, and the proper angles 
are bisected by the usual construction of plane geometry. Also, the 
theorem demonstrates the reflection property of whispering galleries 
mentioned in Sec. 40. 

With suitable changes in the wording the theorem holds for the 
hyperbola and the parabola. 


Theorem: At any 'point in a hyperbola the tangent and normal bisecU 
respectively^ the interior and exterior angles between the focal radii at the 
point. 



FIG. 80. 
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Theorem: At any -point in a parabola the tangent bisects the exterior 
angle between the focal radius of the point and a line through the point 
parallel to the axis; the normal bisects the interior angle betiveen the lines 
mentioned. 

In the case of the parabola the theorem seems quite different from 
those for the ellipse and hyperbola. However, the method of proof 
is similar, and the description becomes similar if we adopt the following 
point of view: The parabola has only one finite focus; imagine that the 
other has receded indefinitely along the axis of the parabola so that a 
focal radius drawn to this focus at an infinite distance becomes a line 
parallel to the axis. With the substitution of this line for one of the 
focal radii, the theorem for the parabola becomes analogous to the two 
other theorems. 

The theorems for the hyperbola and parabola may be used for the 
geometrical construction of the tangent and normal at a point in a 
manner similar to the case of the ellipse. For the parabola the theorem 
demonstrates the reflection property of the parabola mentioned in the 
first paragraph of Sec. 38. 


EXERCISE 27 

1. Supply the missing details in the reduction of the expression for tan(180° — 4 >) 
in the preceding section. 

2. What form does the theorem stated for the ellipse in the preceding section take in 
the case of the circle? 

3. Find the angle between a focal radius of (6,4) in the ellipse "F ^ = 1 and the 

tangent at that point. Use the method employe<l to demonstrate the theorem in the 
preceding section. 

4. In any parabola what is the angle (acute) between the latus rectum and a tangent 
at an extremity of the latus rectum? 

6. Prove that the perpendicular (produced) from the focus of a parabola to a tangent 
intersects the directrix in the foot of the perpemlicular to the directrix from the point 
of tangency. 

6. Prove that the tangent at any point of a parabola intersects the latus rectum pro¬ 
duced and the directrix in points which are equidistant from the focus. 


68. Outline of a curve. The derivative may be used in a variety of 
ways to assist in drawing curves. First and simplest, if at each point 
we compute the slope of the tangent and draw a small segment of the 
tangent line, the curve is outlinocl much more clearly than it is by the 
points alone. This we illustrate by an example. 

Example. Trace the curve y = ~ 

Solution. Compute ^ " I' tabulate y and as shown 


for a few values of x. 
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Figure 81(a) shows only the points listed in the table; Fig. 81(6) 
includes also a segment of the tangent at each point. Obviously the 



FIG, 81. 

latter suggests the shape of the curve more accurately than the former; 
in fact the curve in (6) could be sketched as outlined with considerable 
confidence. 

69. Critical points; maxima and minima. Assume/(x) and f{x) to 
be continuous. A point of a curve y = f{x) whose ordinate exceeds (al- 


Y 



D 

FIG. 82. 


gebraically) the ordinates of the neighboring points in some interval on 
either side is called a maximum point of the curve; similarly, a point 
w'hose ordinate is less (algebraically) than the ordinates of the neigh¬ 
boring points in some interval on either side is called a minimum point. 
The points Ay C, and F in Fig. 82 are maxima, and B and D are minima. 

We shall next obtain tests for a maximum and a minimum. We saw 
in Sec. 52 that the derivative may be regarded as the rate of change of 



Sec. 69] 


APPLICATIONS OF THE DERIVATIVE 


117 


a function and that, in an interval where f(x) > 0, the function f{x) 
is increasing; in an interval where f'{x) < 0. the function f{x) is de¬ 
creasing; when a continuous function changes from an increasing 
function to a decreasing function, f'(x) must change from positive to 
negative. If the change in the function occurs in the opposite order, 
the change in sign of f'{x) occurs in the opposite order also. The 
transition of a function from increasing to decreasing, with the resulting 
transition in the derivative from positive to negative, implies (1) a 
point the ordinate of which exceeds its neighboring ordinates (a maxi¬ 
mum) and (2) that the derivative is zero at this point. Hence a test 
for a maximum is that f'{x) = 0 at the point and that/'(a:) changes sign 
from positive to negative as x passes through the point from left to right. 
Similarly, a point where/'(a:) = 0and/'(a;) changes sign from negative to 
positive as x passes through the point from left to right is a minimum. 

Notice that/'(a:) = 0 both at a maximum and a minimum, but this 
alone is not enough; the derivative must change sign in one of the 
orders specified. 

If/'(x) = 0 at a point but/'(a:) is positive in an interval on both sides 
of the point, we have a point like E in Fig. 82; similarly at G,/'(x) - 0, 
but the derivative is negative on both sides of G. At a point at which 
f'{x) = 0 but the derivative has the same sign in an interval on each 
side of the point we have a horizontal tangent but neither a maximum 
nor a minimum.* 

Finally, all points at which/'(x) = 0 arc called critical points of the 
curve, and the corresponding values of x are called critical values of x. 

Tests for Maxima, Minima, and Other Points with Horizontal Tangent. 
A critical point [f'(x) = 0] w a maximum if the derivative changes sign 
from plus to minus at the point as the argument increases; it is a minimum 
if the derivative of the function changes sign from minus to plus; and it 
is neither if the derivative of the function does not change sign, but the 
tangent is horizontal there. 

The tests are diagramed in Fig. 83. 

• Such points are soinelimes called “terrace points.” 



A: MaximHin Point 6: Minimum Point C. D: Horizontal Tangef»t, 

neither Meximum 
nor Minimum 


FIG. 83. 
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Example. Find the critical points of y = Sx® — 5x^, and test them 
for maxima, minima, or neither; sketch the curve. 

Solution. f{x) = 15x^ — 15a^ = 15x^(a:^ — 1). 

Setting — 1) = 0, x = 0, ±1; the corresponding values of 

y are 0, =f 2. The critical points are (0,0), (1,-2), and ( — 1,2). Before 
examining/'(x) for its changes in signs, it is best to factor it as much 
as possible. 

f{x) = 15x^(x — l)(x 4- 1) 


Ignoring the 15, when x is a little * less than zero, the signs of the 
factors run (+)( — )(+) = (™)» and when x is a little* greater than 
zero, they run ( + )(-)( + ) = (-). There is no change in sign, and the 
origin is neither maximum nor minimum, but the tangent is horizontal 
there. 




When X is a little less than —1, the signs run ( + )( — )( — ) = (+); 

when X is a little greater than —1, the signs run ( + )( — )( + ) = (•")i 

and since/'(x) changes sign from + to —, ( — 1,2) is a maximum. 

When X is a little less than +1, the signs run (+)( — )(+) = (“)J 

when X is a little greater than +1, the signs run ( + )( + )(+) = (+)l 

and since/'(x) changes sign from — to +, (1,-2) is a minimum. 

A sketch is shown in Fig, 84. 

* The word “little” as used here means “as far as the next critical value.’* 



Sec. 70] 


APPLICATIONS OF THE DERIVATIVE 


119 


EXERCISE 28 


Find the critical points of each of the 
and other points with horizontal tangent. 

1. = X* — X. 

3. 2i/ = x2 - 4x + 10. 

6. X* — 2xy +4 = 0. 

7. Gy = 2x3 4 - 3x2 _ ^Gx - 25. 

9. 1 / = x3 + 3x2 + 3x + 5. 

The remaining problems may be studied 
behavior at the origin. 

11. y = X*. 

13. y = x*. 

15. y = x® 


following, and test them for maxima, minima, 
Sketch the curve. 

2. y = x* — 4x. 

4. 4y = x* + 6x + 13. 

6. X* + 6xy + 36 = 0. 

8. y = 3x* - 4x3. 

10. 12y = Sx*~ 16x3 + 24x2 ^ jg 

as a group, paying special attention to their 

12. y = x3. 

14. y = x^ 

16. y = x", n a positive integer. 


70. Concavity; points of inflection. In the preceding section we saw 
that the first derivative of a function may be used to find critical points. 
In this section we shall find uses for the second derivative. 

Suppose we have given a continuous function y — f{x). Let us also 
assume that/'(a^) andf'ix) are continuous. Now just as the sign of 


Y 



f'{x) shows whether f(x) is increasing or decreasing, .so the sign of 
f"{x) shows whether f{x) is increasing or decreasing. (Jeoinelrically 
f'{x) gives the slope of the tangent to the curve, and an increasing 
slope, as X changes positively, will make the tangent rotate counter¬ 
clockwise, as in the intervals .1 to B, D lo t, in lig- 85. We say the 
curve is concave upward in such intervals. Hence if / is plus at 
some point, the curv'e is concave uj>ward there. Similarly, if / (j*) is 
negative, /'(x), i.e., the slope, is decreasing and the curve is concave 

d&wnwardi as in Fig. 85, B to D, F to G, 
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A point where a curve changes from being concave upward to being 
concave downward, or vice versa, is called a foint of inflection. At 
such a point f'{x) = 0 and changes sign. In Fig. 85 points By Z>, and 
F are points of inflection. Conversely, if/''(^) = 0 at a point, and if 
it also changes sign at the point, the curve is concave upward on one 
side of the point and concave downward on the other and the point is 
a point of inflection. 

Test for Points of Inflection. A point on a curve y = f{x) is a point of 
inflection if f"(x) = 0 and changes sign at the point. 

At a point of inflection a curve crosses its tangent, and the tangent is 
called an inflectional tangent. The points described in Sec. 69 at which 
the tangents are horizontal but which are neither maxima nor minima are 
points of inflection with horizontal tangents (points E and G in Fig. 
82, C and D in Fig. 83). 

The discussion of concavity leads to other tests for maxima and 
minima. The conditions stated are sufficient but not necessary. 

At a maximum (A in Fig. 83, C in Fig. 85) the tangent is horizontal, 
and the curve is concave downward; therefore, a point where f(x) = 0 
and f"{x) < 0 is a maximum. 

At a minimum {B in Fig. 83, E in Fig. 85) the tangent is horizontal, 
and the curve is concave upward; therefore, a point where f{x) = 0 

and f”{x) > Q is a minimum. 

These tests fail at a point where 
both fl{x) = 0 and f"{x) = 0, and 
it is necessary to consider changes in 
sign to distinguish between maxima, 

^ minima, and points of inflection 
with horizontal tangents. 

Example. Find the maxima, 
minima, and points of inflection, 
and sketch. 

y = fix) = j - 2x^ 

Solution. There are no hard and 
fast rules of procedure in such 
problems. Sometimes a few paragraphs of description may be best, and 
at other tunes the facts may be set forth most compactly in tabular form. 

(1) fix) = - 2x2 

(2) /'(x) = x2 — 4x = x(x2 - 4) 

(3) f"(x) =3x2-4 
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From (2) and (1) the critical points are (0,0), (2,-4), and (-2,-4). 
From (3) and (1) the possible points of inflection are (2/\/3, — 20/9) 
and (-2/V3.-20/9). 

The tests are shown in the table below, and the sketch is shown in 

Fig. 86. 


Point 

Slope 

Kind of 
point 

Reasons 


0 

Maximum 

r(x) = o,r(x) = -4 

(-2,-4) 

0 

Minimum 

/'(x) = 0,/"(x) = 8 

(2.-4) 

0 

Minimum 

f(x) = 0,/"(x) = 8 

/ 2 ^-20\ 

-3.1 

Inflection 

/"(x) = 0 and changes sign 

\Vb 9 j 




/-2^-20\ 

3.1 

Inflection 

f"{x) = 0 and changes sign 

\Vb 9 j 




(2-N/2.0) 


x-intercept) 

Found by setting y = 0 in (1) 

(- 2 V 2 .O) 

- 8 V 2 

x-intercept \ 


EXERCISE 29 


Find all points of inflection in the example of Sec. 68. 
Find all points of inflection in the example of Sec. 69. 


1 . 

2 . 

Find the maxima, minima, and points 
an<l discuss the curves: 

3. By = — 12x. 

6. 6i/ = I® — 3z^ — 9x. 

7. y = - 2. 

9. s/ = x{x — 4)*. 

11. Ay = x*(x — 4). 

13. 8i/ = X*- 8x®+ 16. 

16. y — x^ — 5x. 

17. y=x^~ 5xK 
19. (x“+ Dy = 4. 

21. (4 - x^)y = 8. 


of inflection of the following curves, and sketch 

4. 16^ = x’ — 6x*. 

6 . 15y = x’ + 6x^ — 15x. 

8 . = (x - 2)^ 

10. y = x“(x — 4). 

12. Ay = x(x — 4)^ 

14. 16y = x^ - 32x + 48. 

16. y = 2x* — 5x*. 

18. 20^ = 4xs - 5x*. 

20. (x + = 4. 

22. 1/ = 2x’ + -• 


23. Find the maximum and the minimum of the loop of Example 4, Sec. 28. 

24. Find the maximum and the minimum of the circle x“ + = a*. Has a circle 

any points of inflection? 

25. Find the equations of the inflectional tangents of 6y = x’ — 3x* — 10. 

26. Find the equations of the inflectional tangents of 12y = x^ — x* — 3x* + 24. 

27. Find the equation of the curve of the form y = ar^ + 6x + c which has a minimum 
at (2,3) and passes through (—1,4). 

28. Find the equation of the curve of the form y = ox* + 6x + c which has a maximum 
at ( — 3,2) and passes through (0,-7). 


71. Applications of maxima and minima. The principlc.s which we 
have just learned for finding the maxima and minima of functions may 
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be applied to many useful and interesting problems. If the equation 
that is being studied is not merely an exercise in the letters x and y 
but actually represents a relation between physical quantities, then the 
values which maximize or minimize the function have a corresponding 

interpretation of the physical quantities in¬ 
volved. The methods are best illustrated 
by particular examples. 

Example 1. Find the volume of the 
open-top box of maximum capacity that 
can be made by cutting equal squares out 
of the corners of a piece of cardboard 16 
cm. long and 10 cm. wide, and bending up 
the sides. 

Solution. Figure 87 shows the piece of cardboard. Let x denote a 
side of the square to be cut out. Then the volume of the resulting box 
will be 



16 cms. 


FIG. 87. 




F = (16 - 2x)(10 - 2x)(x) 
(1) V = 160a: - 5^3^ + 4a:=> 


Differentiating (1) with respect to x. 


411 

dx 


160 - 104a: + l^x^ = 4(20 - 3a:)(2 - x) 


dV 


Setting equal to zero will give the critical values of (1), and we 
must look among these values of x for the one which makes V a maxi¬ 


mum. 


Setting 


dx 



X = 2 or 


20 

3 


cm. 


Often there are various ways of pick¬ 
ing out among several critical values the 
one desired. The solution x = 20/3 cm. 
is physically impossible as this would 
more than cut off the end of the card¬ 
board. This leaves x = 2 cm. as the pos¬ 


sible solution. 


dV 


Also, changes sign from 


plus to minus at x = 2, the regulation 
test for a maximum. 


V 



The graph of (1) is shown in Fig. 88. While the complete graph is 
an ordinary cubic curve, the physical limitation on cutting out the 
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square restricts a: to the interval 0 ^ x ^ 5. Usually in problems of this 
type, if there is an answer that is physically reasonable, it may be ac¬ 
cepted at once, but the student must be on the lookout for exceptional cases. 
Lastly, the required answer is the volume of the box when x = 2 


cm., viz., V = 144 cc. 

Example 2. Find the most economical proportions for an oil drum 
in the shape of a right-circular cylinder. 

Solution. The phrase “most economical proportions” may be taken 
to mean either the proportions that will require the minimum amount 
of material to make a drum of given volume or those that will give the 
largest volume of the drum for a given amount of material. Choosing 
the former option, we treat F, the volume, as a constant and try to find 
the proportions that make M, the amount of material in the drum, a 
minimum. M is proportional to the total area of the drum, and, for 
simplicity, we may make the proportionality 
factor 1. 

(2) V = Trr‘h 

(3) M = + 27rr/i 

Unlike other problems up to this point, M is 
a function not of a single variable but of two 
variables, r and h; hence we cannot differen¬ 
tiate M directly and set its derivative equal 
to zero. 

There are two possible methods. One is to 
eliminate either r or h, which requires an in¬ 
dependent equation connecting them. (2) is 
such an equation. If we use this method, 
after making the elimination we would continue the problem in the 
usual way. The other method is to differentiate both (2) and (3) with 
respect to r or h and then eliminate the derivative between them. 

Using the second method, we differentiate both (2) and (3) with 



FIG. 89. 


respect to r. From (2), 

(4) 



H- 2r/i 



3 because w'e chose to treat F as a constant.^ 


diM 

dr 



^2r + r 


dk 

dr 



To minimize M set (5) equal to zero. 



+ r ^ + /» = 
dr 


0 
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Eliminate ~ from (6) by finding its value from (4), viz., ^ 

dr dr 


Substitute this value in (6). 

2r + ’■(-y) + h = Q 

Reducing, 

2r — + A = 0 or 9.r = h 



Since only the proportions of the drum are demanded, this is our 
answer. The most economical proportions for the drum are obtained 
by making the altitude of the drum equal to the diameter. 

Example 3. A steamboat plies between the mainland and an island 
50 mi. at sea. The cost of fuel consumed per hour equals 1 cent times 
the cube of the velocity in miles per hour; the other expenses of the boat 
amount to $36 per hour. WTiat is the most economical speed at which 
to operate the boat? 

Solution. Let r denote an operating speed for the boat and C the 
total cost of operation. 

The fuel cost per hour in dollars is rVlOO. 

Other expenses per hour in dollars are 36. 

The time of the trip is 50/r hr. 

The total cost per trip in dollars is 


Setting 


dr 




r® = 1,800 r = 12.2 mi./hr. 


Example 4. Find the radius and altitude of the right circular cone 
of maximum volume that can be inscribed in a sphere of radius a. 



Solulioti. There arc many problems in 
maxima and minima involving geometrical 
forms, of which this is a typical example. 
The explanation of the various steps is 
somewhat abbreviated, as the general prin¬ 
ciples should now be familiar. 

(T) ^ ^ ^ ® maximum) 

+ (/t — ay = 


FIG. 90. (8) - ^ah ^ ^ 
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From (8), 

2r ^ - 2a = 0 

ah 


dr a — k 


dh r 

Setting ^ — 0, 

dr r 


dh 9,h 

Equating values of 

dr 

dh: 


a — h _ r 

r 2ft 

Reducing, 

2aft — 2ft* = — r* 

Using (8) to eliminate r^, 


^ah — — 2a/i 

= 4a/t 



(or 0; but obviously 0 is not the answer). 
Substituting h = 4a/3 in (8), 

r — —— a 
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EXERCISE 30 

1. Find the volume of the box of maximum capacity that can be made from a piece 
of tin 12 by 12 in. by cutting out squares from the corners and bending up the sides. 

2. Find two numbers whose sum is 12 such that the sum of the square of one plus 
four times the other is a minimum. 

3. What is the number which exceeds its square by the maximum amount? 

4. Find the positive number which added to its reciprocal makes the sum a minimum. 

6 . What is the shape of the rectangle of maximum area that can be inscribed in a 

circle of radius a? 

6 . What is the shape of the rectangle of maximum perimeter that can be inscribed 
in a circle of radius a? 

7. What are the most economical proportions for a cylindrical cup to hold 1 pt.? 

8 . A rancher has 800 rods of fencing to enclose a rectangular plot of land and subdivide 
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it by parallel partitions into three rectangular cattle pens. What is the greatest area of 
land that he can put into pens? 

9. A manufacturer of cylindrical cans for soap flakes makes them with pasteboard 
sides and tin tops and bottoms. If tin costs k times as much as pasteboard, what are the 
most economical proportions? 

10. The same as Prob. 9 if the cans are to have a square cross section. 

11. The equal legs of an isosceles triangle are each 36 in. long. What should be the 
length of the base to make the area a maximum? 

12. A manufacturer of cylindrical butter tubs (with cover) finds that the total cost 
varies directly as the sum of the altitude and radius of a tub. Find the altitude and radius 
of the most economical tub to hold 1 cu. ft. 

13. A manufacturer of a certain household gadget finds that his profit varies directly 
as the product of the money put into its manufacture and the square of the money spent 
for advertising. Having 1 million dollars to promote the venture, how should he allocate 
his funds? 

14. A piece of strap iron 100 in. long is to be cut into two pieces, one of which is to be 
made into a circular hoop and the other into a square hoop. W'hat should be the length 
of each piece to make the sum of the enclosed areas a minimum? 

16. The strength of a beam of rectangular cross section varies directly as the product 
of its width and the square of its depth. What are the dimensions of the strongest beam 
that can be cut from a log 16 in. in diameter? 

16. The stiffness of a beam of rectangular cross section varies directly as the product 
of its width and the cube of its depth. Find the dimensions of the stiffest beam that can 
be cut from a log 16 in. in diameter. 

17. A real-estate man has a parcel of land in the shape of a right triangle with legs 
180 ft. and 240 ft. WTiat are the dimensions of the rectangular building of maximum floor 
space that can be built on the lot if two adjacent sides of the building coincide with the 
legs of the triangle? 

18. Referring to the lot in Prob. 17, what should be the dimensions of the building if 
one side coincides with the hypotenuse of the triangle? 

19. A cylindrical cistern with open top is to hold 8,000 cu. ft. If the material for the 
sides costs twice as much per square foot as for the bottom, what are the most economical 
dimensions? 

20. A church window consists of a rectangle surmounted by an equilateral triangle. 
What are the proportions that make the perimeter a minimum for a given area of the 
window? 

21. A window consists of a rectangle surmounted by a semicircle. What are the pro¬ 
portions that make the perimeter a minimum for a given area of the window? 

22. Find the sides of the isosceles triangle of maximum area that can be inscribed in 
a circle of radius G in. 

23. Find the radius and altitude of the right-circular cylinder of maximum volume that 
can be inscribed in a sphere of radius 6 in. 

24. Find the radius and altitude of the right-circular cylinder of maximum lateral 
area that can be inscribed in a sphere of radius 6 in. 

26. Find the radius and altitude of the right circular cone of maximum lateral area 
that can be inscribed in a sphere of radius 6 in. 

26. bind the radius and altitude of the right circular cone of minimum volume that 
can be circumscribed about a sphere of radius 6 in. 

27. Find the area of the largest rectangle that can be inscribed in the ellipse — + ^ = 1 • 

16 

28. Find the area of the largest rectangle that can be inscribed in the segment of the 
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parabola ^ — 16x bounded by the latus rectum if one side of the rectangle coincides with 
the latus rectum. 

29. Find the area of the smallest triangle in the first quadrant boimded by the co¬ 
ordinate axes and a line through (8,6). 

30. A gutter is to be made from a piece of galvanized iron 
with a cross section as shown in Fig. 91. How long is the 
segment across the top when the area of the cross section is 
a maximum? 

31. A farmer wishes to put some hay into a conical stack. 

He has some canvas that can be cut up to make a covering 
provided that the slant height of the cone is 12 ft. What pro¬ 
portions for the cone will enable him to get the most hay under cover? 

32. The cross section of an open irrigation ditch is an isosceles trapezoid whose side.'^ 
have a slope of 9^. The area of the section is 162 sq. ft. What are the dimensions if 
the sum of the bottom and sides of the section is to be a minimum? 

33. What are the radius and altitude of the right-circular cylinder of maximum volume 
that can be concealed beneath an inverted pan in the shape of a frustum of a cone if the 
radii of the bases of the pan are 12 in. and 4 in. and its altitude is 6 in.? 

34. Find the volume of the largest right-circular cylinder that can be inscribed in a 
right circular cone, the base of the cylinder lying in the base of the cone, if the altitude of 
the cone is 12 in. and the radius of its base is 8 in. 

35. In a right circular cone whose altitude is 18 in. and the radius of whose base is 9 in. 
there is inscribed a right circular cone with its vertex at the center of the base of the given 
cone. Find the volume of the largest cone that may be so inscribed. 

36. A cement aqueduct is to be constructed; the cross section has a horizontal bottom 
and two vertical sides surmounted by a semicircle. If the area of the cross section must 
be 72 sq. ft., w’hat are the most economical dimensions? 

37. A farmer wishes his silo (right-circular cylinder) to have a conical top whose 
altitude is three-fourths of its radius. The bottom and sides cost K cents per square 
foot, and the top costs GA' cents per square foot. Find the most economical proportions 

for the silo. 

38. Late in the afternoon a hunter finds himself at the Lone Pine Tree, which is 1 mi. 
from the road; his car is parked 3 mi. straight up the road from the point nearest the tree. 
If he can walk 2 lui./hr. in the forest and 4 mi./hr. on the road, how should he plan his 
course to reach the car in the shortest time? 

39. How would Prob. 38 be changed if the car were parked (a) 4 mi. up the road? 
(6) mi. up the road? 

40. A straight railroad runs past a mining town 10 mi. back from the line. Traffic 
is 100% with a city 50 mi. away from the point of the railroad nearest the town. If 
freight rales average 9 cents per ton-mile and truck rates 15 cents per ton-mile, where should 
the railroad station be located? 

41. In an isosceles triangle whose legs are 12 in. long a line is drawn parallel to the base 
and 5 in. away from it. What should be the altitude of the triangle to make the construc¬ 
tion line as long as possible? 

42. A water tank is built to hold 144 cu. yd. It has a square base and an open top. 
Construction of the base costs $1 per square yard, and of the sides $2 per square yard. 
What are the most economical dimensions, and what is the total cost? 

43. A circus advertisement is to contain 54 sq. ft. of printed area. There is an 18-in. 
margin at the bottom, G in. on each side, and no margin at the top. Find the outside 



dimensions of the smallest possible poster. 

44. A man desires to build a chest of capacity 12 cu. ft., having for its base a rectangle 
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whose front edge is twice the side. The top, front, and both ends are to be made of 
walnut, the rest of pine. If the walnut costs four times as much as pine, what arc the most 
economical dimensions for the chest? 

46. A grocer has a semicylindrical cheese 18 in. in diameter and 6 in. thick that has 
become a bit moldy at the comers. How large a rectangular loaf can be cut from it? 

46. A lady wishes to lay out a rock garden in the shape of a right triangle in one comer 
of her yard. The hypotenuse of the triangle must pass through a rock 6 ft. from one leg 
of the triangle and 8 ft. from the other. How should her son stake out the hypotenuse 
to make the area of the rock garden a minimum? 

47. A battery has an e.m.f. of E volts and an internal resistance of r ohms. When the 
battery sends a steady current through an external circuit whose resistance is R ohms, 
the amount of work done per second by the battery is proportional to £*fl/(r + Ry. 
If E and r are constant, for what value of R is the work a maximum? 

48. A committee is chosen to raise money for the class treasury by a dance. Expenses 
consist of $100 plus 10 cents per couple. If tickets are priced at $2 per couple, only 100 

can be sold, but if the price is reduced from $2 by x 
cents, 100 + x tickets can be sold. What price will 
yield the maximum proht, and how much will it be? 

49. A lever arrangement is shown in Fig. 92. The 
fulcrum is at C, and BC = 4 ft. The weight W at B 
is 100 Ib. The bar weighs 8 Ib./ft. How long is AC 
for the m inim um force F sufficient to support the bar 
and weight? 

60. An archway of a bridge over the main channel of a stream is a semicircle 25 ft. 
in radius, resting on two stone piers. The tops of the piers are 10 ft. above the water level. 
What are the dimensions of the maximum load of rectangular cross section that can pass 
through the archway, piled on the deck of a barge, if the deck of the barge is at the water 
level? 


F 

A 


B 




C 

1 


W 


FIG. 92. 
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72. Introduction. In several instances we have pointed out the 
physical interpretation of the derivative as a rate. In this chapter we 
shall carry forward this point of view by studying problems in related 
raies^ or, simply, rate problems. 

73. Procedure in rate problems. In rate problems the independent 
variable is iimey which is denoted by t. The statement that an area A 
is increasing at the rate of 10 sq. ft./sec. is expressed by the equation 


dA 

dt 



Usually the units of the derivative are not expressed at 


each step, but they must be kept in mind and stated in the answer. 
When a rate of decrease is stated, the derivative is given a negative sign; 
for example, suppose water is flowing from a beaker at the rate of 50 
cc./min. Letting V denote the volume of water in the beaker, the fact 


is expressed by 


dt 


50. 


In general there are three distinct steps in solving rate problems, 
which we shall state at once and illustrate with several examples. 

First Step. Designate by suitable letters the quantities whose time 
rates are involved in the problem, and write an equation or equations 
connecting these quantities. 

Second Step. Differentiate the resulting equation or equations with 
respect to time. 

Third Step. Solve the equations for the desired rate, and substitute 
the particular numerical values which prevail at the instant when the 
rate is required. 

Example 1. Sawdust is carried off by a blower and deposited in a 
conical pile whose radius is always three-fourths of its height. The 
blower discharges sawdust at the rate of 2 cu. ft./min. How fast is the 
altitude of the pile increasing when the base of the pile is 20 ft. in 
diameter? 

Solution. Let F, A, and r denote the volume, altitude, and radius 
of the base of the cone. The general formula for the volume of a cone is 
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( 1 ) 




but since r is always 


( 2 ) 




Differentiating (2) with respect to t. 


(3) 


dV _ 9 r.dh 
dt “ 16 


dh 

dt 


The problem asks for the rate of increase of the altitude, i.e., 
Solving (3) for ^» we have the general formula 

dt dt 

We may now find the value of ^ subject to the conditions that 
dV 

= 2 cu. ft./min., 2r = 20 ft., whence r = 10 ft., h = 40/3 ft. 
Substituting these numerical values in (4), 


dt 


16 


A - ft. 

9 

dV 

-jj- = 4 cu. ft./min. 


Ott 


1,600 


(2) = 0.0064 ft./min 


As an alternative to eliminating r, we might have differentiated 
(1) with respect to t and obtained 


(5) 


dt 


■ 5 ( 


J>dk a r dr 

r-TT + 2m 
at 


dt) 


Differentiating the equation r = ^ = 

4 at ^at 


Substituting these 


in (5) leads to (3), and the problem continues as before. 

Example 2. A farmer carrying a lantern walks toward his barn at 
the rate of 7 ft./sec. A post stands 10 ft. to one side of his path and 
15 ft. from the barn. How fast is the shadow of the post moving side¬ 
ways on the barn when the farmer is 20 ft. from the barn? 

Solution. Let x denote the distance of the farmer from the barn 
and s the horizontal distance of the post’s shadow from the vertical 
at the end of the path. 
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By similar triangles, 


or 

( 6 ) 


2 ^ 10 
X X — 15 

xz — 152 = lOx 


Ut-* — 


// 


Differentiating ( 6 ) with respect to i, 
dz . dx dz 




dz 

Noting that -77 is the desired rate, in general, 


FIG. 94. 


dz 

It 


10—2 dx 
X - \5 'Tt 


When the farmer is 20 ft. from the barn, by ( 6 ) 2 = 40 ft.; also, by 

dx 

hypothesis,^ = — 7 ft./sec. (Note that the minus sign is necessary 
because x is decreasing as he approaches the barn.) 


<f2 


10 - 40 


dt r = «oft. z = 40ft. 20 - 15 

^ S= — 7 ft./MC. 

<11 


( —7 ) = 42 ft./sec. 


Example 3. A freighter steams north from a point A at 15 mi./hr., 
starting at 12 noon. \ cruiser leaves 12 mi. east of Ay at 1 p.m., 
and steams north at 20 mi./hr. How fast are the vessels approaching 



each other (a) at 3 p.m.? (6) at 5 p.m.? (c) When 
are they nearest together? 

Solution. Let AB be the line of reference 
from which distances are measured, and let i 
denote time in hours after 12 noon. The dis¬ 
tance of the freighter F (see Fig. 95) from 
AB is represented by AF = 15/ mi. The dis¬ 
tance of the cruiser C from AB is represented 
by BC = 20(/ — 1) mi. Let 5 denote the dis¬ 
tance FC between the vessels at any instant. 

5^ = + 144 = [AF - BCY + 144 

= [15/ - 20(/ - 1)P + 144 
= 25(4 - ty -h 144 


FIG. 95. 


s = V144 -f 25(4 - ty 


and this is the general expre.ssion for s. Notice in this example that s 
is given directly in terms of the independent variable /. 
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Differentiating, 

ds (25)(2)(4 - <)(-!) 
dt 2\/l44 + 25(4 - 
_ -25(4 - i) 

" Vl44 + 25(4 - ty 


To answer (a) observe that i — 3 at 3 p.m. 



-^ 5 ( 1 ) 
Vl44 + 25 


-25 

13 


mi ./hr. 


The minus sign in the answer to (a) signifies that s is decreasing, 
i.e., that the cruiser is gaining on the freighter but has not yet over¬ 
taken it. 

For (6) set t = 5, 


ds 

Jt 


-25(-l) 


< = « Vl44 -h 25 13 


• /k 

= — mi./hr, 


The answer to (6) is numerically the same as that to (a), but the posi¬ 
tive sign indicates that s is now increasing, or that the cruiser has over¬ 
taken the freighter and is leaving it behind. 

To answer (c) by the method of finding a minimum, s is at its least 

ds 

value when = 0. Setting 


-25(4 - t) 
Vl44 + 25(4 - ty 




This means that at 4 p.m. the vessels are nearest together. This 
can be verified by common sense. At 4 p.m. AF ~ BC = 60 mi., and 
they are just abreast of each other. 


EXERCISE 31 

1. A stone dropped into a pool of placid water sends out a series of concentric ripples, 
the outermost moving at the rate of 5 ft./sec. Find the disturbed area and the rate at 
which it is increasing at the end of 4 sec. 

2. Water is poured at the rate of 10 cu. ft./min. into a cylindrical tank 4 ft. in diameter. 

(а) How fast does the surface of the water rise? {b) How fast does it rise if the water is 
poured in at the rate of 10 gal./min.? (1 gal. = 231 cu. in.) 

3. Water flows at the rate of 4 cu. ft./min. into a trough 12 ft. long whose vertical 
cross section is an equilateral triangle with top side horizontal. How fast is the surface 
of the water rising when it is 18 in. deep? 

4. In Prob. S how fast is the surface of the water rising 5 min. after it began to flow 
into the empty trough? 

6. A conical glass whose radius is 5 cm. and altitude 12 cm. is being fllled at the rate 
of 15 cc./sec. How fast is the surface rising (o) when the liquid is halfway up the altitude? 

(б) when the glass is half full? 
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6. In Prob. 5 how fast is the wetted area of the glass increasing when the liquid is 
6 cm. deep? The answer to Prob. 5(a) may be used. 

7. A trough 8 ft. long filled with water has a vertical triangular cross section 4 ft. 
across the top and 2 ft. deep. The water leaks away at the rate of 0.5 cu. ft./min. How 
fast is the water level falling when the water is 6 in. from the top? 

8. Water is poured into a lank 40 ft. long whose vertical cross section is an isosceles 
trapezoid whose upper and lower bases are 16 ft. and 8 ft., respectively, and whose altitude 
is 6 ft. If the water is poured in at the rate of 25 cu. ft./min., how fast is the surface 
rising when the w’ater is 4 ft. deep? 

9. In Prob. 8 how fast would the water have to be poured in if the surface is to rise 
at the rate of 1 ft./min. when the water is 3 ft. deep? 

10. Water is poured into a trough 16 ft. long at the rate of 20 cu. ft./min. The vertical 
cross section of the trough is a parabolic segment 12 ft. across the top and 4 ft. deep.* 
How fast is the water rising when it reaches the latus rectum of the parabola? 

11. Water is poured into a hemispherical basin at the rate of 200 cc./sec. The diameter 
of the basin is 80 cm. (a) How fast is the water rising when it is 10 cm. deep?t (6) How 
fast is the water rising at the instant when it reaches the top? 

12. In Prob. 11 how fast is the wetted area of the basin increasing when the water 

is 10 cm. deep?t 

13. A man in a rowboat pulls himself up to a wharf by means of a rope passed around 
a cleat in the planking of the wharf. The cleat is 8 ft. above the level of the man’s hands. 
If he pulls in the rope at the rate of 2 ft./sec., how fast is he approaching the wharf when 
he is 15 ft. away from the wharf? 

14. A person stands 14 ft. to one side of the track on which a trolley car is approaching 
at the rale of 15 mi./hr. How fast is the distance between the car and the person dimin¬ 
ishing when the car is 16 yd. from the point of the track nearest the person? 

16. A rod AB 125 cm. long lies on the x-axis with A at the origin. A is raised along 
the y-axis at the rate of 5 cm./sec. How fast is B moving at the end of 15 sec.? 

16. In Prob. 15 how fast is the area of the triangle AOB changing (a) when OA = 75 
cm.? (6) when OA = 100 cm.? 

17. In Prob. 15 at what rate is the slope of AB changing when OA = 75 cm.? 

18. A railroad crosses a state highway at right angles on a trestle 40 ft. above the road. 
A handcar and a bicycle leave the intersection at the same instant, the handcar at 35 
ft./sec., and the bicycle at 30 ft./sec. How fast are they separating at the end of 2 sec ? 

19. A man 5 ft. tall walks away from an arc light 20 ft. high at the rate of 6 ft./sec. 
How fast is the shadow of his head moving when he is 30 ft. from the point directly beneath 
the light? 

20. In Prob. 19 how fast is the shadow of the man’s body lengthening? 

21. The distance x in mi les t o the horizon for an observer h ft. above the ground is 

given by the formula x = A man ascends in the elevator of an observation tower 

at the rate of 8 ft./sec. How fast is the distance to his horizon increasing when he is 
96 ft. above the ground? 

22. Water is poured at the rate of 25 cu. ft./min. into a trough ft. long. The 
vertical cross section of the trough is a triangle 6 ft. across the top and 3 ft. deep. When 

* The area of a parabolic segment bounded by the parabola and a chord perpendicular to the axis is two- 
thirds the area of the circumacribed rectangle. 

t The volume K of a segment, altitude A. of a sphere radius R is 

V.rk>{R-l) 


lU iurfac« S S ^ ^wRk. 
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the water is 2 ft. deep, the surface is observed to be rising at the rate of only 5 in./min. 
How fast is the water leaking out? 

23. Rods each 26 in. long are tied together loosely at one end so that they envelop a 
cone. The bundle collapses so that the altitude of the cone decreases at the rate of 
3 in./sec. How fast, and which way, is the volume of the cone changing when the altitude 
of the cone is 10 in.? 

24. Mrs. Smith and Mrs. Jones are leaning out of the windows of their sixth-floor 
apartments across an alley 18 ft. wide. Mrs. Smith drops a clothespin. How fast is the 
pin receding from Mrs. Jones sec. after it is dropped? (Assume that the distance 
traversed by a falling body in i sec. is 16f* ft.) 

25. At a certain instant a ship bound north is 9 mi. west of a ship bound east. If the 
former is steaming at the rate of 10 mi./hr. and the latter at 15 mi./hr., how fast are they 
separating at the end of 1 hr.? 

26. The edge of a bench is 36 in. high and 32 in. horizontally from a point directly 
beneath a light. If the light is lowered at a rate of 4 in./sec., how fast is the shadow of the 
edge of the bench moving on the floor when the light is 60 in. from the floor? 

27. A man is lifting a box to a doorway by the aid of a rope passed over a pulley 40 ft. 
high. Holding the rope without slipping, he walks away from the point directly beneath 
the pulley at the rate of 2 ft./sec. How fast is the box rising at the end of 15 sec.? 

28. In Prob. 27 if the man pulls in the rope at the rate of 1 ft./sec. while walking away 
with it, how fast is the box rising at the instant it reaches the pulley? 

29. Two parallel walls are 6 ft. apart, and in one of them there is a square window 
2 ft. on a side. From outside this wall a light is brought along the line perpendicular to 
the window at its center at the rate of 3 ft./sec. How fast is the lighted area on the farther 
wall increasing when the light is 8 ft. from the window? 

30. A particle starts from the origin and moves along the 7-axis at the rate of 4 units/ 
sec., and at the same instant a second particle starts from (0,100) and moves toward the 
origin at the rate of 8 units/sec. After how many seconds are the particles nearest together? 

31. A particle starts from (0,8) and moves in the Erst quadrant along the curve 



at such a rate that ^ = 3 units/sec. 
ar 2 at 


At what point on the curve is the rate 


of decrease of y a maximum? 


What is the geometrical name of this point? 
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74. Infinitesimals. A variable which approaches zero as a limit is 
called an infinitesimal. For example, the Ax and A^ used in finding 
derivatives by the increment method are infinitesimals. 

Let u and v be two infinitesimals, and let u be a function of v. If 


lim - = k k finite but k 9 ^ 0 [11-1] 

.^0 V 

then u and v are said to be infinitesimals of the same order. On the other 
hand, if 

lim - = 0 [11-2] 

f—»o V 


u is said to be an infinitesimal of higher order than v. 

An infinitesimal which corresponds to v in [11-1] and [11-2] is called a 
principal infinitesimal. 

As an illustration of [ll-ll wc note that the infinitesimals Ax and Ay 
are generally of the same order because lim ^ = /'(x), i.e., the deriva¬ 


tive of/(x), and the derivative of a function is usually not zero. 

If u is an infinitesimal of order other than r, u may he further clas¬ 
sified as an infinitesimal of the nth order. If n is the exponent for which 


lim 

c—»0 


U 

tr 



k finite but k 9 ^ 0 


[11-3] 


u is an infinitesimal of the nth order vnth respect to v. 

Although [11-3] would apply if n is any number, in applications of 
it n is almost always an integer > 1. For example, let A denote the 
area of a square of side x; then A — x*. If x is the principal infinitesimal, 
A is an infinitesimal of the second order. First 

lim — = lim — = lim x = 0 

X —*0 2 ? ^ z —*0 


which shows that A is of higher order than x; second 

lim ^ = lim — = 1 1 0 

x^ X^ 

and hence A is an infinitesimal of the second order with respect to x. 
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The concept of infinitesimals of higher order is useful because, broadly 
speaking, in making certain applications, if one infinitesimal is of higher 
order than another, the one of higher order can be discarded.' 

The equation 

( 1 ) u = kv € k finite but k 9^ 0 

where € denotes infinitesimals of higher order than v, is equivalent to 
[11-1]; for upon dividing both sides by v and taking the limit as v ap¬ 
proaches zero, 

lim - = ifc 

r-0 V 

Similarly, 

(2) u - kv^ + € k finite but k 9^ 0 

where e denotes infinitesimals of order higher than the nth with respect 
to V, is equivalent to [11-3]. 

As a special case of infinitesimals of the same order suppose lim u/v 

p-*0 

= 1. Then by the definition of limit u/tJ = 1 + where )3 is infini¬ 
tesimal. Hence u == u + and w - » = Now since lim 0v/v 

= lim ^ = 0, the term is an infinitesimal of higher order than v 
by [11-2]. The proof may be reversed; we have, if lim u/v = 1, the 

p—*0 

difference, u — v, is an infinitesimal of higher order than either, and 
vice versa. For later reference we include, without proof, a theorem. 

Theorem: In taking the limit of the ratio of two infinitesimals^ each 
infinitesimal may be replaced by another one which differs from it by an 
infinitesimal of higher order than either. 

In (1) and (2) it is evident that kv and kv^y respectively, constitute 
the important items in u, the terms of higher order denoted by e being 
relatively unimportant. When an infinitesimal is expressed in either 
of the forms (1) and (2), the term of the lowest order in the right member 
{kv or kv^ as the case may be) is called the principal part of the infini¬ 
tesimal u. 

Example. Find the principal part of Ay if y — Az being 

the principal infinitesimal. 

Solution. 

y -f Ay = (x + Ax)® — (x -h Ax)® 

Ay = (x -1- Ax)® — (x + Ax)® — X® + x® 

= 3x® Ax -|- 3x Ax + Ax’ — 2x Ax — Ax^ 

(3) Ay = (Sx® - 2x) Ax (3x - 1) ^ 

Ax being the principal infinitesimal, the term of lowest order with respect 
to Ax is (3x® — 2x) Ax, which by definition constitutes the principal 
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part of Ay. The appropriateness of the name is evident if we review 
what happens as we continue the process of finding the derivative. 
Dividing by Ax and taking the limit as Ax —> 0, the coeflBcient of Ax in 
the principal part becomes the derivative, and the terms of higher 
order, viz., (3x — 1) A? and Ax*, vanish. 


EXERCISE 32 

1. Given a circle of radius r which is approaching zero. If r is the principal infini¬ 
tesimal, what is the order of (a) the circumference of the circle? (6) the area of the circle? 

2. Given a sphere of radius r which is approaching zero. If r is the principal infini¬ 
tesimal, what is the order of (a) the area of the sphere? (6) the volume of the sphere? 
(c) the circumference of a great circle? 

3. Given a cube of edge x which is approaching zero. If x is the principal infinitesimal, 
what is the order of (o) the area of the cube? (6) the volume of the cube? 

4. Given a cylinder of radius r and altitude h. If r is constant and h is the principal 
infinitesimal, what is the order of (a) the lateral area? (6) the volume of the cylinder? 

6. Given the cylinder in Prob. 4. If h is constant and r is the principal infinitesimal, 
what is the order of (a)thelateralareaofthecylinder? (6) the total area? (c) the volume? 

6. Given a cylinder of radius r and altitude k, k being always equal to r. If r is the 
principal infinitesimal, what is the order of (a) the lateral area of the cylinder? (6) the 
total area? (c) the volume? 

In Probs. 7 to 10 p is the principal infinitesimal. In each problem find the order of u 
with respect to c. 

7. u = 5 p — P*. 8. 1 / = 5p* p. 

9. u = 6 p* — ic*. 10. u = 7 p’ - iv* -f 6 p. 

11. In each of Probs. 7 to 10 state the principal part of u. 

In Probs. 12 to 15 find the principal part of if Ax is the principal infinitesimal. 

12. y = x“ - 5x + 3. 13. y = x> - 4x + 1. 

_ 3 

14. y = Vx — 1. 16. y = p- 


75. The differential of a function. From 
derivative of y = /(x) we have 

llm ^ = fix') 


the definition of the 


( 1 ) 


and by employing (1) in the preceding section we may write (1) as 

Ay = /'(x) Ax + e ^ 

where e denotes infinitesimals of higher order than Ax. 

The term fix) Ax by definition constitutes the principal part of Ay, 
and this is such an important special case that it is given a special name, 
as stated in the following definition: 

Definition. If y = /(^). the principal part of the increment Ay is 
called ike differential of the function and is denoted by dy; i.e.y 

dy = fix) Ax If'ix) ^ 0] 


[11-4] 
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Y 

A 


If f(x) = 0, = 0. This completes the definition. 

Stated differently, the differential of a function equals its derivative 
times the increment of the independent variable. 

Figure 96 shows the geometric meaning of the differential of f{x). 
At P(x,y), a general point on the graph of y = f(x), let x be given an 

increment Ax = PS. Let SN denote 
Ay, and let PT be the tangent at 
P. Let PT intersect SN at M. By 
trigonometry SM = PS tan a, but 
tan a — f{x). Hence SM = f'(x) Ax; 
i.e., SM is the geometrical represen¬ 
tation of dy. 

Having defined the differential of 
a function we shall define the differ¬ 
ential of the independent variable in 
a manner consistent with the preced¬ 
ing definition. 

Let /(x) = x; then f(x) = 1, and 
df{x) = I • Ax - Ax. But if/(x) = x, 


Ax(=(ic) 



Azi=dx) 


0 


FIG. 96. 


df{x) = dXy and we conclude that 

dx = Ax 

In words, the differential of the independent variable is equal to its 
increment. We may now rewrite [11-4] as 

dy — f'(x) dx [11-5] 

In words, the differential of a function equals its derivative times the 
differential of the independent variable. 

Solving [11-5] for/^(x). 


fix) = 


_ 


dx 


i.e., the derivative of a function equals the differential of the function 
divided by the differential of the independent variable. 

dxi 

We now see that the notation ~ which was introduced in Sec. 50 as 

dx 

a whole symbol for the derivative can, from the point of view of dif¬ 
ferentials, be considered as a quotient with numerator dy and denomina¬ 
tor dx. In fact, although the differential of a function was defined with 
Ax (which equals dx) as an infinitesimal, the result [11-5] gives dy with 
dx entirely arbitrary, of any size (compare Fig. 96). 

In certain applications of differentials, however, Ax must be relatively 
small. In particular we note that, according to the definition of dy 
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in terms of infinitesimals. Ay — dy = an infinitesimal of higher order 
than Ax or Ay, and this will in general be relatively smaller than dy. 
As an illustration let us refer to the example of Sec. 74. Suppose in the 
expression for Ay in (3) of that example that x = 10, Ax = 2. Now 
either from (3) or [11-4] dy = (3x^ — 2x) Ax, which with the given 
values substitute becomes dy = 560. and the other terms of (3), 
(3x — 1) Ax -h Ax*. become 124. Or if x == 10, Ax = 0.1, we find 
that dy = 28 and that the other terms = 0.291. Hence, if Ax is rel¬ 
atively small, we may use dy as a good approximation to Ay. In Fig. 
96, Ay — dy = MN. If Ax == PS were made small, MN would become 
very small as compared with Ax or Ay. 

On the basis of formula [11-5] any formula for the derivative of a 
function of x becomes a formula for its differential by multiplying 
throughout by dx. 

Example 1. Find dy if y = uv. 

Solution. Bv formula [8-5] ^ — u ^ v 

ax dx dx 

Multiplying both members by dx, 

dy = u dv V du 

There follows a list of the important formulas deduced thus far, 


rewritten in the differential notation. 



y = c 

dy = 

0 

[11-6] 

y = X 

dy = 

dx 

[11-7] 

y = u-ht;-|-M> + • • • 

dy = 

du dv + dw + • • 

[11-8] 

y = uv 

dy = 

u dv + V du 

[11-9] 

u 


V du — u dv 


^ = -v 

dy = 


[11-10] 

y = x'* 

dy = 

nx'‘~‘ dx 

[11-11] 

II 

dy = 

—^ dx 

2v/x 

[11-lla] 

1 

dy = 

— ^ dx 

X- 

[11-116] 


Find dy if y = 3x^ — 5x^ -f 1. 

dy = d(3x^) — d{5x^) -f d(l) 
= 12x^ dx — lOx dx -i- 0 
= (12x^ — lOx) dx 


Example 2. 
Solution. 
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Formula [11-5] was derived with x as the independent variable. 
We next consider the differential of y when is a function of u and u 
is a function of the independent variable x. Let y = /(w) and u — (/(fl;). 
From formula [8-9] we have 

dy _ dy du 
dx du dx 


Then by [11-5] 

( 2 ) 


- a E 


But from u = (/(ar) by [11-5] 


Substituting in (2), 


du = g'(x) dx 


dy - f{u) du 



[ 11 - 12 ] 


The form of [11-12] is exactly similar to that of [11-5], and we now 
have the general result that the differential of a function is equal to 
its derivative times the differential of its variable whether the variable 
is independent or not. 

With the aid of [11-12] formulas [8-10] and [8-lOa, b] become 


y = u^ 

dy ~ nu"“^ du 

[11-13] 

II 

dy = —^ du 

2V^ 

[ll-13a] 

1 

^ = u 

11 

1 

[11-136] 

where the du in each case is to be evaluated for the function of 

X which 


u denotes. 

Example 3. Find dy i( y — -s/bx^ — 3. 

Solution. Using [ll-13a], u - 5x^ — 3; and 

^ d{5x^ - 3) 15a^ , 

dy = ^, = — , , dx 

2V5x3 - 3 2V5x» - 3 

Example 4, Find dy if y = {x? ~ 2)(1 — 4x)^. 

Solution. 

dy = (i* - 2)[d(l - 4i)%] + (1 - ix)%[d{x‘ - 2)1 

= (i2 - 2)[|(1 - 4x)J^(-4)j dx + (1 - 4x)^(2x) dx 

= (1 - 4x)^[(-6)(x2 - 2) + (1 - 4x)(2x)] dx 
= 2(1 - 4x)J^[6 + X - 7i^] dx 
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Example 5. 
Solution. 


Find dy if X® — 3xy -h y* = 20. 


d(x^) — d(3xy) + d(y^) - d(20) 

2x dx — 3(x dy + y dx) + 2y dy = 0 
(2x — 3y) dx H- (2y — 3x) dy — 0 



3y - 2x 
2y - 3x 



EXERCISE 33 


Find the differential of each of the following fiinctions: 


1. y — X* — 2x’ + 1. 

1 

11 

• 

3. y = Vx® — sVx* + 5. 

4. y = X”* — 4x * + 2. 

^ 2 3 4 

c 2 3 

^ X 2x’ 8x* 

6. y = -7=- 

vi Var* 

7. y = x-^ + lOx-H. 

8^ y =» (2x^ - 1)^ 

9. y = (3 - 2x>)*, 

^0* ~ (1 - 2x)J 



13. y = (3 - ix)^. 

16. y = V(a — 6ar)*. 

17. y = (2x - 3)*(x - 4). 
19. y = x“V(l - 2x)>. 

21. y = x^Va* — X*. 



26. 3 


t - 1 
(3<H-2)’‘ 





14. 

16. 



20 . 


22 . 



26. 


y = V4 - 3x. 

y = ''J^4 — X. 

y = x*(2x - 1)^ 

y = (2x - \)V3x + 2. 

y = xV a — tx. 

3x 


Vl - 2< 

0 s > 


In the following problems find the required differential: 

28. + y^ = o^; find dy. 29. x’ — 3x*y — y* + 2x = 10; find dy. 

30. — 5si + 3» — 4/ = 0; find ds. 31. + y/w = 4; find dw. 


32. xV^ — yVx — 6; find dy. 


33. - -{- 3ut? = 39; find du. 

V 


34. ” _ = 24 ; find dr. 36. «Vl - 3< + (2 - = 8; find (h. 

vl — w 

In the following problems find the values of Ay, dy, and Ay ~ dy for the given values 
of X and Ax: 

36. y = 2x* -f X — 1, X = 5. (o) Ax = 2. (6) Ax *= 1. (c) Ax — 0.1. 
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(a) tkX — 2. 


( 6 ) tax — 1 . 


(c) Az = 0.1. 



(a) Az = 1. (6) Az — 0.1. 


76. Approximations; error problems. We shall next show by examples 
some applications of differentials. 

Example 1. The mast of a derrick erected on level ground is held in 
a vertical position by guy ropes. It is found that one of the ropes 
reaches the ground at a distance of 60 ft, exactly from the base of the 
mast. It is estimated that the mast is 80 ft. high, but there may be an 
error of ±2.0 ft. in this amount. Neglecting sag, what is the length 

of a guy rope, and what is the uncertainty in it? 

Solution. Let r denote the length of a guy rope 
and X the height of the mast. By the Pythag¬ 
orean theorem 
( 1 ) r = 

We take the value of x = 80 as being usefully 
accurate and get from (1) r = 100. 

Now we look upon any possible error in the 
measurement of x as an increment of x, Ax, and inquire what is the 
corresponding increment Ar in r. 

The accurate way to find Ar consists in giving x the increment Ax 
and computing Ar by the familiar steps of the increment process. How¬ 
ever, if it is conceded that the error in r is wanted only approximately, 
instead of finding Ar as outlined, we substitute dr as found by formula 
[11-4) from (1). 

dr = , ^ ==: Ax 

Vx^ + 3,600 



We now evaluate dr, using the numerical values in the data. 



x = 8(y 

di = ±2.0' 


80 

\/6,400 -H 3,600 


(± 2 . 0 ) 


dr = ± 1.6' 


We may write our results combined as 

r = 100 ± 1.6' 


In future problems we shall not repeat the distinction between the 
actual increment and the differential but shall proceed immediately 
on the assumption that the differential gives the desired approximation. 
Example 2. Continuing Example 1, suppose that the base, instead of 
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being 60 ft. exactly, is 60 ft, with a possible error of ±1.0 ft., the data 
on the height of the derrick remaining the same. Find the uncertainty 
in the length of the guy rope. 

Solution. We must now use a second letter to denote the base; call 
it 2 . Then 



r = Vx^ + 2 * 


fir — d(x^ + 2 ^) _ 2x Ax + 22 A 2 
2\/x^ ± 2^ 2‘\/x2 + 2^ 



r = 80 ' 

A* = ±«.0' 

I » 60 ' 

A* » dtl.O' 


X Ax + 2 A 2 

VxM^ 

80(±2.0) + 60(±1.0) 

100 

±160^ 60 _ 

100 


In (2) r is actually a function of two independent variables, x and 2 , 
and our theory has not exactly covered this case; however, it is correct 
to differentiate x^ and as if they were functions of some single in¬ 
dependent variable, e.g., to treat them as u and v are treated in formula 
(8-5] for the derivative of the product, y = uv. The theory will be 
discussed in a later chapter. 

Example 3. Compute approximately \/66. 

Solution. By inspection a first approximation is 8, the square root 
of 64. In general, if y = Vx, the change in y caused by an increment 
in X is approximately 

(3) 


66 = 64 + 2, which is of the form x + Ax, with x = 64 and Ax = 2. 
Substituting these values in (3), 



0.125. 


Hence, 8 + 0.12 = 8.12 is a good approximation to V^. (Tables 
give 8.124 . . . . ) 


EXERCISE 34 

1. The base of a right triangle is exactly 24 in., and the altitude is 10.0 ± 0.6 in. How 
long is the hypotenu.se.^ What is the area of the triangle? 

2. The base and altitude of a rectangle are x and y, respectively. W’rite the equations 
for area A and for A/1 and dA if x and y are given increments Aar and Ay. By completing 
Fig. 98, show the value of dA geometrically. By how much does it differ from A A? 
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3. The diameter of a circle is measured with a steel Upe with an error not exceeding 
3^2 in- ^'hat is the possible error in the area of a circle measured as 4 in. in diameter? 

If the error in the area may not exceed 1 sq. in., what 
is the diameter of the largest circle that can be meas¬ 
ured with the tape? 

4. A covered bin is a cube 5 ft. on each edge. 
It is completely lined with heavy building paper Me 
in. thick. By how much is the volume of the bin re¬ 
duced? 

6. By measuring a cone its altitude is found to be 
80 cm. and the radius of its base 50 cm. What is the 
possible error in the computed volume (o) if there is 



FIG. 98. 


a possible error of 2 cm. in the altitude only? (6) if there is an error of 1 cm. in the radius 
only? (c) if the errors mentioned in (a) and (6) are both possible? 

6. Calculate approximately 7. Calculate approximately 

8. Calculate approximately v/lSO- 9. Calculate approximately V26. 

10. Calculate approximately 

11. Calculate approximately (answer in decimal form). 

12. Calculate approximately K97 (answer in decimal form). 

13. The diameter of a sphere is measured as 16 ± ^ in. Find (a) the area and (6) the 
volume of the sphere. 

14. The volume of a sphere is to be measured by submerging it in water, and the radius 
is to be computed. If the volume is measured as 512 ± 5 cu. in., what is the radius? 

16. A man wishes to make a conical tent to cover a circular base whose diameter is 
30 ft. exactly. If the central pole is measured as 24 ft. ± 6 in., what is the uncertainty 
in the amount of canvas needed? 

15. Two buoys are 1 mi. apart (exact). A boat is timed in 6 min. ± 5 sec. between the 
buoys. Find the speed of the boat, and its possible error, in miles per hour. 

17. In a certain experiment a quantity may be measured with a possible error of ±0.1 
unit. It is desired to obtain the reciprocal of this niunber with an error not exceeding 
±0.001. For what extent of values may the measurement be taken? 

18. A man in a balloon finds his height by dropping small bombs which flash brightly 
when they hit the ground. Assume the formula for a falling body, s = 16^*. If he times 

a fall as 10.0 ± 0.2 sec., what is his altitude? 

19. In Prob. 18, if the man can always measure his time with a possible error not 
exceeding 0.2 sec. and if he must know his altitude within 80 ft., for what range of altitudes 
is the method feasible? 

20. \\'hen a force F (pounds) acts for an interval of time i (seconds), the product Ft 
is called the impulse of the force, and it is equal to the change of momentum produced in 
the body subjected to the impulse; i.e.. 


w 


Ft = -(f2 — vi) 

9 

w is the weight of the body in pounds, g = 32.2 ft./sec.’, ri and rz are the initial and final 
velocities. If a body weighing 1 lb. has its velocity increased from 10 ft./sec. to 110 ft./sec. 
in an interval of time t = 0.020 ± 0.001 sec., find F. 

21. Using the formula in Prob. 20, if a body weighing 4 oz. initially at rest is acted 
upon by a force F = 20 ± 1 lb. for an interval t — 0.015 ± 0.001 sec., what is the velocity 
imparted to the body? 

22. A body projected horizontally from the top of a tower, 0, travels in a parabola 
whose equation is of the form y = Ax* (the positive direction of the y-axis is downward. 
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see Fig. 99). It is observed to pass through a point where x = 
=t 2 ft. Find A*. 

23. In Prob. 22, i( y = 100 ft. exactly and a; = 40 ± 1 
ft., find k. 

24. In Prob. 22, if y = 60 zb 2 ft. and ar = 30 ± 1 ft., 
find A. 

26. The period (co mplete to-and-fro motion) of a pen¬ 
dulum is < = 2ffvL/j. t is measured in seconds, L in feet, 
and g in feet per second per second. If = 32.2 ft./sec.*, 
and the length Z. of a pendulum is 48 =h in., find its 
period. 

26. In Prob. 25 the period of a certain pendulum is 
measuretl as < = 4.00 it 0.02 sec. at a point where g — 980.5 
cm./sec.* The value of g is assumed to be exact. Find the 
length of the pendulum. With g measured in the units 
stated, the length of the pendulum will be computed in cen¬ 
timeters. 

27. The formula in Prob. 25 may be used to determine g. 

If a pendulum whose length is measured as 99.20 ± 0.01 
cm. is found to Imve a period of 2.000 it 0.001 sec., find 
g. With the length stated in centimeters, the units of g will 
per second. 


50 ft. exactly and y = 150 



Y 

FIG. 99. 

be centimeters per second 




Chapter 12 

INTRODUCTION TO INTEGRAL CALCULUS 


77. Integration as the inverse of differentiation. The simplest 
point of view on integration is to regard it as the inverse of differentia¬ 
tion. For example, suppose it is known that the differential of a certain 
function is Sx^ dxy it can be seen by inspection that the function is 
X* + C, where C is any constant, because d(x* -j- C) = 3x^ dx. 

In general, if dF{x) = f(x) dx [or F{x) = /(x)], then F{x) + C is 
called the indefinite integral of/(x). /(x) is called the integrand. The 
constant C is an arbitrary, added constant called the constant of integra¬ 
tion; obviously its presence does not affect the value of dF{x). When 
suflScient data are available to evaluate C, the resulting integral is 
called a 'particular integral of /(x). 

In symbols an indefinite integral is written 

//(x) dx = Fix) -f C 

dF(x) = fix) dx [or F'ix) = fix)] [12-1] 


At present we are quite restricted in the types of functions that we 
can integrate; however, we can write the following general formulas 

by inspection: 


J (du -f dv + • ' • ) = i du f dv + ■ * • 

= u + tJ + ■ • * "b C* [12-2] 

jkdu = jtcJ du = fcu + C [12-3] 

This formula tells us that constant factors like k in the preceding 
equation may be written at will on either side of the sign of integration. 
As a corollary, constants may be introduced arbitrarily into an integrand, 
compensation for such constants being provided by writing their 
reciprocals before the sign of integration; i.e., 



k9^0 


^n+l 

w" du = —p-T + C 

n I 


n ^ — 1 


[12-4] 

[12-5] 


146 



Sec. 77] INTRODUCTION TO INTEGRAL CALCULUS 


147 



The last formula is very important, and the special case where n — — 1 
should be noted. Here [12-5] fails. It is of no avail at this point to 

try to think of fu~^ du ov This will involve log u and will be dealt 

with at the proper time. 

Example 1. 4- + x + 5) dx. 

Solution. Multiply dx into all terms, and integrate them one at a time 
c* dx J Sx^ dx -f y*x dx + J5 dx == y -f x* 4- + 5x -f C 

Example 2. J^x\/x 7\/x — 4- 

Solution. 

Jx^ dx + tJx^ dx — s/x”^ dx 4- 4fx~^ dx 

= 2 5^ + ^ _ 6xH + Qx'^ + C 

o o 

Examples. / v^l 4- 5x dx. 

Solution. This resembles [12-5] with u = 1 4- 5x and n = 
Then du == d(l 4* 5x) = 5 dx, and we bring the problem under [12-5] 
thus; 


j (I + 5x)^ dx - ^ j {1 + 5x)^ 5 dx 


5 15 


where the first step is taken by [12-4]. 

f 3x dx 
Example 4. j 

Solution. We write the problem 3j(x^ 4- 4)“^ x dx and note the 
resemblance to [12-5] with u = x^ 4- 4, du = ^x dx, and n = — 3^. 
Then 

S J{x^ + 4)“^x dx — 3 J 

3 (x2 4- 4)^ 

“2 H 


+ C = SVx^ 4- 4 4- C 


Example 5. /(3 — x^)® dx. 

Solution. At first sight one might think that this problem could be 
solved like Examples 3 and 4 directly by [12-5]. But if u = 3 — x^, 

du = — 2x dxand J ~ ^ f — H ~ 
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factor 1/ - 2x contains the variable x, and a variable factor cannot be 
taken outside the sign of integration. [12-3] does not apply. Hence 
this problem cannot be worked by this method. However, we can 

solve it thus; 

J(3 - dx = J(9 - 6x2 ^ a.4) dx = 9/rfx - ejx^ dx + fx* dx 

= 9x — 2x^ -f ^ + C 

o 

If the problem had been J Vs - a? dx, it would have been impossible 
to carry out the integration at all with the means so far at our disposal. 


EXERCISE 35 


Perform the indicated integrations. 

1. J4i dx. 

3. /(i*- 4) dx. 

6. 5) dx. 

7 . j(x-iydx. 

9. J(3x - 1)* dx. 

11. J (2x - 3)^ dx. 

13. ix{2x-sydx. 

16, J Vz dx. 

17. 

19. J >/4r - 1 dx. 

21. SoViix - 1)^ dx. 

23. /(3 - 4x)^^ dx. 



33. J2x(x2- D^dx. 

36. J(i2- l)^dx. 

37. J3x2(l - x')*dx. 
39. Ja - 

41. JxVl - 3x*dx. 




X dx 


Each answer may be checked by differentiation. 


2. J2x^ dx. 

4. J (6x* — 3x) dx. 
6. j{5x* - 3x») dx. 
8. /(I — x)* dx. 

10. /(I - 3x)^dx. 

12. J(4- 5x)3rfx. 

14. J's/x(4 — xY dx. 
16. Jea^dx. 

18. J V7+1 dx. 

20. / Vl — 4x dx. 
22. /(I - 3x)^dx. 


24 


26 


28. 


30 


■ /? 

/ dx 


V(2 - x)» 


34. J3x*(x3- l)‘dx. 
36. JCl + 2x=)*dx. 
38. j2xVx3 -fl dx. 
40. f{l-\-x^ydx. 

42. Jx{l - 3x»)^dx. 
r 3x®dx 

j 


44. 
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AR f 

J (1 - 22*)’* 

f{Q - 

47. J-^dx. 


4$. / (x^ — X ^)* dx. 




Vx-f 1 



In the following group are problems some of which can be integrated by methods 
available at present, w’hile others cannot. Select those w’hich can be integrated, and 
perform the integration. 


49. JxVX* + 1 dx- 
61. /(!*+ 1) dx. 
dx 


63 


■/; 


66 


+ x* 

/ X dx 




60. Jx^Vl — x’ dx 
62. J Vx^ + 1 dx- 
_. rs dx 

64 


/ X c 


dx 


78. Geometrical meaning of the indefinite integral; determination 
of the constant of integration. The definition of an indefinite integral is 

//(x) dx = h\x) + C if dF{x) = f{x) dx 
If we set the indefinite integral equal to y. 



y = F{x) + C 


it is evident that the geometrical meaning of (1) is that it represents 
a group of curves all of the same character, depending on F{x), but 
taking different positions along the y-a\\s depending on the value of 
C (see Example 1 below). Such a group of curves is called a family 
of curves. 

If a point P(Xyy) is specified through which a curve of a family must 
pass, by substituting the coordinates of P in (1) a particular value of 
C is determined. This process is called determining the constant oj 
integration. 

In common practice problems are not always presented in the notation 
employed in the definition. They often start with a value of dy or 


For example, if ^ = /(^)» then dy - f{x) dx; integrating both members, 

j dy — jf{x) dXy or y = F[x) + C. The equations ^ = f{x) and dy = 

/(x) dx are called differential equations of the first order. 

Differential equations also occur in which the derivatives are of 
higher order than the first, and they are classified as differential ecjua- 
tions of the second order, third order, and so on, according to the order 
of the derivative of highest order present. We shall consider a few of the 
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simplest examples and solve them by methods which readily suggest 
themselves. 

Example 1. Find the equation of the family of curves represented 

by dy = dx, and draw several members of the family. Find the 

equation of the particular curve passing through (2,-2). 

Solution. By integrating both sides of the given equation, 

dx 


or 

( 2 ) 




This is a family of cubic curves, and the graphs of several members 
are shown in Fig. 100 with the value of C noted for each. 

To find the equation of the particular 
curve through (2,-2) substitute its coor¬ 
dinates in (2). 





tmg ^ = TO, from which ^ ^ 


-^ = \ + c 

4 


C = -4 


JO ♦ 

Therefore, y = — — 4 is the equation 

of the particular curve of the family 
which passes through (2,-2). 

Example 2, Find the equation of the 
curve having its second derivative equal 
to 2a: — 3 and its slope equal to 2 at 
(3,-1). 

Solution. The differential equation of 
the curve is 

^ = 2;r - <« 




This is a differential equation of the 
second order. It may be solved by let- 


dm 


dx 


dx^ dx 


and 


dm 

dx 
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(3) 


m 


= /(2a: - 3) dx = - Sx C 


From the data the slope of the curve, viz., 
hence, m = 2 when x = 3, and 


dx 


= m = 2 at (3,-1); 


2 = 9 - 9 + C 


or 


C = 2 


We continue by substituting ^ for m and 2 for C in (3). 

^ = .2 _ 


“ 3x + 2 


y = J(x^ — 3x + 2) dx 


Since the curve passes through (3,-1), y = — 1 when x = 3 


-.-f-f + e + c- 




The required equation is 


y = 


2x - 5 
2 ^ 2 


Example 3. If a body moves in a straight line so that r = 6< — 10 
and if it is 30 ft. from the origin from which distances are measured 
when i *= 2 sec., how far is it from the origin when < = 10 sec.? 

ds 

Solution. Writing ^ for v (Sec. 52), the differential equation of the 
motion is 


(4) 


I-.,-.. 


Integrating (4) to obtain 5, 

s = J(6< - 10) dt = 3/2 - 10/ + C 

From the data 5 = 30 when / = 2; hence 


30 = 12 - 20 + C C = 38 


The equation for s is 


(5) 


5 = 3/2- 10/ + 38 


Using (5) we can find s for any value of /; in particular 

(=10 = 3(100) - 10(10) + 38 = 238 ft. 



152 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 78 


EXERCISE 36 


Solve the following equations, and determine the constant of integration from the given 
values of the variables: 

1. dy = — 4x + 3) (ir; 3 / = 5 when x = 1. 


2. dy = ixV X® — 4 dx\y ~ ~ when x = 2. 


3. ds = 


A. ds = 


V4 - 3/ 
1 


5 = 0 when t = 0. 




6. Find the equation of the family of curves for which ^ = 8x. Name them. Find 
the equation of the one which passes through (2,10). 

6. Find the equation of the family of curves for which ^ Find the equation 

of the one which passes through (—2,-2). 


7. Find the equation of the family of curves for which ^ ^ 

dx Voa^ - x2 


Find the 


equation of the one which passes through (a,2o). 




8. Find the equation of the family of curves for which -y = 


dx 


Find the 


oa- 


equation of the one which passes through (2a,3a). 

9. Find the equation of the curve passing through (-1,-2) whose slope is always 
equal to 6x — 2. 

10. Find the equation of the curve passing through (3,10) whose slope is always equal 
to (4x — 6)*. 

11. Find the equation of the curve having slope 2 at (2,3) and ^ 

(pu 

12. Find the equation of the curve tangent to Sx — 2^/ + 3 = 0 at (1,3) ^ 

(Py 

13. Find the equation of the curve tangent to 18x — y — 52 = 0 at (3,2) if 
6x - 4. 

14. Find the equation of the curve passing through (3,1) and (-2,-4) if ^ 


-0. 


16. Find the equation of the curve passing through (1,5) and (—2,-7) ^ 

(Py 

16. Find the equation of the curve having a minimum at (2,-1) if = 2. 

(Py 

17. Find the equation of the curve having a maximum at (3,6) if ^ = — 6. 

The following problems refer to the motion of a particle. Velocity is denoted by 

V = acceleration is denoted by j = ^ = The units of time and distance are 

dt ' dt d(^ 

understood to be the second and foot. 

18. V = 10; s = 20 when 1=1; find s when t = 3. 

19. p = 10/; « = 20 when / = 1; find s when t = 3. 

20. j = 10; p = 5 and s = 0 when t = 0; find s when t — 3. 
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21. j = g\ V = 0 and 5=0 when / = 0; find s in terms of /. 

22. j ~ g\ V = Vo and 5=0 when t = 0; find 5 in terms of /. 

23. j = t* = t’o and 5 = 5o when t = 0; find s in terms of i. 

24. V = 5 = ^4 when t = 0; find s and j when i = 2. 

26. V = 6/®; 5=5 when < = 1; find s and j when < = 4. 

79, The definite integral. Thus far we have studied only indefinite 
integrals. We shall next define a definite integral and shall then examine 
a few of its applications. 

If dx = F{x) + C, we define 


f{x) dx = F{x) 


1 = 


Fib) - F{a) 


[ 12 - 6 ] 


F{b) — F{a) is called the definite integral of f{x) between the limits 
X = a and x = b. a is called the lower limit, and 6 is called the upper 
limit. In words, [12-6] means that the indefinite integral of fix) is 
found in the usual way; then the upper limit and the lower limit are 
substituted in this integral, and the latter value is subtracted from the 
former value. It is unnecessary to write the constant of integration 
in the indefinite integral here because it would disappear when the values 
at 6 and at a are subtracted. 

Example. Evaluate j (4x — 3) dx. 

Solution. 


(4x — 3) da: = 


- 1 


(2a:- — 3a’)J 

[2(25)-3(5)] -l2(-l)2-3(-l)] 

50 - 15 - 2 


- 3 


= 30 


If the limits a and b in [12-6] are exchanged, the sign of the definite 
integral is reversed; i.e.. 



fix) dx 



fix) dx 


Proof. By definition. 


fix) dx = Fia) — Fib) 

= -[Fib) - Fia)] 


= - / /(-z^) dx 


[12-7] 
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EXERCISE 37 

Evaluate the following definite integrals: 


(4i — 2) dx. 


'■i: 

/"8 1 

3 . / Adx. 

Ji x2 

6. 24{2a: - 1)^ dx. 


xV4 — a:* dx. 


V2x — 1 dx. 


9. , 


-I. 


Vi y/ji _ X 


"■/- 

6. ^ (1 — x)* dx. 

8. Vl dx. 

- /; 


x»- 4x* 


SO. The definite integral interpreted as an area. Although definite 
integrals are used in a wide variety of applications, the simplest in" 

troduction to them is given by 
means of an area. 

Let y = /(x) in Fig. 101 be a 
single-valued continuous function 
of X, and let the ordinate QP at 
X = a be a fixed ordinate. Let LM 
be a moving ordinate which is ini¬ 
tially coincident with QP and which 
moves to the right, generating the 
variable area A = QLMP. 

A varies with x as the point 
i(x,0) moves along the x-axis; i.e„ 
is a function of x. However, 

we shall not at first find the function, but rather its derivative 

For further simplicity we assume in Fig. 101 that y always increases as 
X increases. 

Let X be given an increment Ax; then A takes on an increment 
A A = LTRM. A A is greater than the rectangle LTSM and less than 
the rectangle LTRN, The rectangles have a common base Ax and 
altitudes LM = fix) and TR = /(x -1- Ax), respectively. Hence, 

(1) Ax -/(x) < AA < Ax - fix + Ax) 

Dividing (1) by Ax, a a 

aa 

Now let Ax—>0. lim f(x + Ax) = fix)', therefore, since — 



->0. lim fix + Ax) = fix)', therefore, since 
between/(x -H Ax) and/(x), 

,. AA dA V 
lun — = = fix) 

Ax—^37 dx 


lies 
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dA 


Having found that = /(x), we may express A as an integral 


( 2 ) 


A = {fix) dx = Fix) + C 


The constant of integration in (2) may be determined from the fact 
that, initially, when LM coincides with QP, A = 0 and x = a. Sub¬ 
stituting these values in (2), 

0 = Fia) C C = ~Fia) 

and 

(3) A - Fix) - Fia) 

Equation (3) represents the variable area QLMP which is generated 
by the motion of LM, as previously described. If LM is made to stop 
in a definite position, say when L is at (6,0), then .T becomes a definite 
area whose value is found by substituting x = 6 in (3). That is, 

A\z-i = F(b) - F(a) = jT f(x)dx 

Summarizing, if y — fix) is a single-valued continuous function of x 
in the interval a ^ x ^ 6, the area bounded by the curve, the x-axis, 
and the ordinates at x = a and x = 6 is given by 


A = 


fix) dx 


A = 


y dx 


[ 12 - 8 ] 


If the curve in Fig. 101 had been falling instead of rising, the order 
of the inequalities in (1) would have been reversed, but this would not 
affect the nature of the argument. 



(a) (b) 

FIG. 102. 


In the preceding discussion the area was entirely above the x-axis. 
In that case [12-8] gives a positive result equal to the area. If the area 
is wholly below the x-axis, as in Fig. 102(a), [12-8) gives a negative result 
numerically equal to the area. 
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If the area between x = a and x = 6 is partly above and partly below 
the x-axis [see Fig. 102(h)], the definite integral yields the algebraic sum 
of the areas above and below the x-axis, the areas above being positive 
and those below negative. 

To obtain the numerical value of such an area the negative portions 


Y 



may be found separately and their 
numerical values added to the positive 
areas. 

Example. Find the area between 
the curve y = — 2 x^ and the x-axis 

between (a) x = 2 and x = 3; (h) x = 1 
and X = 3. 

Solution. The graph of the curve is 
shown in Fig. 103. 

(a) Applying [12-8], 

, ox » 2 x* 

=* / “ 2x2) _ 




43 

— square units 
12 


( 6 ) The area from x = 1 to x = 2 is below the x-axis. Applying 

[ 12 - 8 ], 

P /x^ 2x2\ 

,2 = J - 2x2) ^ _ 


3 j 


Ji 


16 1 , 2 11 .. 

= 4 - h:;= — 77 ^ square unit. 

3 43 12 ^ 


The sum of the numerical values of Ai and is 


square units. The algebraic sum Ai -h /I 2 - 


43 + 11 

54 

12 

“ 12 

43 - 11 

32 

12 

" 12 


= 

= 2 % 


square units. It is easy to verify that j (x^ 2x2) ^ 3 . gives the alge¬ 

braic sum. 

EXERCISE 38 


In Probs. I to 8 find the area bounded by the x-axis. the given curve, and the ordinates 
erected at the points whose abscissas are given. Find tiie numerical value of any area 


that is partly positive and partly negative. 
1. 1 / = 4x^ -h 2; X = 0 ami x = 3. 

3. y = x* _ 4-a; = 0 and x = 4. 

6. y = x^ — 8x; X = — i and x « 2. 

7. y = X* — 1; X = — 1 and i = 1. 


2. y=x2 — 4;x=2 and x = 4. 

4. y = ^; X = 1 and x = 8. 

6. y = 8xVx“ - 1; x = 1 and x = 10. 
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9. Find the area bounded by the x-axis and the parabola y = 4 — x*. 

10. Find the area bounded by the x-axis and the curve y = 2x* — x*. 

11. Find the area in the first quadrant bounded by the x-axis, the^parabola y* = 4x, 
and its latus rectum. 

12. Find the area in the first quadrant bounded by the parabola y* = 4x, its latus 
rectum, and the line x = 4. 

13. Find the area in the first quadrant bounded by the curve y = 3 -f 4x — x*, the 
ordinate at x = 0, and the maximum ordinate. 


14. Find the area between the x-axis, the curve y = + 3x + 4, and the ordi- 

O 


nates at the critical points of the curve. 

16. Find the area between the x-axis, the curve y = x® — 6x* + 18, the ordinate at 
X = 0, and the ordinate at the point of inflection. 

16. Find the area between the curve y = x* — 4x + 8, the x-axis, the ordinate at 
X = 0, and the minimum ordinate. 


81. The definite integral as the limit of a sum. In the preceding 
section we derived for an area bounded in a certain way the formula 

( 1 ) ^ ^ fa 

Our purpose in this section is to obtain another expression for an 
area of the same type from a different point of view and then to in¬ 
troduce an important theorem by equating the two expressions for A. 

Consider the area in Fig. 104 bounded by the x-axis, the lines x = a 
and X = b, and the curve y = /(x) continuous in the interval a ^ x ^ b. 
For added simplicity let the curve rise throughout the interval. Divide 
the segment between ((i,0) and (6,0) into n equal parts of length Ax. 
The abseis.sas of the several points of di¬ 
vision are 

Xi = a 
X 2 = a + Ax 
X 3 = a + 2 Ax 

Xi = a {i — 1) Ax 


x„+i = a n Ax - b 

At each point of division erect or- Pl( 3 ^ 104 

dinates, and construct a serit's of in¬ 
scribed and circum.scribed rectangles. Denote by Aj and Ac, re- 
sj)ectively, the sum of the areas of the inscribed and circumscribed 
rectangles. Then 

Ai <C. A Ac 
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( 2 ) 

(3) 


• « 


+ fM + f(b)] Ax 


= Lffe) -hfCxs) + 

n+l 

= y f(xi) Ax (S = Greek sigma) 


1*2 


A, = [f(a) + fM + /(x,) + 


4 • 


+ f(x„)] Ax 



The sjTubol 2^ /(a:,) Ax is read, “the sum from i = 1 to i = n of 
f(xi) Ax” 

Now let 71, the number of subdivisions, be increased without limit; 
consequently. Ax approaches zero. We shall show that A/ and Ac both 
approach A as their limit. To do this subtract (3) from (2). Then 

Ac-A, = tf(b) -f(a)] Ax 


As n increases without limit, the factor f(b) — f(a) remains finite 
but Ax approaches zero; hence. 


lim (Ac — A/) = 0 

n— 


Since A is always intermediate in value between A/ and Ac, the 
difference between either of them and A also approaches zero. In 
particular ^ 

(4) lim A/ = lim > f(xi) Ax = A 

fi—*00 n—♦ CD 


Equating the values of A in (1) and (4), 

n 

lim y f(xi) Ax = / /(x) dx [12-9] 

The immediate significance of [12-9] is that an area may be regarded 
as the limit of the sum of an infinite number of infinitesimal areas and 
that this sum may be evaluated by a definite integral. The analytic 
meaning of [12-9] is that, whenever any quantity can be approximated 
by a sum of infinitesimals of the same algebraic form as the left member 
of [12-9], the quantity may be evaluated by the corresponding definite 
integral. This concept is exceedingly important, and we shall state 
it formally. 

The Fundamental Theorem of integral calculus: Let f(x) he a cm- 
iinuous function of x in the interval a ^ x ^ b. Divide the interval into 
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n equal parts of length Ax suck that the points of division are Xi — a, 
aro = a + AXy Xs = a + 2 Ax, • • • , Xn+i = 6, and form the sum [/(xi) 
+/fe) +/(ir 3 ) + • • • +/(a^n)] Ax. Let n be increased without limit; 
the foregoing sum will approach as a limit the value of the definite integral 
of f(x) taken between the limits x — a and x = b; i.e.y 

n 

lim y f(xi) Ax = 

fi— 

• = 1 



For the purpose of introducing the concept of the Fundamental 
Theorem as naturally as possible, the conditions imposed in Fig. 104 
were oversimplified. For example, the intervals Ax do not need to be 
made equal provided that the length of the longest is infinitesimal; 
the ordinates do not need to be erected at the points of division, but 
one may be drawn at some point in each interval; the curve does not 
need to rise throughout the interval, provided that it consists of a finite 
number of arcs along which it rises or falls steadily. 

Any of the infinitesimal rectangles used in Fig. 104 is called an element 
of the area; similarly, in any formulation using the Fundamental 
Theorem the item represented by any of the infinitesimal terms in the 
summation is called an element of the quantity involved. 

82. Applications of the Fundamental Theorem. The Fundamental 
Theorem in the preceding section 
may be used for various purposes, 
e.g., for finding volumes, centroids, 
moments of inertia. These we shall 
take up later, but for the present 
we shall confine ourselves to some 
simple applications. 

Example 1 . Find the area lying 
between the line y — x and the 
parabola y * 6 — x^. 

Solution. The area is shown in 
Fig. 105. Solving the equations 
simultaneously, the intersections are 
(-3,-3) and (2,2). The required 
area subtends the interval on the x- 
axis from ( — 3,0) to (2,0), inclusive. 

Divide the interval into n segments 
of length Ax, pass ordinates through 
the points of division, and construct rectangles of width Ax inscribed 
between the bounding curves. Let y = x = /i(x); y = 6 — x- = /a(x). 
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For the iih interval the area of the rectangle AAi (shown in detail in 
the figure) is 

AAi = - M^i)] 

As n, the number of subdivisions of the interval, increases without 
limit, the sum of the areas A.*!,- approaches the required area as a limit. 
Applying the Fundamental Theorem, 




125 

6 


20 - square units, 
o 



An immediate extension of the Fundamental Theorem shows that 
the area bounded by the y-axis, a curve x =* giy)t and two horizontal 
lines y = c, y = d is given by 

^ = jf 9{y) dy 



The element of area (see Fig. 106) 
side is g{yi) and whose altitude is Ay. 


is a rectangle whose horizontal 
The total area is 



lim 

n— 


n 


^ g{yd 


= 1 




or 



[ 12 - 10 ] 


Example 2. Find the area bounded by the y-axis and x = 4 — y*. 
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Soluiioru The area is shown in Fig. 107. By symmetry the total 
area is twice the part shown in the first quadrant; thus we may write 



)dy ^i{iy - |-jj 
• — square units. 


t 

0 


Example 3. A body moves according to the law v = 16^ — 8, t 
denoting time in seconds and v velocity in feet per second. How far 
will it move in the interval from i = 3 sec. to < = 8 sec.? 

Solution, In a purely analytical way we conceive the interval of 
time from < = 3 to < = 8 to be divided into n equal intervals of duration 
At. At t “ tiy the beginning of the ith time interval, the velocity of the 
body is v* = 16^ — 8. During a short time interval At the body will 
move a distance Asiy which is closely approximated by 

Asi = {leti - 8 ) At 


Letting n increase without limit and applying the Fundamental 
Theorem, the total distance traversed by the body is 


s - lim y (16<i — S) At = 

n—•« 

1 = 1 

= {SP - 8oJ = 512 - 64 - 72 + 24 = 400 ft. 


8 


(16< - 8) dt 


EXERCISE 39 

1. Find the area bounded by the parabola y = 5 — 3 ^ and the line y — 1 = 0. 

2. Find the area bounded by the curve x^y —1 = 0 and the lines j/ — 4 = 0, 

X — 8 = 0. 

3. Find the area in the first quadrant boun<le<l by x = 8 — y* and the coordinate 
axes. Use a horizontal element. 

4. Find the area descrilied in Prob. 3, using a vertical element. 

6. Sketch the area in the first quadrant bounded by the coordinate axes and the curve 
y = 6 — X — x^. Write integrals for the area, using first a vertical element, second a 
horizontal element. Integrate one of them. 

6. Find the area bounded by y* = 4x, the y-axis, and y = 4. 

7. Find the bounded area between x = 2y and x* = 8 — 4y. 

8. Find the bounded area between lOy = x* and 2y = x*. 

9. Find the bounded area between y* = 2x and y* = 32 — 2x. 

10. Find the bounded area between y = 5 — x^ and x + y + 1 = 0. 

11. Find the bounded area between y* = 4 — x and x — y + 2 = 0. 

12. Find the area bounded by y = 8 + x — x*, y = x, and the y-axis. 

In Probs. 13 to 16 the unit of time is the second, and the unit of distance is the foot; 
9 and j denote velocity and acceleration, respectively. 
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13. A body moves so that p = + 4. How far does it move in the interval from 

t = 0 to / = 5? 

14. A body moves so that p = “v — ot- How far does it move in the interval from 
( = U to ^ = 4? 

16. A body moves so that j = 8. If p = 4 when t = 0, how far does it move in the 
interval from ^ = 0 to / = 10.^ 

16. A body moves so that j = t/i. If p = 1 when i = how far does it move during 
the fifth second.’ 



Chapter 13 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


83. Definitions and Properties of Exponential and Logarithmic 
Functions. We state here for convenient reference the laws of exponents 
and logarithms. 

The laws of exponents are 


(1) 

(a*) (a*') = 




(2) 

a* 

— s= a*-v 

a*' 




(3) 

a* = -i- a~^ = 

a“* 

1 

a* 



(4) 

= 1 




(5) 

lim a' = GO or, simply, a* 

= CO 

(a > 

1) 

(6) 

lim = lim ^ = 0 or, simply, 

z— »aD Q 

a-“ 

= 0 

(a > 1) 


A definition of a logarithm is 

(7) logfl N = L if 2?^ = A' {B >0,n \) 

In other words the inverse of a logarithmic function is an exponential 
function, and vice versa. Substituting L from the first part of (7) in the 
second part, we have the useful form 

( 8 ) 8'°““ = N 

Substituting N from the second part of (7) in the first part, 

(9) logB = L 


The properties of logarithms are 
(10) logB (xy) = loga X + logfl y 


(H) 

m) 


logB - = logB X - logB y 

logB X’* = n loga X 

los 
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(13) logs = logs = - logB X 

TV 

(14) lim logs X = — CO or, simply, logs 0 = — oo (£ > 1) 

x -»0 

(15) lim logs X = 00 or, simply, logs go = go (fi > 1) 

X —*00 

84. The Number e. The number e is important as a base for loga¬ 
rithms and occurs very frequently in exponential equations. Its 
numerical value is 

e = 2.718 ■ • • 


This number is the limit of the sum of the terms of the series. 



A second definition of the number e is the following: 

(1) e = lim (1 + 2 )^/* 

z-*0 

A complete proof of the existence of this limit is beyond the scope of 
this book. However, that it does exist appears plausible if we consider 
values of (1 + 2 )^/* as 2 —> 0 as shown in the following table: 


z 

(1 + 

2 

(1 + z)''‘ 

1 

2 

- 0.9 

(0.1) = 

12.916 

H 

(^)* = 2.25 



4 


(Hy = 2.3704 

-H 

(Hr* = 

3.375 


= 2.4883 


(Hr^ = 

3.0518 

0.1 

(M)*" = 2.59.37 

- 0.1 

(0.9)-'° = 

2.8680 

0.01 

(1.01)‘“ = 2.7048 

-0.01 

{0.99)-™ = 

2.7320 

0.001 

(1.001)*-““ = 2.7169 

- 0.001 

(0.999)-'-«» = 

2.7196 


We shall use this definition presently in finding the derivative of 
logs X. A brief table of powers of e is given in Table I (page 487). 


EXERCISE 40 


In Probs. 1 to 21 find the value of x by inspection. 


1. logj 9 = z. 

4. log6 X = 3. 

7. log* 81 = 4. 
10. log* 7=1. 

13. log! }4 = X. 

16. log* = — 1. 
19. logs 1 = X. 


2. log2 C4 = X. 

6. log7 z — i. 

8. log* 121 = 2. 

11. logu 15 = X. 

14. logio 0.0001 = X. 

17. logH X = — 4. 

20. logi6 X = 0. 


3. log« 1,024 = X. 
6. log2 X = 7. 

9. log* 32 = 5. 

12. logs X = 8. 

16. log* K6= -2. 

18. logz X = — 7. 
21. log, 1 = 0. 
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In Probs. 22 to 3S simplify the given expression as much as possible. 


22 . 

25. 

28. 

31. logic 10^. 


23. (10)5'°^*’. 
26 10^^ 

29. 

32. log« e^. 


24. 

27. ,(slo«.*)+i_ 

30. 

33. log* e~*. 


In Probs. 34 to 41 express the logarithm of the given quantity in terms of the logarithms 


of its factors. 


OJ 1 x(x - 2)’ 

(x + 1)» 

36. log, x^V'2 — 3x. 

36. log/f^’- 

Va; — 5 

37. log, - v'T^. 

X 

38' 'og. 

39. log, \/(6 - - 16). 

40. Inp, 9x - 15 

41. 

® x>Vx - 2 

V 4 — X 


8S, The graphs of y — and y = e~^. The general shape of each 
of these curves may be found readily by point-by-point plotting. The 
graphs of y - e* and y = e~^ are shown in Fig. 108. The values are 
taken from Table I (page 487). 



(a) 





(b) 


FIG. 108 


The curves plotted in the figure have certain outstanding character¬ 
istics; they approach one end or the other of the x-axis as an asymptote; 
their y-intercepts are (0,1); they rise rapidly from their intercepts. 
Knowledge of these facts makes it po.ssible to sketch easily a rough 
graph of a curve of the same general character. 

Consider the equation 

(1) y = C, k positive 
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1. Asymptote. Comparing (1) with the curves in Fig. 108, when the 
sign of the exponent is positive^ the negative end of the a:-axis is the 
asymptote of the curve; when the sign is negativey the positive end is 
the asymptote, 

2. y-intercept. When x = 0, y = Ce° = C; hence the y-intercept 
is (0,C). 

3. A Check Point. For a sketch it is usually sufficient to obtain one 
additional point. Set the exponent :hkx equal to unity, and solve for x. 

= 1 X = 

When X = y = = 2.7(7 (approximately) and plotting the 

point (=bl/fc, 2.7C) serves to check the position of the curve. If a 

more accurate graph is necessary, a 
table of values must be constructed. 
Example. Sketch roughly y = 3^“'/*. 
Solution, (a) By inspection, since 
the sign of the exponent is negative, 
the curve approaches the positive end 
of the x-axis as an asymptote. 

(6) When x - 0, y - (0,3) is 

the ^-intercept. 

(c) Setting —x/2 =1, x — —2. 
When X = — 2, y = 3e = 8.1. ( — 2,8.1) 
X is a point in the locus. 

In the foregoing discussion we have 
FIG. 109. stressed the number e in the equations 

studied. It is found by experience in 
practical applications that e occurs frequently in equations of this type. 
However, equations of the form 

y — C, k positive, a > 1 

can be plotted by similar methods. 

If the coefficient C is negative, the same principles also apply but the 
curve lies entirely below the x-axis. 

Of course, there are many equations involving exponents which do 
not come under the type just studied. Some will be discussed later in 
Sec. 93. 

EXERCISE 41 

Sketch roughly the curves whoat equations follow: 

1. y = 2c-*. 2. y = }.i 

^ y = % 6. y = 4c0 



3. y = 

6. y = Ko 
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1. y = 2.25«“ 8. y = 1.67e-o ®®*. 9, i/ = 3.5e-o«* 

10 . y = -2e-*'». 11. y = -4e*'6. 12. y = (3)(2'). 

13. y = 14. y = 3 -**. 16. y = 

16. Tlie equation of a curve is of the form y = e**. If y = 6.0 when x = 3.6, find 

U and sketch the curve. 

17. The equation of a curve is of the form y = «**. If y = 11.0 when x = 6.0, find 
k and sketch the curve. 

18. Tile equation of a curve is of the form y = c**. If y = 0.30 when x = 1.20, find 
k and sketch the curve. 

19. The equation of a curve is of the form y = 2e^. If y = 10 when x = —0.8, 
find k and sketch the curve. 

20. The equation of a curve is of the form y = 3c**. If y = 4.0 when x = 2.10, find 
k and sketch the curve. 

86. The graphs of y = loQt x and y = logy^ x. T>ogarithms are usu¬ 
ally taken to the base e or the base 10. Figure 110 shows the graphs of 
y — logj X and y = logic x plotted point by point. 



(a) (b) 

FIG. no. 

Here again there are certain characteristic features. Both curves 
approach the negative end of the i/-axis as an asymptote; they have an 
a:-intercept at (1,0); they rise steadily as the tracing point recedes to 
the right, the curve to the base e rising more rapidly. 

It is possible to sketch roughly certain logarithmic curves in a manner 
similar to that for exponential curves. The type form of their equations 
is 


y = C logs (ax — k) C > 0 B > I 


a, k any numbers 
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1. Asymptote. 
which y - —CO . 


The asymptote is found by noting the value of x at 
By inspection this occurs when 


ox — = 0 


k 

X = - 

a 


The curve approaches the negative end of x — k/a &s an asymptote. 
2, x-intercept Since logs 1 = 0, the curve will cross the x-axis when 

+ 1 


ax — k — I 


X = 


a 


Thus is 1-^^ x-intercept. 

3. A Check Point, logs B = 1. We use this fact to obtain an ad¬ 
ditional point. Set 

ax — k = B 


B + k 


X — 


When ax - k = B,y = C logs B = C; i.e., . cj is a point in the 


locus. 


Example. Sketch roughly y = 2 loge -h 


I 

1 

1 

i 

-4 

1 

1 

1 


1 

1 ■ 1 1 


1 

ro 

0 2 4 6 

1 / 

-2 

7/ 

-4 

II / 

. 



1 

FIG. in. 




Solution, (a). Setting g -f 1 - 0, 

X = —3. The negative end of the line 
X -|- 3 = 0 is the asymptote, 

(6) Setting |-1-1 = 1»^ = 0. The 

origin is the intercept. 

(c) Setting g + 1 = e = 2.7, x = 5.1. 

2 / = 2 log« e = 2. (5.1,2) is a point in 

the locus. 

The curve is shown in Fig. 111. 


2 . y = loge ^ 


EXERCISE 42 

Sketch roughly the graphs of the following equations: 

1. y = log* 2x. 

4. y =» log. (x + 4). 

6 . y = log. (4 — x). 

1. y = log, (|+ l) • 

10 . y = logio (z — 6). 
12. y = logiQ (50 — X*). 


3. y = 2 log, X. 

6 . y = log, (x — 4). 

7. y = log, (8x — 5). 


8 . 


9. y = logio (x -1- 3)®. 
11 . y = logio (x* - 9). 
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87. The derivative of IoqbX. We shall obtain 
the increment method. Let 

y = logs X 

Now give X an increment Ax, and obtain 


this derivative by 


whence 

( 1 ) 


3 / + Ay = logB (x + Ax) 
Ay = logs (x + Ax) — logs x = logs 


X + Ax 


Next multiply and divide the last member of (1) by x 


( 2 ) 


. X, X + Ax 
A2, = - logB —- 


Divide both sides of (2) by Ax, and rearrange. 


Ax 


lx, X + Ax 

S ^ ‘“S'* 


= I logs (l + 


Taking the limit as Ax 


lhn^^ = ^=iriim log«fl + 


Since logs a; is a continuous function 




(3) 


dx 


= i logs liin A + —V 
X L Ax—»0 \ ^ / - 


Ax 


Here — corresponds to z in Sec. 84, equation (1) and 

X 


(3) now becomes 


lim fl + —y* = 

Ax—*0 \ X / 


= e 


fx = Tx " 


If we let B = e, log, ^ = 1, and [13-1] becomes 

i = I 


[13-1] 


[13-2] 


[13-2] is clearly much simpler than [13-1]; in fact the advantages in 
calculus of using e as the base for logarithms are so great that in the 
future when no base is specified the base e is understood. That is, 
log X means log, x. 

In accordance with [8-9], if a is a function of x, 

d .. . \ du 

-T- (log a) = - 
ax ® u dx 


[13-3] 


ANALYTIC GEOMETRY AND CALCULUS 


[Sec. 87 


170 


If a base B different from e is specified, 


d n \ 1 1 du 

Tx S dx 


[13-4] 


The letter M is commonly used to denote logio and its value is 

M = 0.43429 • • • 

Consequently, [13-4] becomes for this special case 

d ,, . M du 

Tx ¥ rfS 

The factor 3/, which converts natural logarithms to common loga¬ 
rithms, is called the modulus of the common system. 

Example 1. Find ~ 5)]. 

Solution. Apply [13-3], noting that u = - 5. 

/r, \ 

( 2 x) = 


T [log - 5)1 = 


x^ — 5 


In differentiating logarithmic functions it is most important to take 
full advantage of the properties of logarithms given in equations ( 10 ) 
to (13) in Sec. 83. 

Example 2. Find ^ (log Vx** — 2x + 1). 

Solution. _ 1 

log Vx^ - 2 x + 1 = 2 log (x-* — 2 x + 1 ) 

^ [i log (x^ - 2 x + 1 )] = Q) ^ _ sVtT " 


2 ) 


dx 


(log \/x^ — 2x + 1 = 


2x^ — 1 
— 2 x -)- 1 


Example 3. Find dy \l y = log ( 3 . 2 ^ 4 ) (3 -^ '^ 2 ' 

Solution. Rewrite the function as 

2 ^ = 1 log X -b log (x -h 1) — log (x^ -f 4) — 2 log (3 — x) 


Differentiating term by term, 

dy = ^ dx -\ - dx — 

^ 2x X + 1 


2x 


x2 -f 4 


dx + 


3 — X 


dx 


Often it is more satisfactory to leave the result in this form than to 
reduce it to a single fraction. 
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EXERCISE 43 

Find the derivatives of the following functions: 

2. y = log X*. 


1. y = log 8x. 

3. y = log (3 — x). 

5. y = logic (4 — x)*. 

7. y = log V(5 — 3x)®, 

9. y = log xHl — 5x). 
11. y = logs x{3 — 4x)\ 
13. y = X log Vi — 

16. y = logic 


1 


4. y = log 

O — X 

y = logic V4x — 1 . 

4 

8. y = log — 


-^(3 - 5x*)* 
10. y = log x“(3x — 2). 
12. y = logs x^(l — 2x)’. 
14. y = x* log VSx - 2. 

X 


17. y = log 


5 - 2x 
3x 

V2x - 1 


16. y = log 
18. y =* log 


10 


19. y = log (x -f Vl + x^). 


(1 - 4x)* 
x» 

V{1 + 2x)» 


20. y = log (x + Vx* — 1). 


Find the differential of the following functions: 


21. y = log (x* — 3). 
23. s = ]og * 


22. y = log (x — 4)*. 


25. z = log 


Vi - 

V^U'(l — u)*) 


24. s = log 


V(t 4- 1 


10 


27. r = log 


2 + 3ie 
f*(l + 20® 
V< - 3 


26. r = log 


10 


28. z = log 


Vs - 2(3 + 4j) 

( 5 + 2)3 
(2r +1)3(3 +4r) 


29. y = '-Hlf. 


Vx — 1 


31. y = , 

log X 

33. y = log log X. 

36. 8 — log® (< — 2). 


30. y = 


32. y = 


1 


log X 
logx 

Vi 


34. y = log log 

36. 2 = log® ■ 

Find -r-:» 3 —,» and, if possible, -r^ for the following functions: 
dx® dx® dx** 


37. y = log X. 

39. y = logic Vi. 

41. y = log -- 


38. y = X log X. 

40. y = logic V 2 — X. 

42. y = log 

Vx+ 1 


Differentiate implicitly to 6nd the required quantity. 

43. log (x® + y®) 4 - 2y — X = 0; find ~ 44. x log y + y® — 3x = 8; find dy. 

dr 


46. log (xy®) — y = 1 ; find dy. 

47. X® + 2? + log X3 = 100; find — 

dx 

49. «® + log (tfO — f* = 1 ; find ds. 


46. log (r 4- «) 4- rj = 10; find -j- 

ds 

48. y® log X — - = 2; find dy. 

y 

50* vl » log Vt t\ 6nd 

at 
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88. The derivatives of a* and e*. The derivatives of these functions 
are not found by the increment process, but by implicit differentiation. 
Let 

y = 

Then take the logarithm of both sides to the base e. 

(1) logy = X log a. 

Differentiate (1) implicitly with respect to x. 


Solving for 




| = = j,loga = aMoga 


[13-5] 


If u is a function of x, with the aid of [8-9] we get from [13-5] 

d , . , du 

dx = ““ “ Tx 


[13-6] 


If a = e, the formulas corresponding to [13-5] and [13-6] are, respec¬ 
tively. 


dx 

£ 

dx 


(^) = 


(e'*) = 


du 

dx 


[13-7] 

[13-8] 


dy . 


Example 1. Find ^ if y = 
Solution, g = 


Example 2. Find dy if y ^ 


—I 


v/i 


Solution. 


dy = 


(i^) 


dx 


2xy/x 

- 1 ) 


dx 


2xVi 


dx 


89. Logarithmic differentiation. At (1) in the derivation in the 
preceding section we had occasion to take the logarithm of both sides of 
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the equation. This device is helpful in many problems and quite 
essential in certain cases. 

Consider the function This function contains a variable with a 
variable exponent. It cannot be differentiated by the formula for x” 
because n must be a constant, nor does [13-5] apply because a must be 
a constant. However it can be differentiated thus: 

Let 

y = 

Taking the logarithm of both sides, 


(1) logy = xlogx 

Differentiating (1) implicitly. 




H- log X = 1 H- log X 


= y(l + log x) = x*(l + log x) 


The procedure of taking the logarithm of both sides of an equation 
and differentiating the result is called logarithmic differentiation. 

Logarithmic differentiation may occasionally be employed to ad¬ 
vantage in other cases, especially in problems dealing with relative error. 
This application will be considered in Sec. 92. We offer two more 
examples. 

Example 1. By logarithmic differentiation find dy if 


Solution. 


y = x ^(2 ~ 1 


log y = 2 log X -h log (z - 4) + ^ log + 1) 

dy _ 2 dx dz w dw 
y X 2 — 4 vx^ -h I 


In problems of this type the answer is usually left in this form. 

Example 2. Differentiate y = x" logarithmically. 

Solution. . . 

log y = w log X 


dy dx 

— = n — 

y X 


dx 


dx 


dy = ny — = nx'* 

X 


— nx 


n—1 


dx 


This extends the proof of the power formula (Sec. 60) to all values 
of the exponent for which the law of logarithms holds, viz., log x'* 
= n log X. It is true that n may have any real value, but we shall omit 
the proof. 
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EXERCISE 44 


Find the derivative of each of the following: 


1. y 
3. y 

6. y 

7. y 
9. y 

11 . y 
13. y 


10 *-^. 

xe^. 


= c*Vx* — 4 

= 


2. y 

4. y 

6. y 
8. y 
10. y 
12. y 

14. y 


c**. 

2 *-®. 


= ei*Vl - ®*, 




16. y = 


X- 2 


16. y = 


e 




X*- 3 


Find the differential of each of the following: 

17. y = 18. y 

19. 2 = c*" + 2 — 


21 . 5 = (2 - 


23. r = logtf'. 


26. u = log 


ve' 


- 1 


20. r = 
22. c = 
24. 9 = 
26. a = 


e* -f* *”*• 

(e* + «-•)*. 

g* 

(e’*+ 1 )’* 

log i. 

'“8 7 T 1 ■ 


d^u d^U d^V • 

Find -r%» and, if possible, of each of the following: 
dx* dx’ ax'* 


27. y = g*. 
29. y = xe~*. 
31. y = x*g*. 
33. y = g"^. 


28. y = g"*. 

30. y = xg*. 

32. y * g^^ 
34. y “ Vxg*. 


Differentiate each of the following, using logarithmic differentiation. 

3B. y = x'^. 36. y = x^'*. 

37. y = x'^ 38. y = x*'*. 

39. y = X*'. 40. y = x**. 

Using logarithmic differentiation, find the differential of the letter in the left-hand 
member. 

41. A = xy. 42. A = iirrh. 43. K = H 


44. r=- 


46. y » 


Ut 


Vu» + 1 


46. g = 


r*i 


(I - 2 )» 


In each of the following find the required quantity by differentiating implicitly: 
47. X y = xg**; find 

49. x’ + y’ = find dy. 

61. ig®* — ze^'^ = 0; find da. 

63. y = x**; find dy. 


du 

48. X® -h y* = g'*'; find g- 
60. xy = find dy. 

C ^ 

62. rg — g''^* = 0; find dr. 
64. rg = r*; find dr. 


90. Some formulas of integration. The acquisition of new formulas 
of differentiation permits the addition of corresponding formulas of 
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integration to our list, 
are 


New formulas which can be stated immediately 


/ — = ^ 

[13-9] 

a“ du = ^ 

log a 

[13-10] 

e'^ du = e*' -h C 

[13-11] 


Formula [13-9] calls for special comment. Note that it supplements 
and completes the power formula [12-5]. For emphasis we rewrite them 
both side by side. 


u” du = 


u 


n+l 


n + 1 


-f C n 7^ -1 



du = 


du 


u 


= log w + C. 


Example 1. 


dx 
5 “ X* 


Solution. By comparison with formula [13-9] u — 5 — x^, whence 
du = — 3x^ dx. By [12-4] a desired constant may be supplied in a differ¬ 
ential if compensation is made by putting its reciprocal outside the sign 
of integration. Hence 


X- dx 

5 — X® 


1 / — 3x- dx 
3 


5 — X* 


-ilog(5 - x3) -h C 


Example 2. (a) j 


(b) 


dx 


X - 2 


Solution. The integrand of (a) is (x — 2)“^2^ of (b) (x — 2)“^ 
(a) comes under the power formula, [12-5], and (6) under the logarithm 
formula, [13-9]. 


(a) 


ib) 


fix - 9.)-^ dx = + C = + C 

Vx -27 2 


dx 


X - 2 


= log (x - 2) -1- C 


Example 3. Jxe^'* dx. 

Solution. By compa^i^^on with [13-11] u 
Hence 


= 3x-, whence du = 6x dx 




xe^^* dx = - I (6x dx) = 


- .3.. + C 


Example 4 
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Solution. None of our formulas for integration applies to this problem 
as it stands. If, however, we first divide numerator by denominator, 

thus, a: + 1 

a: - l)x^ 

— X 
X 

a: — 1 

1 


we have 


j —^ dx = + 1 + = |- + X + log (a; - 1 ) + 

The device illustrated by this example should be noted. In general, 
to integrate a rational algebraic fraction whose numerator is of the same 
or higher degree than the denominator, divide until a remainder is 
obtained which is of lower degree than the denominator. Then in¬ 
tegrate the terms separately. 


f dx 
jsx- 

'7i^ 


®- /(4 - zY 
7. /(x + 2) dz. 
dx 


2 

2x - 6 


6X + 1 

13. ]e^dx. 

16. dx. 

17. J2x^dx. 


dx. 


19. 




21 


•/ 


Vx 


- dx. 


dx. 


23. Jl0*«dx. 
25. Jx3**(ix. 

•/ " 


27 


29. j 


V2 + 3x 
6 dx 

{i + 3x)’ 


EXERCISE 45 


I 

J 3 - 2x 
f dx 

'* J {1 - 

f dx 

■■ JT^ 
■/ 


X 

x-h 2 


X 
X dx 
3x* 


/ m - ..'-I-. 

14. fe ^ dx. 

16. /c'+*'®dx. 

18. /x*e‘-*'dx. 


dx. 


20 




22 . 


l/Vl 


dx. 


xV^ 

24. Ji^dx. 

26. /xl0>-*'dx. 

I -ir 


28 


30. J 


2 + 3x 

6x dx 
2 + 3x 
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31 


33 


36 


37 


- 3x -f 4 
x-\- 1 

x* - -f- 5 


/ 
/ 

h 


i - X 
+j: 

- 3)2 


dx. 


dx. 


dx. 


dx. 


dx. 


41./ 


43 


+ e* 

? 

X dr. 


dx. 


■ 





38. 

40. 

42. 

44. 


/ 

/ 

/ 

/ 

/ 

/ 

/ 


(2x. 


a^ + 4 
x» - 3x + 7 
4 — X 
2x’ 4- 3x 


1 — X 

(jr - g)« 
X - 3 


dx. 


dx. 


- 4 


dx. 


- log X dx. 

X 

dx 


X log X 



91. Integration by parts. Starting with formula [ 11 - 9 ] for the 
differential of a product, viz., 

d{uv) = u dv + V du 

we have 

( 1 ) udv = d{uv) — vdu 


Integrating ( 1 ) term by term, 

ju dv = uv — jv du 


[13-12] 


[13-12] is called the formula for integration by partSy or the parts 
formula. Notice that it does not integrate the left member completely; 
it merely expresses it in terms of a different integral which possibly 
may be easier to integrate than the original. 

Example I. J log x rfx. 

Solution. Apply the parts formula, letting u = log x, dv = dx. 
Compute du and v as shown here. 


In general. 



dv = dx 

V = X 


J log X dx = X log X — 



= X log X — jdx 
= X log X — X + C 


J log u du = u log 


u - u + C 


There are several points to be noticed in connection with integration 
by i)arts. First, in choosing u and dv everything in the integrand must 
be included in one or the other, and dv must include dx. Second, no 
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constant need be added in integrating dv. Third, if the first choices 
of u and dv are not successful, try other combinations. 

Example 2. dx. 

Solution. Several choices of u and dv are possible; e.g., u = x^, 
dv = dx; u = dv = dx; u = xe*, dv = x dx; etc. Trying the 

first, 

JxVdx = xV - ^jxe^dx w = x^; dv = dx 

du — %x dx; V — e* 

In this example we have not completed the integration in one opera¬ 
tion, but the integral in the right member is simpler than the original, 
and hence we apply integration by parts again to xe* dx. 

Jx^e^ dx = x^e* — 2 (xe^ — Je* dx) u = x; dv = ^ dx 
= — ^xe^ -h -\~ C du ^ dx; t) = e* 

= c-(x 2 - 2 x + 2 ) + C 


EXERCISE 46 


1. Jze^ dx. 

3. fx^ !og X dx. 

6. fx V X — ^ dx. 

7. JxVi* — 2 dx. 
9. jx‘e~^dx. 

U. 

J V4 — X 


13 


I 


x^dx 


16. 


(1 + 
f x^ dx 

j 


dx 


19 


21 


x^dx 


-h 1 

^ dx 


■/ 

■ /(«* + i)“ 

23. /x(e^ - 1) dx. 

26, jx log^ X dx. 

e^dx 


27 


•/ 


1 


2 . [xe^'^dx. 

% 

I 

4. J X l og X dx. 

6. Jx VSx — 4 dx. 
8. /xVSx* — 4 dx. 
10. Jx’Vx -2 dx. 


12 


■/ 


X dx 


(3 -h xy 


14. /x^VO ^ 3^ dx. 


16. 


f dx 

i V4^' 


18. /(e-+ e-')*dE. 
^ dx 


20 . 


22 




X»)3 

e^dx 


/ve*-ri 

24. Ji (e* + e^) dx, 
y log 2x 

./ ^ 


26 


28 


dz. 


1 


92. Relative error; percentage error; miscellaneous applications. 
In Sec. 76 we considered errors and approximations, using the definition 
of the differential of a function, dy = /'(x) Ax. This equation gives 
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an approximate formula for the absolute error in the function caused 
by an error Ax in the argument. 

The relative error in a quantity equals its absolute error divided by 
the quantity involved. Denoting the quantity by y, y being a function 
dy 

of Xy — is an approximate expression for the relative error in y caused 
by an error Ax in the argument. But ^ is the differential of log y; 
hence if 2/ =/(x),— may be obtained directly by logarithmic dif- 

y 

ferentiation. 


The percentage error in a quantity is its relative error expressed in 
per cent, i.e., the result obtained by multiplying the relative error 
by 100 and adding the per cent symbol (%). 

Example 1. The altitude of a right circular cone is exactly 250 cm., 
but there is a possible error of 5 cm. in measuring the radius of the base, 
(a) What is the relative error in the volume if the radius is measured as 
175 cm.? (6) What is the percentage error? 


Solution. V — ^(250)r*. 

Employing logarithmic differentiation. 


log T = 2 log r + log 250 + log tt — log 3 

dV 2 dr 


(a) The possible relative error in the volume is 


dr 

r 


f 175 cm. 
dr^S cm. 


10 

175 


0.057 


(6) The possible percentage error is 5.7%. 

Example 2. The base and altitude of a right triangle are measured 
with a possible error of 1% in the base and 3% in the altitude. What is 
the percentage error in the computed area? 

Solution. Letting x denote the base of the triangle, y its altitude, 
and A its area. 



log ^ = log X + log y + log ^ 


180 ANALYTIC GEOMETRY AND CALCULUS [Sec. 92 

The statement that the possible percentage error in the base is 1% 
means — = 1%; similarly, ^ = 3%. 

X y 


dA 


= 1% + 3% - 4% 


We add some further miscellaneous applications of logarithms and 
exponential functions. 

Example 3. Find the equation of the tangent to y = log (x - 2) at 
its x~intercept. 

Solution. The x-intercept is found by equating x - 2 to unity. 


Y 



RG. 112. 


x-2 = l x = 3 
(3,0) is the x-intercept. 

dy _ 1 

dx X — 2 

^ ^ = 1 
dx (3,0) 3 — 2 

The equation of the tangent is 

2 / - 0 = l(x - 3) 

X - y - 3 = 0 


Example 4. Find the maxima, minima, and points of inflection of 
y = xe^\ also sketch the curve. 

Solution: We find y, y'y and y”. 


(1) 

y ^ xe^ 

(2) 

y* = e^ix + 1) 

(3) 

y" = e^(x 4- 2) 


Setting (2) equal to zero, x = -1 is the critical value of x, and 
(- 1 ,- 1 /e), or (-l,-0.37), is the critical point. Since y' changes sign 
from — to + at ( —1, —0.37), this 
point is a minimum. 

Setting (3) equal to zero, x =* — 2; 
whence by (1) y = — 2/e^ = —0.28. 

Since y" changes sign at ( — 2, — 0.28), 
the point is a point of inflection. The 
slope of the inflectional tangent is 

-0.14. fig. 113. 

Proceeding to the left from the 

point of inflection, notice that the curve is rising and also that it con¬ 
tinues indefinitely to rise since we find no maximum in this region. From 
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(1), when X is negative, y is negative. This limits the curve in the region 
under discussion to the strip between y = — 0.28 and y = 0. Apparently 
the curve approaches the ar-axis from below as an asymptote, and this 
is in fact the case, although our reasoning does not prove it. (Conceiva¬ 
bly the curve might rise to an asymptote parallel to the x-axis, but a 
finite distance below it.) 

The curve has an intercept at the origin; it is not symmetrical to 
either axis or to the origin. The sketch may be completed by computing 
a few additional points. 

Example 5. Ten grams of a certain substance is being dissolved; 
the number of grams, q, left undissolved at the end of t sec. is given by 
q — 10^“® Find approximately the change in q when t increases 
from 100 to 102 sec. 

Solution. The required change is approximately dq. 

dq = 10(-0.01)e-« ®>' At 

= -0.1e-oo‘'A< 


At the time specified t = 100 sec., Af = 2 sec. 


dq 


f»100 sec. 
3ec« 


= -O.le-o 


. 01 ( 100 ) 


( 2 ) 


- 0.2 


* -0.2e-i = 

e 

-0.074 g. 

q decreases approximately 0.074 g. in the specified interval. 

Example 6. Find the area bounded by the curve y = log z, the x-axis, 
and the line z — e. 

Solution. The required area sub¬ 
tends the interval I ^ x ^ e on 
the z-axis (see Fig. 114), and its 

area is r, 

A = I log z dx 


Integrating by parts, (Sec. 91, Exam¬ 
ple 1), 

A = (zlogz — z)J = e— e — 0~hl 
= 1 square unit 



EXERCISE 47 

Sketch the following curves, paying special attention to ma.xinia, minima, an<l points 
of inflection: 

1. y = 

3. y = 5(1 - e-*). 


2. y = 

4. y = 3(2 - 
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1. y= X log X. 

9. 2/ = X — log X. 



10. y = - + log X. 

X 


11. Find the equation of the tangent and the normal to y = 26"^ at its y-intcrcept. 

12. Find the equation of the Ungent and the normal, and the length of the subtangent 
and the subnormal, at the point of the curve y = whose abscissa is 2. 

13. Find the equation of the Ungent to y = log x* parallel to the line 2x - y - 5 = 0. 

14. In Prob. 13 End the disUnce from the point of Ungency to the given line. 

16. Find the equation of a tangent to y = e* passing through the origin. 

16. Find the equation of a Ungent to y = log x passing through the origin. 

17. A particle moves in a straight line so that its disUnce s in feet from the origin at 
the end of i sec. is given by s = c". What is the velocity of the particle (a) when ( = 0? 
(b) when i = 1? (c) when t increases without limit? 

18. A particle moves in a straight line so that its disUnce s in feet from the sUrting 
point at the end of t sec. is given by s = lOc-"*. What is the velocity of the particle 
(a) when t = 0? (6) when t = 2? (c) when t increases without limit? 

19. A particle moves in a straight line so that its disUnce s in feet from the sUrting 
point at the end of ( sec. is given by a = 10 — 10e“*. WTiat are the values of the disUnce 
and the velocity (a) when t = 0? (6) when i = 1? (c) when ( = 2? (d) when t increases 
without limit? 

20. The shape assumed by a flexible cord hanging freely between two points of support 

is called a catenary. Its equation is of the form y = ^ "h Discuss and plot the 

curve for a * 1. and discuss the effect on the shape of the curve produced by using dif¬ 
ferent values of a. 

21. The general shape of the probability curve used in sUtistics is given by y = 

Discuss and plot the curve for 0 = 1 and a = 2. How is the curve changed by varying 
C? How is it changed by varying a? 

22. If the radius of a circle may be measured with a possible error of 3%, what is the 

possible percenUge error in the computed area? 

23. If the strength of a wooden beam is proportional to the product of the width times 
the square of the depth, what is the possible percenUge error in the computed strength 

of a beam whose width is 2 ± He i°- whose depth is 8 ± H io-? 

24. A trapezoidal lot has a fronUge of 300 ± 3 ft. on one street and a fronUge of 200 
± 2 ft. on a parallel street. The disUnce between the parallel streets is 250 ± 1.5 ft. 

Find the possible percenUge error in the area. 

26. If a number is known as 144 ± 1, what is the relative error in the square root of 

the number? What is the percentage error in the square root? 

26. If a number is known at 100 ± 1. what approximately is the absolute error in 
the reciprocal of the number.^ What approximately is the relative error in the reciprocal? 

27. If a number is known as 0.01 ± 0.0001, what approximately is the absolute error 
in the reciprocal of the number? What approximately is the relative error in the reciprocal 

28. If a measured value of x is x = 5.00 ± 0.02, what is the uncerUinty in log X? 
Check by tables. 

29. If a measured value of x is x = 15.0 ± 0.1, what is the uncerUinty in logio x? 
Check by tables. 
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30. If a measured value of x is a: = 2.00 ib 0.01, what approximately is the absolute 
error in e*? What is the relative error? What is the percentage error? 

31. A square is about 25 in. on a side. How accurately must the side be measured 
if the computed area must be accurate within 1%? 

32. A sphere is about 20 cm. in diameter. How accurately must the radius be measured 
if the computed volume must be accurate within 3%? 

33. If a certain rope is wound around a post with t turns and held with a force of S lb., 
it will withstand a pull P on the other end given by P = Se^. If t is exactly 1 turn and 
S = 25 ± 1 lb., find approximately the possible absolute error in P, and the possible 
percentage error. 

34. Using the formula in Prob. 33, if S = 25 =b 1 lb. and t = 1.00 db 0.05 turns, find 
approximately the possible absolute error in P and the possible percentage error. 

4 

36. If w = , , . - 7z —;—» find X when y = 2.0 ± 0.1. 

1 + log (1 + x) 

36. The allowable steam pressure in pounds per square inch in certain boilers is given 
by P = Ti/SD. T — tensile strength of the material of the boiler in pounds per square 
inch of cross section; / = thickness of the material in inches; D = diameter of the boiler 
in inches. What is the p>ossible percentage error in P if T == 50,000 ± 1,000 Ib./sq. in., 

t = Ke ± H 4 in-, nnd D = 50 ± H 

37. The mean effective pressure P in a steam-engine cylinder is given by 




1 -b log P 

R 


P — mean effective pressure in pounds per square inch; p = initial pressure in pounds 
per square inch; P is a variable depending on several items. What is the possible per¬ 
centage error in P if p — 100 ± 3 Ib./sq. in. and P = 4.0 ± 0.2 units? 

38. Fluid friction is used to slow down a flywheel in accordance with the formula 

r = 400e-*' 


where V equals the number of r.p.m. of the wheel at time / in seconds, k is & constant. 
Find A* if K = 200 ± 5 r.p.m. when / = 10 d: 0.5 sec. 

39. Find the area bounded by the curve y = xe*, thex-axis, and the ordinates at x = 0 


and X = 1. 

40. Find the area bounded by the curve y = the x-axis, and the ordinates at 


ar = 0 and x = 6. 

41. Find the area bounded by the curves y = 3c*^*, y = 3c“*'*, and x = 4. 

42. Find the area in the third quadrant between the x-axis and the curve y — xe*. 
lying to the right of the minimum ordinate of the curve. 

43. Find the urea bounded by the x-axis, the curve y = x — log x, the minimum 
ordinate of this curve, and the line x = e. 

44. Find the area bounded by the x-axis, the curve y = lOxe"^'*, and the maximum 


ordinate of the curve. 

46. Find the area between the x-axis and the curve y = 4 (logx)/x and bounded by 
the maximum ordinate of the curve and the ordinate at x = e“. 

46. Find the area bounded by y = x log x, the x-axis, from x = 1 to x = e. 


47. Find the equation of the family of curves for which 



Find the equation of 


dy 


1 


the particular curve through (0,3). 

48. Find the equation of the family of curves for which ^ Is y = log Cx a 

correct answer? 
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49. Find the equation of the family of curves for which ^ What is the equation 

of the particular curve which passes through (1.3)? 

60. Find the equation of the family of curves for which V- (Hint: Write the 

equation as — = dx\ integrate both sides. Show that the answer may be written y — Ce‘.) 

61. Find the equation of the family of curves for which ^ = ^2/ (see Prob. 50). Find 
the equation of the curve through (l,2e*). 

62. Find the equation of the family of curves for which ^ = g Prob. 50). Find 
the equation of the particular curve through (0,4). 

63. Find the equation of the family of curves for which ^ = log x. Find the equation 
of the particular curve through (1,4). 

93. Hyperbolic functions. Hyperbolic functions are certain special 
combinations of exponential functions that are frequently useful. 

The hyperbolic sine of u is denoted by sinh u and is defined as 


sinh u = 


e“ — e 
2 


— U 


[13-13] 


The hyperbolic cosine of u and the hyperbolic tangent of u are denoted, 
respectively, by cosh u and tanh u and are defined by 


cosh u = 


2 


[13-14] 


, sinh u 
tanh u * —r— 

cosn u 


- e-^ 


[13-15] 


The names hyperbolic sine, etc., are derived from an analogy between 
these functions in connection with the equilateral hyperbola = 1 

and the ordinary trigonometric functions in connection with the unit 
circle + t/' = 1. 

The hyperbolic cotangent of u, hyperbolic secant of u, and hyperbolic 
cosecant of u are denoted, respectively, by coth w, sech w, csch w, and 
they are the reciprocals of tanh u, cosh u, and sinh u, respectively. 

The hyperbolic functions also have inverses called the antihyperbolic 

functions; thus 

u = sinh“‘ X if X = sinh u 
and so on for the other functions. 

The hyperbolic functions may be evaluated for numerical values of 
u by direct substitution; also by substitution numerous identities 
involving the functions may be established. 

Example 1. Evaluate cosh 0. 
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Solution. By substitution in [13-14], 


cosh 0 = 


2 


1 + 1 
2 



Example 2. Verify cosh- u — sinh^ u = 1. 

Solution. By substitution, 

2 j I 2 J " 4 I 


EXERCISE 48 


1. Evaluate sinh 0, tanh 0, colh 0, sech 0, csch 0. 


Verify the following identities: 

2. tanh* u sech* u *= 1. 

4. sinh 2ti = 2 sinh i/ cosh u. 


6. sinh (—li) = —sinh u. 
cosh (— m) = cosh M. 
tanh (~ii) = — tanh w. 


3. coth* u — csch* u = 1. 

6. cosh 2u = cosh* u sinh* u 
= 2 cosh* u — 1 
= 1-1-2 sinh* u. 


7. If X = sinh u — 


8. If X = cosh u — 


e" — c““ 
2 

e“ -t- e-“ 


» derive u = sinh ‘ x = log (x -)- vx* -f 1). 


» derive u = cosh ‘ x = log (x ± Vx*— l); x ^ 1. 



If u is a function of x, show that sinh u = cosh u 

ax 


du 

dx 


10. If u is a function of x, show that ^ cosh u = sinh u 

dx dx 


11. Show that -j- (sinh * 

dx 

12. Show that (cosh”‘ 

ax 


X) 


1 

v'^TT 

±1 

Vx* - 1 


(see Prob. 7). 
(see Prob. 8). 
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94, Graph of y = sin x. The first question which arises in plotting 
the graph of any trigonometric function is the question of units. Shall 
X be measured in degrees or in radians? At the moment the choice is 
arbitrary, but for a reason which will appear later in the chapter the 
radian is the better unit to choose. 

The definition of a radian is as follows: A radian is the angle subtended 
at the center of any circle by an arc equal in length to the radius of 
that circle. A unit circle provides a convenient means of representing 
geometrically an angle and its functions. 

Figure 115(a) shows a unit circle with typical central angles Xi, 
X 2 , X 3 , and their corresponding arcs Xi, X 2 , X 3 , and their sines sin Xi, 


Y 



FIG. 115. 


sin X 2 , sin X 3 , respectively. In Fig. 115(6) the arcs Xi, X 2 , X 3 have been 
unrolled from the circle and laid along the x-axis to locate the points 
whose abscissas are Xi, Xj, and X 3 . At each point Xi, X 2 , X 3 , in ( 6 ) ordinates 
of length sin Xi, sin X 2 , sin X 3 , as found in (a), have been erected to de¬ 
termine three points on the graph of y = sin x. The locus of all points 
determined in this manner is the required curve y = sin x. The ad¬ 
vantage of this method is that it produces a common scale of distance 
for representing an angle and its sine (or any other function). 

It is suggested that the student carry through the construction for 
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one or two points more in Fig. 115. A little thought will show that as the 
angle passes through the second quadrant the sines will decrease; in the 
third and fourth quadrants they will be negative; and as the angle goes 
through successive revolutions the values of the sines are repeated. 
Figure 116 shows on a smaller scale than Fig. 115 a larger portion of the 
curve y = sin x. 


Y 



Although we have taken considerable pains to show how to provide a 
common scale for an angle and its functions because this is a matter of 
practical importance, different scales may be chosen if this produces a 
more desirable figure for a special purpose. 

As an alternative to the graphical method one may simply take a 
table of natural sines and plot them against the angle in radians or 
degrees by adopting arbitrary scales on the axes. 

An examination of the curve in Fig. 116 shows certain characteristic 
features. Starting at the origin, the ordinates increase from 0 to 1 as x 
increases; then they decrease to —1; and thereafter they oscillate back 
and forth between — 1 and 1 at regular intervals. 

Curves whose equations are of the form y = a sin {kx -h 6) are all 
called sine curves^ y = sin x being ‘*the sine curve.” We shall discuss 
three distinct properties of sine curves. We shall assume temporarily 
that a and k are positive; b may be positive or negative. 

Since sin (kx + b) varies between 1 and —1, inclusive, the ordinates 
of y = a sin (kx + b) vary between a and —a, inclusive. Graphically 
a measures the amount by which the curve departs from the x-axis 
on either side; or a sine curve lies within the band y = ±a. 

The maximum amount by which a sine curve y = a sin (kx + b) 
departs from the x-axis on either side is called the amplitude of that 
sine curve; its value is given by the coeflBcient a in the type form. 

When a curve may be formed by the continued repetition of some part 
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of itself, it is said to be periodic. More formally, a function has a 
period p if p is the smallest constant for which f{x =b p) = f{x) for all 
values of x. From trigonometry we know that the sine of an angle 
repeats its values in the same order after the angle has increased by one 
complete revolution, or 2x rad. Hence, 

2 / = a sin lk{x ± p) + 6] = a sin {kx + 6 + 2x) 

Equating the angles, 

kx ik kp b = kx + b + Qw 
^ kp — 


2t 



It is customary to ignore the ± sign and say that the period of a 
sine curve is 2x/fc. 

Looking again at p = a sin (kx + 6), we restate the facts that the 
coefficient a controls the amplitude of the curve, and k is associated 
with the period through the formula p = ‘^w/k. The term 6, as yet 
unused, controls the displacement of the curve along the x-axis. Setting 
A-x + 6 = 0, x — ^b/k. When x = —b/k, y — a sin 0 = 0; i.e., 
(— 6/A,0) is a point of the curve. The point ( —6/A,0) corresponds to 
the origin in the curve y = sin x. Starting from this point, the curve 
rises to its maximum at the first quarter point of its period, crosses 
the x-axis at the mid-point, attains its minimum at the third quarter 
point, and returns to the original value at the end of the period, ready 
to repeat the cycle. 

We shall call the quantity —h/k the displacement of the curve. 

During the discussion we have assumed that a and k are positive. 
If a Is negative, the amplitude, period, and displacement are unchanged, 
but starting from ( —6/fc,0) the curve takes on negative values and 
reaches its minimum at the end of the first quarter period and thereafter 
continues to run through its cycle of values in the order opposite to 
that when a is positive. If k is negative, we use the relation y = 
a sin ( — Ax -h 6) = —a sin (kx — b) and proceed as before. 

95. Rough sketch of a sine curve. With the aid of the amplitude, 
period, and displacement discussed in the preceding section it is possible 
to sketch a sine curve with sufficient accuracy for many purposes. We 
illustrate with an example. 

Example. Sketch the curve y = 2 sin (%x — 3^). 

Solution. Compare this equation with the type form 

y — a sin (kx -f- b). 
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By the formulas in the preceding section the amplitude is 2; the period 
is — Stt; the displacement is found by solving for z the equation 

- 3 ^ = 0 . 

To make the sketch (see Fig. 117) draw the boundary lines at ?/ = ±2 
to show the amplitude. (The figure is neater if these lines are drawn 


Y 



with pencil and erased from the final figure.) Next mark off the dis¬ 
placement X = ^ on the x-axis from the origin. From this point count 
off Sx — 9.42 units on the x-axis; this is the length of the first period. 
Mark the points at one-quarter, one-half, and three-quarters of the way 
along the period. At the first quarter point the curve reaches its 
maximum (is tangent to the boundary line); at the mid-point it crosses 
the x-axis; and at the third quarter point it reaches its minimum. With 
these few points a good, rough sketch may be made, and the operation 
may be repeated to right and left as many times as desired. 

96. Graph of y = cos x. The graph of y = cos x is identical with that 
of 2/ = sin X if both are plotted to the .same scale, except that the cosine 
curve is displaced one quarter of a period to the left of the corresj)onding 


sine curve. 


This follows from the fact that y = cos x = sin 



By their definitions the amplitude of y = sin 



is 1, its period is 


27r, and its displacement is — 7r/2, i.e., one quarter of a period to the left. 

In Fig. 118 a portion of the graph of y = cos x is shown plotted to the 
same scale as y = sin x in Fig. 116. Compare them carefully to verify 
the statements made in the text. 

For a curve of the form y ~ a cos {kx + b) the same considerations 
apply as for the corresponding sine curve. The amplitude is a, the 
period is ^x/ky the displacement (from y = cos x) is ~b/k; however, 
after the point x = —b/k has been located on the x-axis, the maximum 
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ordinate must be erected at this point and the graph of the first period 
developed therefrom. 



i/=C0S X 

FIG. 118. 


EXERCISE 49 

Sketch the following curves, noting the amplitude, period, and displacement of each. 
Sketch at least one full period. It is suggested that as large a scale be chosen as the 
paper conveniently permits. 

1. ?/ = 2 sin X. 2. 1/ = sin 2x. 


3. v = cos - 
^ 2 


6. y = sin (2x — 4). 

7. v=3si„ 

9. 

11. y = sin (x -f* «■)• 

13. y = sin (tt — x). 

16. = ^cos(|- 2x)- 

irt . . /2ir irx\ 

17. 


2. y — sin 2x. 

4. y = cos (x + 2). 


6. y = 3 cos 

8. y = 5 sin 
10. y = 4 cos + j) 

12. y = 2 cos 

14. y = cos (tt — x). 

16. y = 2sin (^-f) 

18. y=|cos (1-?). 


19. Plot very accurately, using tables and taking angles at intervals of ir/li: (a) y 
= sin x; (6) y = cos x. 


97. Other trigonometric curves. Besides the sine and cosine curves 
we shall mention others briefly. 

y = tan x. As x increases from 0 to 7r/2, tan x starting from 0 in¬ 
creases without limit. Accordingly the tangent curve has an asymptote 
at X = 7r/2. Other asymptotes arc found at x = 3ir/2, 57r/2, • ■ • . 
and at X = — 7r/2, — 3-7r/2, • • • . 

The tangent curve is periodic with period tt because tan (x =t r) 
= tan X for all values of x. The graph of y = tan x is shown in Fig. 119. 
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The more general equation y = a tan {kx + h) is displaced with 
reference to y = tan x by the amount 

— b/k (assuming that a and k are y 

positive); its period is 7r/fc; its 11 i |! |j 

,, , 6^/2n + l\7r 1 I 

asymptotes are at zfc I —^— I Ij Ij |l 

Different values of a cause the curve /1 / I /1 

to rise more or less rapidly than y / • / I / 

= tan Xy but this effect is generally / I / I / I 

inconspicuous in a rough sketch. / I / l / ' 

Replacing the coefficient a by its — lE~7o — il r /tt - 

negative inverts the graph of the I 2/ Ij/ 

curve relative to the x-axis. If I / I / I 

the sign of k is negative, use the I / I / I 

relation y = a tan { — kx-\-b)= i/ |/ I 

— a tan {kx — b) and proceed as i| ij I 

above. ** * 

y = cot X. This curve is left as an y- tan 


iZ 

I 2, 


y = tan x. 
FIG. 119. 


exercise. 

y = sec X. As x increases from 

0 to 7r/2, sec x starting from 1 increases without limit. As x increases 
from 7r/2 to tt, sec x increases from — oo to — 1; and so on. A sketch 
is shown in Fig. 120. 

y — CSC X. This curve is left as an exercise. 



i/ = sec X 
FIG. 120. 
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EXERCISE 50 


1. Sketch y = cot x. 

2. Consider y — a cot {kx + 6). Find its displacement with reference to y 
Find its period. Find the equations of its asymptotes. 

3. Sketch y = esc x. 

4. Consider y = a sec (kx + 6). Find its displacement with reference to y 
Find its period. Find the equations of its asymptotes. 

Sketch the following curves: 


* cot X. 


sec z. 


6* y = r tan x. 

^ 3 

7. y = cot ~ 
9.y=*csc (f-^) 

13. y = tan — x)^- 


16. y = sec (“ a? 


6. y = tan -• 

X 

o, y — 3 sec -• 

10. y =s - cot y 
12. y = 3 CSC 2x. 

14. y = cot 

16. y = CSC — x^ 


98. Inverse trigonometric functions; graphs; principal values. If 
X — sin y is solved for y, we write y = sin“^ x and read it is the an¬ 
gle whose sine is x,” or *^y is the inverse sine of 
X.’** Occasionally also y is called the “antisine 
of X.*’ Another much used notation for sin~^ x 
is arc sin x. Other inverse trigonometric functions 
are denoted and read similarly. 

It should be noted that the inverse trigonometric 
functions are many-valued. 

Since y = sin~^ x means x = sin y, the graph 
of y = sin"^ x may be taken from the equation 
X = sin 2/, which is simply the sine curve of am¬ 
plitude 1 and period Stt plotted along the y-axis. 
The graph is shown in Fig. 121. 

The graphs of the other inverse trigonometric 
functions may be constructed by the same general 
principle. The graph of y = tan“^ x is shown in 
Fig. 122. The others are left as exercises. 

The fact that the inverse trigonometric func¬ 
tions are many-valued leads to problems in cal¬ 
culus that have not arisen in the case of other 

• sin”' X docs not mean 1/sin x. If it is desired to express the latter as a power, it must be 
written (sin x)“‘. 
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functions. For example, suppose that we know the general formula for 
the derivative of 1 / = sin"^ x and wish to find the slope of the curve 
when X = 3^. The problem is ambiguous because there are different 
answers according to which of the possible points of the curve (see 
Fig. 121) is selected. 

Y 



To eliminate this and other difficulties it has been found expedient 
to agree upon a range of values for each of the inverse trigonometric 
functions so that for each value of the argument there shall be just one 
value of the function. Such a range of values constitutes the principal 
values of the inverse trigonometric function concerned. 

The accepted ranges of values of sin-‘ x and tan"* x are 

— ^ ^ sin"* ^ — 2 ( — l^x^l) 

— — ^ tan"* x^-^ (—CO <x<co) 

The arcs composed of the principal values of the inverse sine and 
inverse tangent functions are shown by heavy lines in Figs. 121 and 122. 

respectively. . . 

Of less importance are the principal values of the inverse cosine and 

inverse cotangent functions. They are 

0 ^ cos"* X^TT (l^x^— 1) 

0 ^ cot"* x^TT (co^x^- 00 ) 

We shall not need to define the principal values of the inverse secant 
and inverse cosecant. 
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In the remainder of this book, when a value of an inverse trigono¬ 
metric function is required, it will be understood that the principal 
value is to be used unless otherwise stated. 


EXERCISE 51 

1. Plot y = cos"* x; mark the range of the principal values. 

2. Plot y — cot"* x; mark the range of the principal values. 

3. Plot y = sec"* x. 4. Plot y = esc"* x. 


State the (principal) value of each of the following: 

R -1 / 

6. cos - 


6. tan"* V^. 

« 1 

8. cos * -• 

11. cos"* 1. 

14. cot"* (—Qo). 


9. sin * 0. 

12. tan"* ( —co). 
16. tan"* 00 . 


7. sm"*(-l). 

10. cot-*(-l). 

13. cos-*(-l). 
16. sin-(-i)- 


99. Addition of ordinates. The method of curve plotting which we 
shall discuss in this section is quite general in principle, but in practice 
it is most effective in combinations involving simple functions which 
individually can be plotted roughly by inspection. The method is 
called plotting by the addition of ordinates and will be illustrated by 


examples. 

Example 1, Plot y = 2 sin a: + sin Sx. 

Solution. By inspection the term 2 sin x is a sine curve with amplitude 
2 and period 27 r; sin 2x is also a sine curve with amplitude 1 and period tt. 
First we shall plot them both to the same scale on the same axes as 


shown in Fig. 123. 

The procedure is this; At (a,0) draw a vertical line; let yi be the 
ordinate of y = 2 sin x at (o,0) and y^ be the ordinate of y = sin 2x 
at (a,0). Using dividers (or a ruler) add y^ to y\ algebraically to obtain 
the point marked (a, y\ + yf). It is from this step that the method 
takes its name. This point, by construction, is a point of the locus 
of y = 2 sin X + sin 2x. This process is continued until the curve is 

sufficiently outlined. 

Certain points are found especially easily. Wherever one curve has 
an x-intercept, its ordinate is zero and the ordinate of the other curve 
becomes the sum of the ordinates. Points of this kind are marked in 
Fig. 123 with small circles. Enough additional points are marked by 
crosses to outline the curve which is not drawn in order that the student 
may draw it himself after he has convinced himself that each point is 
correctly obtained. 
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A curve plotted by this method is sometimes called a compound curve 
and sometimes the resultant of the separate curves which contribute to 
it. Such curves are important in physical theories involving wave 
motions, for example, in the theory of sound and of alternating currents. 



FIG. 123 

Example 2. Plot ^ ^ 

Solution. This differs in one detail from Example 1 in that it calls 
for the difference of two functions of x instead of their sum. The pro¬ 
cedure of the former example may be used if the ordinate of cos x is 
subtracted algebraically from the ordinate of x/% at each step. This may 
lead to confusion, and a variation of the method is suggested as being 
preferable. Write the equation as y = x/9. + ( — cos x). The functions 
x/2 and —cos x are plotted separately and their ordinates added as 

in Example 1. 

The details of the example are shown in Fig. 124, where circles and 
crosses have the same meaning as in Example 1. The resultant is drawn 
with a heavy line. 

A figure showing two curves and their resultants tends to become 
confused unless care is taken in drawing it. In any case the scale 
should be taken as large as conveniently possible and the resultant 
drawn with a heavy line or, if possible, with a different color. 
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FIG. 124. 



7. 1 / = 2 cos I — sin 2x. 

9. y = cos X — cos 2x. 

X 1 

11. y = 2 sin - + I sin 2x. 

13. y = 2 sin x — cos x. 

16. y = 2 sin X + 3 sin ^ 

17. y = sinh X. 


8. y = 4 sin 2x + 2 sin Sx. 

10. y = 3 sin ^ — 2 sin irx. 

irx 

12. y = — cos-^- 

U. y = 2 sin X - ^ sin 2x. 

irx . /tx t\ 
16. y = 2 cos Y + 3 sin 

18. y = cosh X. 


iOO. Curves having a boundary. Another special method is useful 
when the function to be plotted consists of the product of two functions 
one of which involves a sine or cosine. Consider the following; 


Example 1. Plot 3/ ” ^ 

Solution. Since sin ttx varies between —1 and 1, the value of y 
varies between -x/% and x/2; and the lines y = -x/2, y = are 
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boundary lines which the graph of y = | sin tx will periodically touch 

but never cross. Plot y = -x/2, y = a:/2, and y = sin irx in the usual 
wayj they are all drawn in Fig. with dashed lines. The required 
locus is drawn with a full, heavy line. 



FIG. 125. 


After the dotted curves have been drawn, certain points of the required 
locus are easily located. When either of the factors is zero (i.e., at an 
x-intercept), their product is zero. These points are marked with 
circles. When sin ttx =* 1. the curve is tangent to the line y = x/2; 
when sin ttx == —1, the curve is tangent io y = — x/2. A rough sketch 
may be drawn, using the x-intercepts and the points of Ungency; if more 
accuracy is required, additional points must be computed numerically. 

The curves which mark the boundaries of the required locus (e.g., 
j.y'g and y = — x/2 in the example) are caUed bouTulary curves; the 

locus itself is called a product curve. Curves of this type are found in the 

study of damped vibrations. 

EXERCISE 53 


2. y as e */i sin jtx. 

4 TX 

4. y = - cos — • 

^ X* . XX 

6 . 


Sketch roughly the following curves: 

^ X 2xx 

1. y = gcos—• 


3. y = e*'* cos xx. 


, 4 . 2xx 

6. = 
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7. j, - £ cos 8. y = sin 2x. 

U X 

9. yc**/* = sin —■ 10. y = (i - 1) cos y • 

201. lim^^ = i. In Fig. 126, AB is an arc of a circle with radius 
e-*o 0 

unity subtending an angle 6 at the center 0. CB and AD are perpen¬ 



dicular to OA. Then CB = sin 0, OC = cos 0, AD = tan 0. and if 6 
is measured in radians, arc AB — 6. 

Now 

area of triangle OCB — }^0C * CB = cos B • sin B 

area of sector OAB — }/^0A • arc AB = 

^ , , .. , . sin ^ 

area of triangle OAD = }40A • AD — tan 0 - cos0 

Evidently, 

area of triangle OCB < area of sector OAB < area of triangle OAD. 
That is, ^ cos B ■ sin B <^B < ^ Dividing by - sin 



cos 6 < 


6 

sin & 



1 

cos B 


Now, if 0 » 0, cos B 


1 and 1/cos 0 —♦ 1, hence by (1) 


Then 


lim-T^ = 1 
9-^0 Sin 6 


lim 

^0 


sin B 
~B~' 


lim 

sin 0 


1 


lim 

9-^0 


B 

sin B 


1 


Note carefully that this limit holds only if B is measured in radians. 
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102. Derivatives of the trigonometric functions. The derivative oi 
sin X is found by the increment method. Letting y = sin x, give x an 
increment Ax; then 


V + Ay 

Ay 


= sin (x -b Ax) 

sin (x 4- Ax) — sin x 
= sin X cos Ax + cos x sin Ax — sin x 
= cos X sin Ax — sin x(l — cos Ax) 


Multiply numerator and denominator of the last term by 1 + cos Ax 


Ay = cos X sin Ax 


sin x(l — cos* Ax) 
1 4- cos Ax 


Divide by Ax, noting that 1 — cos* Ax = sin* Ax = (sm Ax)(sin Ax). 

sin X 


Av sin Ax 

^ = cos X 


Ax 


Ax 


(sin AX) 

1 4- cos Ax V Ax / 


By Sec. 101, lim = 1; hence lim = 1. 

^0 O At —»0 

Therefore in taking the limit as Ax -> 0 the terms in the preceding 
equation approach various limits as indicated in the next line. 


Ay dy 

hm -IT - ^ - <^os X 
Ax aX 

dy 

-r- - cos X 
dx 


(1) -("-^)(i)(o) 


[14-1] 


sin 0 


Since lim 

$-*o c' 


= 1 is true only when 6 is measured in radians, by 

accepting this formula for use in the course of the proof we have com¬ 
mitted ourselves to measuring angles in radians whenever we use 
[14-1] or any of the remaining formulas which depend upon it. If x is 
measured in degrees, the right member of [14-1] must be multiplied by 
ir/180, the factor which converts degrees to radians; i.e., when x is 

measured in degrees, ^ cos x. Because the factor 7r/180 makes 

an awkward formula, it is agreed in the future to express angles in 
radians exclusively in formulas of differentiation and integration. 

By the usual rule for the derivative of a function of a function, if 
u is a function of x, 


d , . . du 

Tx “ di 


[14-2] 


The derivatives of the other trigonometric functions may be found 
by using suitable trigonometric identities without resort to the increment 



200 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 102 


melbod. In deriving the following forniulas, u is a function of x having 
a derivative 


dx 


A 

dx 


cos u = sin 
(cos u) = cos 


\du 
dx 


d , X , du 

^(cosu) = -smu^ 


[14-3] 


dx 


(tan u) - 


sin u 

tan u = - 

cos u 

cos u cos u — sin u( — sin u) ^ 

cos^ u dx 

cos* u + sin^ u du _ 
cos* u dx 

dr. ^ 2 du 

^ (tan u) = sec^ u ^ 


1 du 
cos* u dx 


[14-4] 


The student may verify that the derivatives of the remaining trigono¬ 
metric functions are 



^(cotu) = -csc^ug 

[14-5] 


d / ^ . du 

^ (sec u) = sec u tan u ^ 

[14-6] 


d r ^ . du 

— (cscu) = -CSC u cot u^ 

[14-7] 

Example 1. 

Find ^ if u = cos 4x. 
dx 


Solution, ^ 

dx 

— — sin 4x -A (4x) = — 4 sin 4x, 

dx 


Example 2. 

\{ y = sec X*, find dy. 


Solution. 

dy = d(sec x*) = sec x* tan x* d(x*) 



— 3x* sec X* tan x* dx 


Example 3. 

Find ^ if y = sin* c"**. 


Solution. 

- 4(sin* c"**) (cos c"*') («“**) ( — 2) 

dx 



= — 8e“*^ sin* cos 
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EXERCISE 54 


1. Derive the formula for ^ (cot u) 


(formula [14-5]). 


2. Derive the formula for ^ (sec u) (formula [14-6]). 


3. Derive the formula for (esc u) 

ax 


(formula [14-7]). 
4. Differentiate y = cos x by the increment method. 


Differentiate the following 
6. y B sin Sx. 


= tan 


7. y 

9. y = 3 sec ix. 
11. y 


(—i) 


. 1 
Sin -• 
x 


13. y 

16. y 

17. y 

19. y 
21. y 
23. y 

26. y 

27. y 
29. y 


=S cot 


Vi 

sin’ 5x. 
tan’ -• 

X 

gtia U 

3 tan 
log sec X. 

log sin’ 3r. 

X* CSC ix. 
sin iz tan x. 


31. y = sin z log x. 


cos’ e**. 
1 


= sin* 


3x 


33. y 

36. y 

37. y 
39. y = Vl -b sin x. 


= cot* e'’ 1”*. 


41. y = log Vsec’ 2x — 1. 


43. y = 

46. y - 

47. y = 


1 — cos X 
1 cos X 
sin 2x 
1 — cot 2x 


V 


1 -j- sin X 
1 — sin X 


49. y = log 


vT^ 


sin X 


tan* x(l + CSC 2x) 


6. y = 

8. y « 
10, y = 
12. y = 


cos|. 

cot(f- 

2 CSC (1 

cos Vx. 


4x^ 

- x) 


14. y = sec (x* -|- 1). 


16. y 

18. y 

20. y 
22. y 
24. y 

26. y 

28. y 

30. y 
32. y 
34. y 
36. y 

38. y 
40. y 


= esc’ 


cos’ 3x*. 

1 

3x* 
sin «•*. 

2^Un I*, 

sec log X. 

log cos Vx. 

sin Vi. 
cos’ X CSC 3x. 

«** cos -• 

X 

tan* Vi. 


sec* «■ 


sin’ (1 — xx)^. 




42. y = 


44. y = 

46. y = 


3 tan 
1 


Vsin X — cos X 
tan X 
1 -f- CSC X 

CSC X — tan x 4- sin x 


48. y = log 


60. y = log 


sm X 

sec X (1 — tan x)’ 
cos 2x 

(2 — COS x)* 
sin’ 3x cot I 
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61. y = ze* sin Sz. 62. y = «*** sin 2z cos 3z. 

63. y = z* tan - esc 2z. 64. ^ = sin 3x cos 2z sec z. 

In Probs. 55 to 61 6nd the required differential. 

66. z sin + 2 / cos z = 1; 6nd dy. 66. zy + sin (z + ») = 4; find dz. 

67- r® — 4r cos 0 + sin* 0*0; find dr. 68. r* sin 0 — r cos 20 = 2; find dr, 

69. sin z cos* t/ + sec z tan y = 1; find dy. 

60. log tan (z + y) 4- sec z cot y = 2; find dz. 

61. ® ^ cos 0 = 3; find dr. 

Differentiate by logarithmic differentiation. 

62. y = z-‘“". 63. y = z“'* 

64. y * (tan z)*. 66. y = (sec z)'*« *. 

JOS. Derivatives of certain inverse trigonometric functions. To 
differentiate y = sin“^ x, write 

(1) sin 2 / = X 

Since we have restricted sin“* x to its principal values, 


— — ^ y ^ -T 


Differentiating (1) implicitly, 


cos y 


^ = 1 


dx 
dx 


cos y 


In the stated interval for y, cos y = Vl — x^; hence. 


^ -X ^ I 

(sin * X) = 


c/x dx ' ' y/\ — 

As usual, if u is a differentiable function of x, 

d . . , . 1 du 

(sin‘* u) = - -y- 

dx Vl — 


In a similar manner it may be shown that 

^ (tan“^ u) = ^ 


du 


dx 


1 + dx 


[14-8] 


[14-9] 


[14-10] 


Formulas [14-9] and [14-10] are the most important ones of the inverse 
trigonometric group. The formulas for the derivatives of cos"^ u and 
cot“* u can be remembered easily since they are the negatives of the 
inverse-sine and inverse-tangent formulas, respectively. For example. 



Sec. 104] 


TRIGONOMETRIC FUNCTIONS 


203 


in the intervals of their principal values, cos“‘ u + sin“^ u — 7r/2; 
hence, 


^ (cos ^ u) + 


-j - (sin“^ u) = 0 
ax 


^ (cos“^ y) ~ (sin“^ u) =- ^ ^ 

ax ax y/i _ y 2 ax 


EXERCISE 55 

1. Using principal values, show that cot“‘ u + tan“‘ u = irll. 

2. Derive a formula for ^ (cot“' u). 


Differentiate the following: 
Z. y — tan“‘ 3z. 

6. y = sin“* 


1. y = tan“* (1 — *). 
9. y = cos ‘ • 


11. y = cot * 2*. 
13. y = sin“* r*. 
16. y = *. 



19. y = (sin”' x)*. 



23. y = X sin”* x. 

26. y = log cos”* X. 

27. y = 

29. y = 


31. y = Va* - + 




4. y = sin * 4i. 

6. y = tan”* 

8. y = sin”* (1 — S®). 

2 

10. y = cot * -• 

X 

12. y = cos”* 3x. 

14. y = tan”* e*. 

16. y = cos”* Vx. 

18. y = sin”* e*. 

20. y s= Vtan”* x. 


22. y = (cor* x)*. 


24. y 

26. y 
28. y = X 

30. y ~ e 
32. y 

34. y 


e* tan * 2x. 
cot”* (log x). 


^ —laQ“* \t 


« N j. 


log + Ian ' - 

a 


Vx* — a* — d cos”* -• 

X 


36. y = 


Vo*— X* 


— I 

— $m ^ • 


a 


104. Integrals of the trigonometric functions, f sin u du and 
J cos u du are obtained by inspection from differentiation formulas 
[14-3] and (14-2). They are 

J sin u du = —cos u C 
f cos u du = sin w + C 


(14-111 

[14-12] 
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From formulas [14-4] to [14-7] we write, by inspection, 

J sec^ u du = tan u 4- C 
J csc^ u du = — cot u + C 
J sec u tan u du = sec u + C 

/ CSC u cot u du — —CSC u -\- C 


[14-13] 

[14-14] 

[14-15] 

[14-16] 


The integrals of the remaining trigonometric functions, namely 
/ tan u duj / cot u du, / sec u du, and / esc u du, all lead to logarithmic 
expressions. 

.. J.. _ fsin u _ fd(cos u) 


J f sin w J f d(cos t 

tan u du — f - du — — f — - 

J cos u J cos u 


/ tan u du = —log cos u C = log sec u C [14-17] 

Similarly, 

/ cot u du = log sin u C [14-18] 

A device used to evaluate / sec u du consists in multiplying and 
dividing the integrand by sec u -h tan u. 


/ , f sec u (sec u H- tai 

sec u du — I -^- 

J sec u -|- tan u 


tan u) 


du 


/ sec u tan u H- sec^ u , 

-—r - du 

sec u -f tan u 


Similarly, 


J* sec u du = log (sec u H- tan u) C 
/ CSC u du — log (esc u — cot u) C 


[14-19] 

[14-20] 


Also many integrals involving trigonometric functions may be 
integrated by the methods of Chaps. 12 and 13—the power, logarithm, 
and exponential formulas or integration by parts, with the m or f> of 
one of those formulas representing a trigonometric expression. 

Example 1, /a: sin dx. 

Solution. Formula [14-11] applies with u = x^ du = 2x dx. 


/ 


sin X* dx 


J 


sin (2x dx) 


= — 5 cos x^ + C 


Example 2. J cot® 2x esc® 2x dx. 

Solution. This may be integrated by formula [12-5] with u = cot 2x, 
du = —9, CSC® 2x dx, n = 3. Then, 


/ 


cot* 2x CSC® 2x dx 


J 


cot* 2x ( — 2 CSC® 2x dx) 


-IcoVix + C 
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Example 3. f tan® x dx. 

Solution. As it stands, this does not come under any of our formulas 
of integration. However it may be done thus: 

J tan® X dx ^ j (sec® x — 1) dx — j sec® x dx — j dx 

= tan X — X + Ct using formula [14-13] 

A similar device may be used for / cot® x dx. 

Example 4. jx sin x dx. 

Solution. This is integrated by parts, letting u = Xy dv — sin x dx, 

jx sin X dx = —x cos x + J cos x dx u — i dv = sin x dx 

- sin X — X cos x + C du — dx v — — cos x 


Example 5. fe* cos 2x dx. 

Solution. This is integrated by parts, letting u — e^, dv = cos 2x dx, 
whence du — e^ dx, t; = 3^ sin 2x. 



e* cos 2x dx = - e* sin 2x 

2 


-If 


e* sin 2x dx 


No progress seems to have been made, but we start over again 
from the original integrand, letting u = cos 2x, dv = e* dx, whence 
du - sin 2x dx, v — e^. 

(2) je^ cos 2x dx = cos 2x + 2je* sin 2x dx. 

To eliminate Je* sin 2x dx, which occurs in both (1) and (2), multiply 
(1) by 4 and add (2), getting 

5je^ cos 2x dx = 2e* sin 2x + e* cos 2x 
f e^ cos 2x dx = ^ (2 sin 2x + cos 2x) + C 


EXERCISE 56 


1. Write out the details for formula (14-18). 

2. Write out the details for formula [14-20]. 


cos I dz. 


3./ 

6. j sin dz. 

7. / tan ttx dx. 

9. j CSC ^ dx. 

11. / sec* id dd. 

13. j 

16. /i* sin z* dz. 


2* 

tan* - dx. 
3 


4. / sin 5x dz. 

6. / cos {1 — 3z) dx. 

8 . jlcol^dx. 

10. / sec 2x dx. 

12. / CSC* 3z dz. 

14. j cot* ^ dt. 

16. je* cos e* dz. 


1 
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17. f ^ sec’ - dx. 

J X 

19. Je' tan ^ di, 

21. / sin’ z cos X dx. 
23. J cot ^ CSC* ~ dx. 

26. j tan^ iB sec’ 25 dB. 

27. Je'**' * sec’ z dx. 


■ f- 

y CO 

■ 

y CO 


sin 25 
cos 25+1 


(i5. 


sin X 
cos’ z 




33. J (cosz)V'l + sin z dz. 


ITT^’ /"” f f)’ 

39. f ~ ' dt. 40. f S?££^ 

J sin i y 1 — CSC z 

41. J(1 +tan’25)£i5. 42. J(tan z + sec z)* dx. 

43. fe^ sec’ dx. 44. f . - dz. 

./ vtan TTZ 

46. j sin ^ dz. 46. ysin(Iogz)^* 

47. J sin 5 sin 25 <i5. 48. / sin’ z esc’ z dz. 

f KA r ^ 

i 1 — cos 5 y 1 + cos 5 

61. Jz cos 2zdz. 62. Jz* sin zdz. 

/ 6 d 

- CSC* - d5. 

66. Jsin’(d(. 66. / cos’z dz. 

Problems 57 and 58 are important integrals; the answers may be noted for reference 

67. / sin’ z dz. ^ — 7 sin 2z + C. 

It 4 

[Hint: By trigonometry, sin* z = — cos2z).) 

68. J cos’ X dz. -4ns. ^ ^ sin 2z + C. [Hint: cos* z = ^(1 + cos 2z).] 

69. / sin* 25 d5. Use answer to Prob. 57 as a standard formula. 

60. J cos’ 35 do. Use answer to Prob. 58 as a standard formula. 

61. J sin* - do. Use answer to Prob. 57 as a standard formula. 

62. J cos* ^ do. Use answer to Prob. 58 as a standard formula. 

63. sin 5 d5. 64. J**® cos 5 d5. 

66. Jc** cos 3x dz. 66. je~* sin 4( di. 

67. /c-«sin2^d/. 68. /«"** cos 2z dz. 


dz. 


18. /4z tan z* dz. 

20. / —^ cot Vz dz. 
y V X 

22. / tan’ 5 sec’ 6 d0. 
24. J cos* 3z sin 3z dz. 

26. /( sin f* cos (* di. 

r cos z , 

28. / --:— dz. 

y 1 — sin z 

30. Jtf sin 3z dz. 

f CSC* t 

”• i cot* ( 


/ S€ 

r^-±i 

J cos 


sec* z 


dz. 


tan z 


+ sec 25 
cos 25 


do. 


1. J sin — i dz. 


CSC z 


JA f CSC z cot z , 

40. / --dz. 

y 1 — CSC z 

42. /(tan z + sec z)* dz. 
44. 

J V tan TTZ 


sec* irz 


tan TTZ 


46. J sin (log z) 

48. / sin’ z CSC* z dz. 

f do 

“• } 1 + coT^‘ 

62. Jz* sin z dz. 

64. / I CSC* I d5. 

66. / cos’ z dz. 


-4rw. 7 — 7 sin 2z + C. 
2 4 


1 . 


-4ns. - + - sin 2z + C. [Hint: cos* z = ^(1 + cos 2z).] 
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lOS. Integrals involving inverse trigonometric functions. Two more 
formulas of integration are 




du 



[14-^11 

[14-22) 


These should be verified by differentiation. (Review formulas 
[14-9] and [14-10].) Their use involves no principles not already covered, 
but we offer a warning that it is easy to become confused among integrals 
involving powers, logarithms, and inverse trigonometric functions. 


Example 1. 
Solution. 


dx 


- 25x2 


dx 


dx 


V4 - 25x2 


V22 - (5x)2 


1 


= - sin 
o 


-f+ c 


1 f 5 dx 
5 j Vr- - (5xp 


Example 2. 


dx 


4x2 ^ I2x + 25 


Solution. The method in this problem consists in regrouping the 
terms in the denominator so that they exhibit the sum of two squares, 
i.e., to arrange it in the form a2 -|- u^. 


dx 


dx 


dx 


4x2 + i2x -1-25 / 4x2 -H 9 -I- 16 j 42 + C2x 4- 3) 


1 


d(2x 4-3) 1 , 2x 4- 3 

—- = - tan"^-i— 


2 j 42 4- (2x 4- 3)2 8 


4- C 


Example 3. J tan“‘ x dx. 
Solution. Integrating by 
dx 


parts, let u = tan“‘ x, dv = dx; also 


du = 


1 4- x2 


» r = X. 


tan“‘ X dx = X tan ‘ x — 


X dx 

1 -I- X2 


= X tan“* X — ^ log (1 4- x2) 4- C 
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EXERCISE 57 

1. 

Is it correct to write 




f — du 

= cos ‘ - + C = 
a 

-sin-*--f C 

a 


J Va“ - u* 

2. 

Is it correct to write 




f -du 

■ 1 if _l_ /^ — 

_ 1 fan”* — A- C 


J 

cot !✓ —' 

a a 

a a 

3. 

f . 

A 

r dx . 

J 4+ 25x» 


7 Vo - X* 

6. 

f dx . 

6. 

f ^ . 

7 Vi - Ox* 

7 25x* + 36 

7. 

f . 

8. 

f ^ . 

7 Vo - 4x» 

7 25 + 16x* 

9. 

[ . 

10. 

r dx 

7 3 + 8x* 

7 V7 — 2x* 

11. 

r -dx , 

12. 

f -d^ . 

7 1 + 92* 

7 V l — 4x* 

13. 

fxdx 

14. 

f xdx 

7 9X= - 1 

7 3 + 4x* 

15. 

f dx 

16. 

f dx 

7 a:* + 4x + 13 

7 X* + 6x + 10 

17. 

f dx 

18. 

f dx 

7 10 + 12x + 4x* 

7 V5 — 4x — X* 

19. 

[ dx 

20. 

/■ <Jx 

7 V3 - 2x - X* 

7 V-8 -{- 6x - x» 

21. 

f dx 

22. 

f dx 

7 V2x — X* 

J 17 — lOx + 25x» 

23. 

r dx 

24. 

/■ ^ 

7 26 - 6x + 9x* 

7 V — 2x - X* 

26. 

f 

26. 

f 

7 V — 4x — X* 

7 V2x - 4x* 

27. 

[ dx , 

28. 

r dx 

7 V2x - 9x* 

J 100 + 60x + 25x* 

29. 

f..^dx 

30. 

f ^dx 

7 vi - x> 

7i + x* 

31. 

fixdx 

32. 

f ^dx 

7 9+ X* 

7 Vl - 4x* 

33. 


34. 

f dx 

7 r* + 1 

7 Vl - X* 

35. 

/x=+l''*- 

36. 

/■ X* — 2x , 

7^+1^- 

37. 

f ^ dx 

38. 

f ^ 

7 1 + e* 

Jvi-e^ 
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M f ^ 

7 (1 + *») tan-> x‘ 

67. J sin”* X dx. 

69. /x* tan”* x dx. 



“■ /(IT?? "• 

“■ / fr? 

r psin • X 

64. / dx. 

./ Vl - j* 


dx 

1 — X* sin"* X 

68. /x tan"* x dx. 

60. / cos”* X dx. 



i06. Miscellaneous applications. Trigonometric and inverse trigono¬ 
metric functions occur in the same types of problems as other functions 
—geometric applications, maxima and minima, errors and approxima¬ 
tions, areas, etc. 

Example 1. Sketch the curve y = sin- x. 

Solution. 

y = sin- X. 


2 /' = 2 sin X cos x 



= sin 2x. 



y" = 2 cos 2x. 



FIG. 127. 
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Setting (1) = 0, 

sin 2x == 0, 2x = 0, d=7r, =t27r. 




dcTT, 




The usual tests show that, when x = 0, ±7r, ±27r, • • • , the curve 

• • • » the curve attains a 


. • • 1 TT StT 

attains a minimum; when x = ±- 7 ^- 

2 2 


maximum. 
Setting (2) 


= 0 


^ Stt 
2 cos 2x — 0, X = =t-» ±—» 


• • 


and y = for each of these values for x. Since y" changes sign at 
each of these values of x, the points (±7r/4,J^), (d=37r/4,J^), . . . are 
points of inflection. The slopes of the inflectional tangents are alter¬ 
nately + 1 and —1 as shown in Fig. 127. 


Many problems in maxima and minima that can be solved with 
algebraic variables may also be solved as well, or better, by using 
trigonometric functions. 

Example 2, If the strength of a wooden beam varies as the product 
of the width times the square of the depth, find the dimensions of the 
strongest beam that can be cut from a circular log 16 in. in diameter 
(see Exercise 30, Prob. 15). 

Solution. Using the lettering shown in Fig. 128, the strength S of 

the beam is 

S ~ kxy^ 

— k{ 16 y cos 6 sin^ 6 

1 Q 

(3) -jT = 4096A;(2 sin 6 cos^ 6 — sin* B) 

ad 

Setting (3) = 0, 

sin 6(2 cos'* 0 — sin^ 0) = 0 

Obviously sin ^ = 0 does not give a maximum; 
from the other factor, 

sin* 6=2 cos* 6 
tan 6 = “\/2 

By tables or by a triangle construction, sin 6 = 0.815, cos 6 = 0.580, 
and the beam is about by 13 in. 

Example 3. At a track meet a photographer with a motion-picture 
camera stands right on the finish line of the 100-yd. dash and 5 yd. to the 
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side of the lane of the leading runner, who runs steadily and is timed in 
10 sec. flat. At what rate is the photographer rotating his camera to 
keep it pointed at the runner when the latter is 20 yd. from the finish? 

Solution. Figure 129 indicates the angle 6 through which the camera 
is rotating when the runner is x yd. from the finish. His rate of speed 
is —10 yd./sec. (a negative quantity since x is decreasing). 


6 = tan * 



de 

dt 


de 

dt 


dx 

Ti 


= —10 yd./sec. 


ar = i0 yd* 


dt 


dx 


25 + x^ dt 
5 

25 + 400 


(- 10 ) 


— 2 

rad./sec. 


I I 



FIG. 129. 


The camera is being turned at the rate of 0.12 rad./sec. 

Example 4. Find the area bounded by one arch o( y = sin x and the 

x-axis. 

Solution. Figure 130 shows the 
arch from x = 0 to x - tt. 




A = j sin X dx =■ —cos x 
'0 

= —( —1) + 1 = 2 square units 

Example 5. f v'a~ — x^ dx. 
Solution. The integral in this example is frequently used and should 
be noted for reference. 

Multiply numerator and denominator by Vo^— x-. 



x/a* — x^ dx = 


a 


2 _ 1.2 


■n/g^ — x' 
I" G^ dx 

j \/a} — X 


dx 


+ 


(— X- dx) 
\/ a? — x^ 


The last term is integrated by parts, letting u = x and dv = 


— X dx 

V a} — x"^ 


whence du ~ dx and v = v g^ — x^. 


j Vg^ — x^ dx = G- sin ' “ + x Va- — x^ — j 


V G^ — x^ dx 
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Transposing the integral in the right member, 

2 / dx — x^/a^ — x? 4- sin“^ - 

J ^ 

J\/a^ — dx = ^ + a* sin“‘ ^ ^ 

EXERCISE 58 

1. Find the maxima, minima, and points of inflection of y = cos* x, and sketch the 
curve. 

2. Plot y = sin X 4“ cos x by adding ordinates, and check the curve by finding maxima, 
minima, and points of inflection analytically. 

3. Find the slope of y = a sin kx at its several x-intercepts. 

4. Prove that y — x sin x is tangent to its boundary line (Sec. 100) at x = jr/2. 

6. Prove that y — e~* cos x is tangent to its boundary curve at x = 0. 

6. Find the maxima, minima, and points of inflection of y = 2 sin* x, and sketch the 
curve. 

7. Find the maxima, minima, and points of inflection of y = 4 cos* x, and sketch the 

curve. _ 

8. Sketch the curve y = sin tt \/x. 

Solve Probs. 9 to 21, using trigonometric functions. 

9. What is the shape of the rectangle of maximum area that can be inscribed in a 
circle of radius a (Exercise 30, Prob. 5)? 

10. What is the shape of the rectangle of maximum i>erimeter that can be inscribed 
in a circle of radius a (Exercise 30, Prob. 6)? 

11. The equal legs of an isosceles triangle are each 36 in. long. What should be the 
length of the base to make the area of the triangle a maximum (Exercise 30, Prob. 11)? 

12. The stiffness of a beam of rectangular cross section varies as the product of the 
width and the cube of the depth. Find the dimensions of the stiffest beam that can be 
sawed out of a log 16 in. in diameter (Exercise 30, Prob. 16). 

13. Find the sides of the isosceles triangle of maximum area that can be inscribed in 
a circle of radius 6 in. (Exercise 30, Prob. 22). 

14. Find the radius and altitude of the right-circular cylinder of maximum volume that 
can be inscribe<l in a sphere of radius 6 in. (Exercise 30, Prob. 23). 

16. Firul the radius and altitude of the right-circular cylinder of maximum lateral 
area that can be inscribed in a sphere of radius 6 in. (Exercise 30, Prob. 24). 

16. Find the radius and altitude of the right circular cone of maximum volume having 
a given slant height L. 

17. An electric-light pole stands in a backyard 2 ft. from a fence which is 16 ft. high. 
Find the length of the shortest guy rope from the pole to the ground outside the fence 
that just clears the fence. How high up the pole must it be attached? 

18. .4 heavy pole 32 ft. long is carried horizontally along a hallway 4 ft. wide. If it 
is carried around a corner into a corridor at right angles to the hallway, what is the mini¬ 
mum width of the corridor that wdll admit the pole? 

19. At what height on a wall should a light bulb be placed to produce maximum bright¬ 
ness of illumination at a point on the floor 8 ft. from the wall if the brightness varies 
directly as the sine of the angle between the light ray and the floor and inversely as the 
square of the distance from the bulb? 
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20. A gutter with a triangular cross section is to be made by nailing together two boards 
of equal width. What should be the angle between the boards to obtain the maximum 
carrying capacity of the gutter? (Neglect overlapping at the joint.) 

21. Two beacons, A and B, on shore 6 mi. apart, are in a line perpendicular to the 
straight course of a passing ship S, and the nearer beacon is 2 mi. from the course. Where 
will the ship be when the angle ASB is a maximum? 

22. A radius of the circle x* + y* = 100 starts from the x-axis and rotates about the 
origin at the rate of 2 rad./min. At what rate is the area of the triangle bounded by 
the radius, the x~axis, and the vertical line at the extremity of the radius changing when 
the radius has rotated 30°? when it has rotated 60*? For what angle is the area a maxi¬ 
mum? 

23. The area of a triangle is K ~ ab sin y. If a, b, and y start from zero and a 
increases at the rale of 2 in./scc., 6 increases at the rate of 3 in./sec., and y increases at 
the rate of 2*/sec.. how fast is the area of the triangle increasing at the end of 10 sec.? 

24. The face of the Town Hall clock is 8 ft. in diameter, and the minute hand just 
reaches to the edge of the face. How fast is the distance from the tip of this hand to the 
top of the face decreasing when it is 20 rain, before the hour? 

25. In Prob. 24 how fast is the distance from the center of the clock to the line joining 
the lip of the hand to the top of the face changing at the time specified? 

26. A runner starts at a point /I on a circular quarter-mile track and runs steadily at 
the rate of mi./min. .4 straight board fence is tangent to the track at /I. A light is 
placed at the center of the track. How fast is the shadow of the runner moving on the 
fence when he has completed one-sixth of the circuit? Give answer in feel per second. 

27. Two railroad tracks diverge at an angle of tt/S rad. One locomotive leaves the 
intersection at 30 mi./hr., and a second leaves the intersection on the other track 20 
min. later at 40 mi./hr. How fast are they separating 1 hr. after tlie first one left? 

28. An airplane is flying at a height of 4,000 ft. above level ground at 200 mi./hr. 
The direction of flight is such that the airplane will pass directly over a .searchlight on the 
ground, and the light is kept pointc<l at the airplane. .4t what rate in radians per second 
is the searchlight being turned when the airplane is 3,000 ft. tlistant horizontally? 

29. AB, the mast of a derrick, and AC, the boom, are hinged at .'I. AB = AC = 25 ft. 
If the distance BC is being reduced at the rate of 2 ft ./sec., how fast is angle 5.40 changing 
when BC = 25 ft.? 

30. A toy locomotive moves with uniform speed around a circular track 6 ft. in diameter 
with an angular velocity of 2 rad./sec. What is its linear velocity along the track? (Hint: 
s = rO.) 

31. A semicircular garden 100 ft. in radius is open to the west and has a wall around 
the eastern semicircle. The rays of the setting sun shine on a man walking along the 
western boundary at 6 ft./sec. and throw his shadow perpendicular to the boundary 
against the wall. How fast is his shadow moving on the wall when he is 80 ft. from the 
center? 

32. Find approximately the change in y = V2 sin x cos x when x changes from 
45* to 46*. 

33. Find approximately the change in r = sin’ 0 cos 0 when 0 changes from .30* to 31°. 

34. Find the possible error in cos 0 if 0 is near 30* and the possible error in measuring 
0 is 20 seconds. (Hint: Write d(cos 0) = —sin 0 A0; and so on.) 

36. If an angle can be mcasure<l with a possible error of 30 secon<ls, what is the extent 
of acute angles that can be so measured if the allowable error in their co.sine,s is (u) 0.0001 ? 
( 6 ) 0 . 001 ? 

36. Find 0 and the possible error in 0 if the tangent of 0 is measured as x = 1.750 
± 0.005. (Hint: Write 0 = tan“‘ x; etc.) 
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37. In Prob. 36 how accurately must x be measured if the allowable error in 9 is 1 
minute? 

38. If an angle can be measured with a possible error of SO seconds, what is the extent 
of the acute angles which can be so measured if the error in their computed sines must 
be less than 0.00005? 

39. If an angle can be measured with a possible error of 30 seconds, what is the extent 
of the angles that can be so measured if the allowable error in their tangents is 0.005? 

40. If the sine of an angle can be measured with a possible error of 0.00005 and if the 
allowable error in the computed angle is 20 seconds, what is the extent of the sines that 
can be so measured? 

41. The hypotenuse of a right triangle is measured as 100 ft., and one of the acute angles 
is 30^. Assuming that the hypotenuse is exact and that there is a possible error of 1*’ in 
the angle, what is the possible error in the area of the triangle? 

42. Knowing that tan 45® = 1, compute approximately tan 46® by using differentials, 
and check by comparing with tables. 

43. Knowing the functions of 30®, compute approximately the sine and cosine of 29® 
by using differentials, and check by comparing with tables. 

44. If y = sin x and x = t/S dh 0.01, what is the relative error in y? 

46. If the hypotenuse of a right triangle is a constant c and one acute angle is $, what 
is the relative error in the area of the triangle if ^ = 30® =fc 20'? 

46. In Prob. 45 for what value of 6 will the relative error in the area be numerically 
least? 

47. A particle moves on the x-axis so that its distance (feet) from the origin at time t 
(seconds) is given by x — 8 cos t. This is an example of simple harmonic motion, some* 
times called to-and-fro motion, (a) Write equations for the velocity and acceleration of 
the particle. (6) What are the initial (< = 0) displacement, velocity, and acceleration? 
(c) At what times and at what positions of the particle does it attain its maximum and 
minimum displacements, velocities, and accelerations? (d) What are the amplitude and 
the period of the motion? 

48. Answer (a) to (d) in Prob. 47 for a particle whose equation is x = 5 sin 

49. Answer (a) to (d) in Prob. 47 for a particle whose equation is x = 1 — cos -wl. 

60. Find the area bounded by the x-axis and one arch of y = S cos x/4. 

61. Find the area bounded by y = tan x, the x-axis, and the ordinate at x = ■■/4. 

62. Find the area bounded by y = x, y — sin x, and x = t. 

63. Find the area in the first quadrant bounded by y = sin x, y = cos x, and x = 0. 

64. Find the area in the first quadrant between the x-axis and the arch of 
y = e~‘ sin xx, starting at x = 0. 

66. Find the area bounded by y = sec x, y = 0, x = 0, and x = x/4. 


66 . 

67. 

68 . 



Find the area in the first quadrant bounded by y = x and y = sin - x. 

Find the area in the first quadrant bounded by x = 0, y = 0, and y = «' 

Find by integration the area of the circle x* + y* = o*. 

X* y* 

Find by integration the area of the ellipse tj; + ^ 

1 o ^ 


cos I X. 


60. 

and X 

61. 

and X 


Find the area bounded by y = 

= 2 . 

Find the area bounded by y = 


8 


4 -I- X* 

24 


V36 - x» 


» the x-axis, and the ordinates at x 


» the x-axis, and the ordinates at x 



-2 

-S 



Chapter 15 


PARAMETRIC EQUATIONS 


107. Parametric notation. As we explained in Sec. 27, the notation 
y ~ /W expresses y explicitly in terms of x, and f{x,y) - 0 defines y 
implicitly in terms of x. A third kind of notation uses a pair of equa¬ 
tions to define both x and y in terms of a third letter, e.g.. x == sf(0> 
y = k{t). The third variable, in this case t, is called the parameter^ 
and the pair of equations are called parametric equations for x and y. 
If the parameter is eliminated between the pair of equations, it leads 
either to an explicit or to an implicit equation connecting x and y, so 
that broadly speaking the three types of equations are all equivalent, 
one kind or another being better suited for some particular purpose. 

Curves whose equations are given in parametric form are usually 
plotted point by point, this method being supplemented by other 
devices in particular problems. 

Example Plot x -= P - t. y = eliminate the parameter. 

Solutio 7 i. In selecting values of t it is important to be systematic. 
Consider first the values of x and y for large negative values of t, and 



FIG. 131. 
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then take values of t in ascending order. If the plotted points are 
connected in the order of ascending values of ty no mistake can be made 
in tracing the curve. The table of values for Example 1 and the graph 
are shown in Fig. 131. 

Comments. For t numerically large and negative the tracing point is 
indefinitely far off in the third quadrant; in fact, for t — —4 the point 
is too far off to be plotted. In some problems fractional values of t 
may be unnecessary, but whenever integral values fail to outline the 
curve clearly, fractional values must be used to supplement them. 

To eliminate i solve y — 9,1 for ty obtaining t = y/9\ upon substituting 
this value of t in the equation for x and simplifying the result, we obtain 
the equation 

y^ — ^y — Sx = 0 

Example 9. Plot x = cos 9dy y — sin eliminate the parameter. 



FIG. 132. 


Solution. To eliminate 6 write x = cos 90—1—9 sin® 6y 



This last equation is that of a parabola. The parametric equations 
give only a small arc, the tracing point shuttling back and forth on the 
arc as 6 goes through successive revolutions. 
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EXERCISE 59 

Plot the following curves from their parametric equations. If possible, eliminate the 
parameter. 

1. X = 


Sl,y = - 


Z, X = St y = t - 


6. X = -» ;/ = 


t 0 

’ y = -,■ 


7. X = - * V = 


3 

2 


4 


y-y 


2. X = 

4. X = 

6. X = 

8. X = 


/ - 2.2/ = ^ - 


1 


/ 


t+ 1 


y = 


t - 1 




—' > 


fi- y (3 


9. X = Ste^,y = Y 

11. X = log /, 1 / = 2/. 

13. I = Uy = t*- iO. 

15. X = 0 - St, y = - it. 

17. X = 2 sin 0, y = 2 cos 0. 

19. X = 5 sin 0, y = S cos 0. 

21. X = 4 cot 0,y= tan 0. 

23. X = 3 — 2 sin 0, i/ = 1 + 2 cos 0 
25. X = 5 cot 0, y = 5 CSC 0. 

27. X = sec 0, ^ = 4 sin* 0. 

29. X = 10 cos 0, 1/ = 8 sin 40. 

31. X = 2(0 + sin 0) 

y = 2(1 — cos 0). 


10. X = log y = -^ 


12. X 

14. X 
16. X 

18. X 
20. X 
22. X 

24. X 

26. X 
28. X 

30. X 
32. X 

y 


e \ y 


t 

VI. 

fi. = (3 - 4/*. 

/* - 3(, y = /* - 2/* - 4/. 

2 sin* 0, y = 2 cos* 0. 

2 cos 0, y = 4 sin 0. 

5 cos* 0, y = tan 0. 

4 sec 0, y = 4 tan 0. 

1 — 5 col 0, y = 5 sin 0 — 2. 
4 cos 6, y — i cos 0. 
tan 40, y = 8 sin 0. 

3(cos 0 + ^ sin 0) 

3(sin 0 — 0 cos 0). 


108. PoTametric equations for certain loci. Just as we recognize by 
inspection certain equations as circles, parabolas, sine curves, etc., 
there arc certain typical parametric equations which we learn to identify. 
Some are new fonns of known loci, and others represent curves not 

studied up to this point. 

Example 1. A line of constant 
length, a, with one end at the origin 
rotates in a plane about this end. 

Using the angle between the x-axis 
and the rotating line as a parameter, 
find the parametric equations of the 
circle traced by the other end of the 
line. 

Solution. Figure 133 shows the 
tracing point in general position. 

Hy trigonometry, 

* a cos 0 

* a sin 6 


( 1 ) 






Equations (1) are parametric equations for a circle; they are worth 
noting and remembering. 
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To eliminate the parameter in (1), square the equations and add them. 

3.2 _|_ 2^2 _ a^(cos^ 6 + sin^ 6 ) 

= 0? 

Example 2. The equations 

X = a cos 6 
y = b sin 6 

represent an ellipse. This might be guessed from their resemblance 
to (1) above. The construction in Fig. 55 (Sec. 40) is based on these 
equations, and the details are left as a problem in the next exercise 
(see Exercise 60, Prob. 1). 

Example 3. If a circle rolls on a straight line without slipping, the 
locus of a point on the circumference is called a cycloid. Derive para¬ 
metric equations for the locus. 

Solution. In Fig. 134 the tracing point P{x,y) was initially at the 
origin. The angle between the direction vertically downward at A, 
the center of the rolling circle, and the radius AP is chosen as the pa¬ 
rameter. 



RG. 134. 

For the mechanical reason that the circle rolls without slipping, 
ON — arc NP. Arc NP = a$\ hence, 

X = ad — a sin 6 
y = NA — MA = a — a cos 6 

The parametric equations of the cycloid are 

X = a{6 — sin 6) 
y = a(l — cos d) 

In each of the above examples there was some quantity that naturally 
suggested itself as the parameter. Thus, if we start with an equation 
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f{x,y) - 0 and write arbitrarily x = by substitution we obtain 
fW)>y] = 0 or F(Uy) = 0. If this be solved for t/, obtaining y = h{t), 
we have a set of parametric equations for the curve. The number of 
such arbitrary functions, x = g(t), is evidently unlimited, but if they are 
merely written at random, the resulting equations are not likely to be 
useful. There are no rules for obtain¬ 


ing desirable pairs, but a relation which 
often produces good results is y = tx. 
The parameter / is the slope of the line 
joining P(x,y)y a general point of the 

curve, to the origin. 

Example 4. Obtain parametric equa- 

tions for the curve ^ by using 

the relation y = ix\ plot the curve. 
Solution. Substituting tx for y, 




at^ 

r+T^ 


whence 


at^ 



The locus is called a cissoid and is 
shown in Fig. 135. 


Cissoid 
FIG. 135. 


EXERCISE 60 


1. Referring to Fig. 55, derive parametric equations for the ellipse, 


using angle XOL 


as parameter S. 


2. The cissoid (Example 4 in the preceding sec¬ 
tion) is the locus of a point P{x,y) determined as fol¬ 
lows: Let OS = a, lying on OX (see Fig. 13C), be the 
diameter of a circle, and let ST be tangent to the circle 
at S; produce OC, any chord through 0, to intersect 
ST at N\ lay off on chord OC (produced if necessary) 
the distance OP =* CiV; find parametric equations for 
the locus of P{x,y) using the inclination of chord OC, as 
parameter. 



FIG. 136. 
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3. The u-iich of Agnesi is the locus of a poiut P{Xyy) determined as follows: OA — 2a, 
lying on OK (see Fig. 137), is the diameter of a circle, and is tangent to the circle at A\ 
OM is any line through 0, and it intersects the circle at L and .<45 at M. Through L 


Y 



Witch of Agnesi 

FIG. 137. 


draw a line parallel to OX and through M draw a perpendicular to OX, and let P{x,y) 
be the intersection of these lines. Using angle AOM = 6 ns parameter, derive equations 
for the locus of P{x,y). ^ 

4. The trisectrix of Maclaurin is ob¬ 
tained as follows: Let OB = 4a, lying on 
OX (see Fig. 138), be the diameter of a cir¬ 
cle; lay off O.-l = a on OB, and erect AD 
perpendicular to OB at A-, draw OC, any 
chord of the circle, through 0 and cutting 
ADni 3/; lay off on OCa distance OP = J/C. 

The locus of P(x,y) is the trisectrix. 

Let angle XOP = be the parameter; 
find equations for x and y in terms of a 
and $. By letting i = tan 6, the parametric 
equations 


x = 


q(3 ~ 

1 -f P 


y = 


at(3 - P) 
1 + P 



Trisectrix of Maclaurin 

FIG. 138. 


may be obtained. 

6. The trisectrix described in Prob. 4 may be used to trisect an arbitrary angle. 
Using Fig. 138, let it be required to trisect an arbitrary angle BQZ. Let the vertex Q be 
placed at the center of the circle, and let side QZ cut the trisectrix at T. Draw 0T\ 
prove that angle BOT = angle BQZ. 

In Probs. C to 13 use the given relation to obtain parametric equations of the locus; 
sketch the curve. 


6. + y* — 3axy = 0; y = tx. Folium of Descartes 

7. y^ = ^ ’ y ~ SrropAotd. 

8. y^ = 4ir — 2x’; y — tx. 9. y’ = 4x^ — x^; y = tx. 

10. -1- y* - Ox 5 = 0; y = 2 sin 6. 11. Ox^ + 4y2 - 24y = 0; x = 2 cos 6. 

12. x^y* + 9x2 — 25 y 2 = O; x = j cos 0 . 13. x^y- = 4y2 -f- IGx*; x = 2 sec 0 . 










Sec. 108] 


PARAMETRIC EQUATIONS 


221 


14. The radial line OR rotating about the origin intersects x = a at 3/ and y = 6 
at N\ through M and N lines are drawn parallel to the x- and y-axes, respectively, and 
these lines intersect at P{x,y). Using the inclination of OR as parameter, obtain equations 
for the locus of P(x,y), and name the locus. 

16. A straight line with inclination a passes through a 6 xed point Po(xo,yo). Find 
its parametric equations, using s = PoP as the parameter where P(x,y) is the point which 

traces the line. 

16. Let 0.4 = a, lying on OX, be the diameter of a circle of which OC is any chord. 
On OC (produced if necessary) lay off OP = 1 /OC. Find the locus of P(x,y). using the 

inclination of the chord as a parameter. Name the locus. 

17. A rod ABP such that .IP = a. PP = 6 moves on a set of rectangular axes in such 
a way that A slides always on the x-axis, while B slides on the y-axis. Find equations for 
the locus of P(i,y), using angle A'.IP as a parameter. Name the locus. 

18. Ut 0.4 = 2a, lying on O.Y, be the diameter of a circle whose center is C. Draw 
CR any radius, and draw RT tangent to the circle at R. From 0 drop a perpendicular 
to RT, and produce this perpendicular to intersect at P the line determined by points 
A and R. Find equations for the locus of P(x,y), using angle ^OP as a parameter. Name 

the locus. 

19. A circle of radius a rolls on the line 
y = 2 a and generates an inverted cycloid (for 
definition of cycloid, see Example 3, Sec. 108). 

Find equations for the locus (see Fig. 139) of 
P{x,y) which traces tiic curve. At the start of 
the motion P coincided with 0. 

Anjf. X = < 1^0 -I- sin 0), y = a(l - cos 0). 


Y 



20. A jfTolate cycloid is the curve gene¬ 
rated by any point on a radius produced of 
a circle which rolls without slipping on a 
straight line. In I'ig- 140 P(x,y) is at a dis¬ 
tance r(r > a) from .4, the center of the 
rolling circle. Initially (0 = 0) P was at 
[O.a— r). Find parametric equations for the 

locus of P{x,y). 

X = a 0 — rsinO, y = a — rcos 0 . 


Y 



21. A curtate cycloid is the curve generated by any point P on the radius of a circle 
which rolls without slipping on a straight line. P being rrithin the circle. Construct a 
figure, and obtain parametric equations of the locus. 

Note. Iloth prolate and curtate cycloids are sometimes called trochoids. (Some sources 

of reference exchange the adjectives prolate and curtate.) 
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22. If a circle rolls without slipping on the 
inside of a fixed circle, the locus of any point 
on the circumference of the rolling circle is a 
hypocycloid. In Fig. 141 the circle with center 
0 and radius o is fixed, and the circle with 
center C and radius r is a rolling circle. The 
point Pix,y) was initially (0 = 0) at .<4. De¬ 
rive equations for the locus of P. (Hint: 
For mechanical reasons arc PV = arc AV; 
hence ad = r(angle PCV).\ 


Ans. 


X = (a — r) cos d -j- r cos 
y = (a — r) sin 0 — r sin 



y 



23. In tracing a hypocycloid (see Prob. 22), if a and r are commensurable, the tracing 
point eventually returns to its initial position and the curve is closed; if a and r are in¬ 
commensurable, the curve never closes. Of the commensurable cases the most common 
is the /our-cu.fped hypocycloid (sometimes called astroid) for which a = 4r. Show that the 
equations for the four-cusped hypocycloid may be reduced to 


X = a cos* $ 
y ~ a sin* 6 


Eliminate 6. Plot the curve. 

24. Plot the three-cusped hypocycloid 


r = 8 cos d + 4 cos 16 
y = 8 sin 0 — 4 sin 25 


26. If a circle rolls without slipping on the 
outside of a fixed circle, the locus of any point 
on the circumference of the rolling circle is an 
epicycloid. Construct a figure similar to Fig. 
141, and derive the equations 


X 


(o + r) cos 5 — r cos 



e 


y 


{a -f- r) sin 6 — r sin 



e 


26. .4n involute is the curve traced by any 
point of a taut, flexible, inexlensible cord as 
it is wound upon, or unwound from, another 
curve (called the evoluie). Figure 142 shows 
the involute of a circle traced by the point 
P{x,y). Show that the parametric equations 
of the curve are 


Y 



X — a cos 5+05 sin 5 
y = a sin 6 — a6 cos 5 


Involute of a Circle 
HG. 142. 
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109. Differentiation of parametric equations. If x = /(/) and y = 

the derivative ^ is obtained by finding the differentials dy and dx from 

dx 

their respective functions, after which dy is divided by dx. 

Example. Find ^ and ^ if x = - 1, y = t’ - it- 


Solution. 


dx = dt dy = (3<- — 4) dt 
dy (St- - 4) dt St 2 


y = 


dx 


dt 


2 


t 


When the division of dy and dx is performed, dt is bound to cancel 
from numerator and denominator. It is best to simplify the quotient 
as much as possible, especially if derivatives of higher order are to be 
obtained. In this connection it is well to employ y' as the notation for 

^ because of its compactness. To find = y'\ note that ^ 

3 = '1^'. i e , y” equals the quotient of the differential of y’ divided by 
dx ’ 

the differential of x, each of which may be expressed in terms of the 
parameter Continuing the example, 




and as before dx = 2< dt. 


// 


y = 


dx 





dt 


2/ dt 


3(2 + 4 

4(» 


dy" 

If required, 2/"^ = and so on. 


EXERCISE 61 


Find y' and y" for each of the following 


I. X = + 1. 

X = f I, y = t 

6 . X =y = ^l. 

7. X = e*. y = f*. 

9. X = 1 - 3/, y = V4 -7. 

II. X = log y = <» - 5. 


2. X = sVi, y = 4 - 

4. X = f’ - 2/. y = f* + 2. 
6. X = ( + "» y = ( — 

8. X = 4/2. y = - tK 

10. X = -. y = 

12. X ~ log /, y - 
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13. X = e~*t y = log Vl — 

16. X = cos 2d, y = 4 cos d. 

17. X = cos* d, y = sin* d. 
19. x = cos* B^y = sin* B. 


0 

21. a: = 1 — cos 0, y = 2 sin - 


23. X — log sin 0, y = esc 0. 


14. X = sin B^y = cos 0. 

16. X = sec 0, y = tan d. 

18. X — cos* B,y — sin* 0. 

20. X = a{6 — sin 6), y = a(l — cos 9). 

22. X — a cot B,y = b tan d. 


24. Find the equation of the tangent to the ellipse x ~ 5 cos 0, y = 2 sin 0 at the point 
in the first quadrant where 0 — tan“* 

25. Is the cycloid in Fig. 134 tangent to the y-axis at the origin? 

26. Show that the tangent at any point P of the cycloid in Fig. 134 passes through the 
highest point H of the generating circle. 

27. Find the equation of the normal to the semicubical parabola x = 2<*, y = /* at 
the point where i = 1. 

28. In what direction does the point P(a:,y) which traces the prolate cycloid (sec Fig. 
140) start to move as 0 increases from 0 = 0? 

29. Find the formula for the slope of the involute of the circle in Fig. 142. Is the in¬ 
volute tangent to the x-axis at .<4? W’hat is the least value of d, greater than zero, for 
which the involute has a maximum? a minimum? Has it any points of infilection? 


^10. j f{x,y) dx when x and y are functions of t. Consider the 

curve whose parametric equations are x ^ 9,U y = 3/f^ and let it be 
required to find the area bounded by the curve, the x-axis, and the 
ordinates at x = 2 and x = 8 . We may write formally 



To carry out the integration in terms of the parameter t we must 
( 1 ) express the integrand in terms of i\ ( 2 ) express the differential dx 
in terms of t\ (3) change the limits, w’hich as written are the extreme 
values of x in the given area, to the corresponding values of t. Carrying 
out these steps, (1) y = 3/<^; (2) dx = 2df; (3) at the lower limit x = 2, 
and since f = x/ 2 , f = 1 is the corresponding value of t\ also, similarly, 
when X = 8 , < = 4. The integral for A becomes 


A 


-r 




ji 


3 1 

— 5 + 6 = 4 - square units 


Generalizing, to evaluate any integral of the form 

j dx 

when X and y are functions of a parameter t, the integrand, the dif¬ 
ferential, and the limits must all be expressed in terms of t. 
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EXERCISE 62 


1. ydx\ X = 3/, 1 / = (* + 1. 


r* 1 

3. / y ix\ X = it, y = 


f\ 1 

/ y (ix; X = P, y = -7=_ 

yo vT^ 


Vi - 


(0 ^ < < ».) 


4. xy dx\ X = y = 1 — /*. 

6. r® -dx\ x = i(^,y = i^-\-\. (0 ^ < Qo.) 

j* y 


6. xydx\ X = 3(, y = <“*. 


yi * 

I. y dx; X = sin /, y = e~*. 


tan 6,y — cos 6. 


7. xy* (/x; X = sin 6, y ~ cos d. 
9. xydx-, X = log (, y = f*. 


11. Find the area bounded by x = sec* 0, y = 2 tan $, and the x-axis between the 
limits X = 1 and x = 2. Sketch the area. Check the answer by eliminating the parameter 
and integrating with respect to x. 

12. Find the area in the first quadrant bounded by the semicubical parabola x =« P, 
y = the z-axis, and the ordinates at x “ 4 and x = 9. 

13. Find the area in the first quadrant within the circle x = a sin 0, y = a cos 0. 

14. Find the area in the first quadrant within the ellipse x = a sin 6, y = b cos 0. 

16. Find the area of an arch of the cycloid x = o(0 — sin0), y = o(l — cos0). 
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111. Introduction. We now take up some further topics of analytic 
geometry, in particular the subject of coordinate transformations. This 
deals with the effect produced on the equation of a locus by changing 
the position of the coordinate axes. The general methods may be used 

for the equation of any locus, but 
for the most part we shall use them 
to study further the equations of the 
conic sections. 

112. Translation of the axes. In 
studying various loci we have taken 
the axes in as favorable a position 
as possible. Sometimes an equation 
that appears quite involved can be 
greatly simplified by referring the 
locus to a different set of axes, and 
the process of carrying out this 
change is called a transformation of 
coordinates. The two standard ways 
of performing a transformation are by translating and rotating the axes. 

When a set of axes OX and OY are moved to new positions and 
O'l" which are parallel to OX and OK, respectively, the axes are said 
to be translated. 

In Fig. 143 the x- and t/-axes have been translated to a new origin 
0 ' whose coordinates are {h,k) with respect to the initial origin 0. 

Let the point P(x,y) have coordinates (x^y') with respect to O'. 
By inspection, 

X ^ ON ^ OM MN = k + x' 
y = SP = NQ + QP = k + y' 
or 

X = x' h 

y = y' -\-k 

Equations [16-1] are called the equations of translation. 

226 
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Example. Transform the equation 

4iX^ + 9?/^ — 16x — 64y + 61 = 0 

by translating the axes to the new origin (2,3). 

Solution. By [16-1] x = x' + 2, j/ = ?/' + 3; hence, 

4(x' + 2)2 -h 9{y' + 3)2 - 16(x' + 2) - 5My' -1- 3) + 61 - 0 
Expanding, and collecting terms, 

4x^2 + 9^2 ^ 36 

This may be recognized as the equation of an ellipse. 

EXERCISE 63 

Transform each of the following equations by translating the axes to a new origin at 
the point slated: 

1. x2 + y2 _ 8i + 2i/ + 1 = 0; (4,-1). 2. y* - 4a: - 4i/ -|- 8 = 0; (2,3). 

3. ly + 5i-f 2y + 6 = 0; (-2,-5). 4. + 4y 13 = 0; (3,-1). 

6. 5 x“ - 4y2 + lOx + 24y + 21 = 0; (-1.3). 

6. - 3x» -I- 3x — y - 3 = 0; (1,-2). 7. a:^ + V + 8x - 65 = 0; (-4.0). 

8. xy+ 3x- 4y = 0; (4,-3). 

9. - Cx® - y® -h 12x + 4y - 12 = 0; (2,2). 

10. - y® - 4ax + 2oy + 20^ = 0; (2fl.a). 

113. Sim/>/i^cafion of + Cy- + Dx Ey F = 0 by transla¬ 
tion. To study the effect of translating the axes on the equation 

(I*! ^x2 + Cy^ + Dx + Ey + F ~ 0 

let us substitute x = x' + h, y y' + k. and analyze the results. 

A{x' + A)2 -h C{i/ + ky + D{x' + h) -I- Eiy' + k) + F ^ 0 
Expanding, and collecting terms, 

(2) ^x' 2 £y' 2 _|_( 2 ^/^^£))x' + {2Ck + E)y' + -4^2-f Ck-^^Dh-{-Ek + F = 0 

Notice, first, that the coefficients of x'2 and y'- in (2) are A and C, 
the same as those of x2 and / in (1); i.e., the second-degree terms are 
unaffected by translation; second, the coefficients of x' and y' and the 
new constant term contain k and k\ third, any two of these three 
quantities may be removed by equating their coefficients to zero and 
solving simultaneously for h and k. Hence, (2) may be reduced to one 
of the forms 

(3) Ax''^ + cy2 + - 0 

(4) Ax'^ + E'y’ = 0 C/2 + D'x' = 0 

Barring exceptional cases, (3) represents an ellipse when .4 and C 
have like signs and a hyperbola when they have unlike signs; the 
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equations in (4) represent parabolas. Hence, when neither A nor C 
is zero, the x'- and ^/'-terms should be removed (i.e., their coef¬ 
ficients equated to zero); if C = 0 , the x'-term and the constant term 
should be removed; if ^ = 0, the i/'-term and the constant term should 
be removed. 

Example 1 . Reduce the parabola + fix + 2?/ — 17 = 0 to a 
standard form by translating the axes, and sketch the curve. Find the 
focus, vertex, and the equation of the directrix. 

Solution. Substituting x' -i- A, 2 / + ^ for x and y and collecting terms, 

(y' + ky -h 6 (x' + h) -h 2 ( 2 /' + Jfc) _ 17 = 0 
-j- 6 x' + ( 2 A: + 2 )j/' + + 6 A + 2 k - 17 = 0 

To remove the y'-term and the constant term set 

2 k + 2 = 0 

k* + 6 k + 2k - 17 - 0 


Solving these equations simultaneously, k = — 1 , k = 3 . The new 
origin is (3, — 1); the student should verify that the transformed equa- 


Y 



Solution. Substituting x' + k, 


tion reduces to t/'^ = —fix'. The ver¬ 
tex of the parabola is the new 
origin (3,-1). By comparison with 
y^ = — 4ax, it is evident by inspec¬ 
tion that the parabola is open to the 
left, and the value of a is 3/2. From 
these facts the focus is (3/2,— 1) and 
the equation of the directrix is 
2x - 9 = 0 . (Fig. 144) 

Note that the answers are stated 
W’ith reference to the original axes; 
the x'- and y'-axes are used only as 
aids for finding the required facts. 

Example 2 . Find the center and 
eccentricity of the ellipse 

9x^ + 25//- - 18x - lOOy - 116 = 0 

and sketch the curve. 
y' + k for X and y, 


9x'2 -f 25y'2 + (18k - 18)x' -f- (50k - 100)y' 

-h dh- + 25k2 - 18k - look - 116 = 0 


To remove the terms of the first degree set 

18k - 18 = 0 
50k - 100 = 0 
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whence * 1, fc = 2. The student may verify that the transformed 


equation reduces to 

+ 252/'2 = 225 or 



The center of the ellipse is at the new origin, viz., (1,2) referred to the 
original axes. By inspection a = 5, 6 = 3; hence c = 4, and e = 4/5. 



114, Additional standard forms for conic sections. Consider the 
following problem: Derive the equation of the parabola with vertex 

(hyk) and focus (A + a, k). 

Through {h^k) as origin 0* draw a set of axes 0 X and 0 Y parallel 

to OX and OK, respectively. (Fig. 146) 

By inspection the equation of the required parabola referred to 

O'X' and O'Y' is 

(1) 2/'^ = 4ax' 

It remains to translate the axes from 0' back to 0. To do this write 
the equations of translation, 

X = x' + h 

2 / = y' + 

and solve them for 

x' = X - /i 

y> = y ~ k 


Substituting the latter pair of equations in (1), 

(y _ 4:)2 = 4a(x - h) [16-2a) 

This is a standard form for the equation of a parabola with vertex 
at (ft,fc) and with axis parallel to the x-axis, and open to the right or left 
according as a is positive or negative. The corresponding standard 
form for parabolas open upward or downward is 

(x - hy = My - 


[ 16 - 26 ] 
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By analogy we state that the standard forms for ellipses and hyper¬ 
bolas with center at (A,A:) and axes parallel to the coordinate axes are 
Ellipses 

- hy , (y - ky ^ 

2 ‘ ^2 1 [16-3a] 


Hyperbolas 


{x - hy , {y - ky 

^ ^ 


[16-36] 


{x - hy (y - ky 


- 1 


[16-4a] 


(x - ky (y - ky 


= -1 


[16-46] 


These formulas should be compared with formulas [6-4], [6-8], [6-9], 
and [6-13]. 

If formulas [16-2] to [16-4] are memorized, they can be used directly; 
if not, the principles on which they are based may be used in each 
particular problem. Some examples follow. 

Example 1. Find the equation of the ellipse with foci (-1,-2) and 
( — 1,4) and major axis 8 units long. 

Solution. The center of the ellipse is the mid-point between the foci; 
i.e., ( — 1,1) — {h,k). The major axis is 8 = 2a, a * 4. The distance 
from center to focus is c = 3. 6* = = 16 — 9 = 7. Since the 

foci lie in a vertical line, the major axis is vertical and appears in 

the denominator of the y-term. As¬ 



suming that [16-36] is available, the 
answer is 

+ 1)^ . (y - i)^ ^ 1 

7 16 

or 

16x2 _|_ 7^2 -14^-89-0 

Example 2. Find the equation of 
the hyperbola with center (2,-1), 
one vertex at (4,-1), and e = 2. 

Solution. Using (2,-1) as 0\ 
draw a set of axes O'X* and 0*Y' as 
shown in Fig. 147. The distance 
0*V = 9, becomes a for the hyper¬ 
bola. 



62 = c2 - a2 = 16 - 4 = 12 


FIG. 147. 
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Referred to the x'- and i/'-axes, the equation of the hyperbola is 



To obtain the equation referred to the original axes, solve 

X = x' 2 
y = y' ~ I 

and find 

x' = X — 2 
2 /' - 2 / + 1 

Substituting, 

3(x - 2)2 - (?/ + 1)2 ^ 12 

3x2 - 2/2 - I2x - 2i/ - 1 = 0 

Example 3. Find the focus and vertex y 

of the parabola 

^2 -|- 8x — 6?/ — 7 = 0 

Solution. We may work to obtain for¬ 
mula [16-2a] by completing the square of 
the terms in y and rearranging the equa¬ 
tion. 

y2 - 6?/ + 9 - -8x + 7 + 9 
{rj - sy = -8(i - 2) 

Comparing with [16-2a], the vertex of 
the parabola, {h,k), is F(2,3); the sign of 
— 8 shows that the parabola opens to the 
left; 4a = 8, a = 2, and the focus is 2 
units to the left of V at F(0,3). 

This solution is offered as an alternative to the method used in 
Example 1, Sec. 113. 



EXERCISE 64 

In Probs. 1 to 12 reduce each equation to a standard form by translating the axes or by 
completing squares. Sketch each locus. If the locus is a paral)ola, find the vertex and 
focus; if the locus is an ellipse or hyperbola, find the center, foci, and eccentricity. 

1. r* -f 8x + liy - 20 = 0. 2. 9x= - ICir - 72x + 720 = 0. 

3. 9x^ + + aOx — + 1 = 0. 4. 4x= + 9y* + lOx — 18y —11 = 0. 

5. ys _ _ 7 = 0. 6. IGx* - + 64x + - 116 = 0. 

7. 3x^ - f/= + 12x + 2y - 1 = 0. 8. i/= -f 8x - 8y + 24 = 0. 

9. 25x* + lOy* + 200x + 64y + 64 = 0. 10. x“ + 4x - Gy - 8 = 0. 

11, x“ - 16 y 2 - 4 j _ 32y -f- 4 = 0. 12. x^ + 25y» + 2x + 150y - 200 = 0. 
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In Probs. 13 to 17 by translating the axes transform the equation to the form xfy' =* E, 
and sketch, showing both sets of axes. 

13. ly — 3a: — + 2 = 0. 14. xy x — 2y + 4 = 0. 

16. xy — a: + 4y — 3 = 0. 16. xy + 2x -j- y — 10 = 0. 

17. xy — 2x — 8y + 14 = 0. 

In Probs. 18 to 21 find the equations of the asymptotes of the given hyperbolas and the 
equation of the conjugate hyperbola. State the required equations with reference to the 
X- and y-axes. Sketch each hyperbola, its conjugate, and their asymptotes. 

18. 4x» - y’ - 16x + 2y + 11 = 0. 19. 16x* - Oy^ + 32x + 36y -b 124 = 0. 

20. x» - 9y= - 2x - 18y + 1 = 0. 21. 4x* - 25y» + 24x - 60y - 89 = 0. 

22. Find the equation of the ellipse whose foci are (3,—2) and (3,4) and whose minor 
axis is 4. 

23. Find the equation of the parabola whose vertex is (3,2) and whose focus is (1,2). 

24. Find the equation of the hyperbola whose vertices are at (—1,10) and (—1,2) and 
which has a focus at (—1,1). 

26. Find the equation of the conic section whose foci are (±4,1) and whose eccentricity 

is 3/5. 

26. Find the equation of the conic section with center at (2,-1), a vertex at (6,-1), 
and eccentricity 7/4. 

27. The vertex of a parabola is (—2,1), and its directrix is y + 5 = 0. Find its equa¬ 
tion. 

28. Find the equation of an ellipse if its vertices are (1,-1) and (1,5) and its major 
axis vs three times its minor. 

29. Find the equation of the ellipse with center (3,-1), major axis 8 and parallel to 
the y-axis, and eccentricity 4/5. 

30. Find the equation of the parabola with focus (-1,-2) and one end of its latus 
rectum at (1,-2) if the parabola opens upward. 

31. The asymptotes of a hyperbola are 2x — y = 0, 2x + y = 4, and one vertex is 
(4,2). Find its equation. 

32. The asymptotes of a hyperbola are 3x — 4y H- 2 = 0 and Sx 4y -H 10 = 0, 
and one focus is (—2,4). Find its equation. 

IIS. Rotation of axes. A second type of transformation of coordinates 
is performed by rotating the axes about the origin. 

Let the axes OX and OY (Fig. 
149) be rotated about the origin 
through the angle $ to new positions 
OX' and OY'. Let a general point 
P have coordinates (x,y) and {x',y') 
with reference to the original and 
rotated axes, respectively. 

From P draw PM perpendicular 
to OXy PR perpendicular to OX', 
RN perpendicular to OX, and 
RT perpendicular to MP. Angle 
TPR = 6 (sides mutually perpen¬ 
dicular) . 


Y 
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X = OM — ON — MN — ON — TR = x' cos 0 — y' sin 6 
y = MP = MT TP = NR + TP = x‘ sin 6 y* cos 9 


The formulas for rotation of axes are 


X ~ x' cos 9 ^ y' sin 9 
y ^ x' sin 9 y' cos 9 


[16-51 


Example. Transform the following equations of equilateral hyperbolas 
by rotating the axes through 45®: 

(a) x"^ — y^ ~ a? (6) — y^ — — a- 


Solution. sin 45° = l/\/2 = COS 45® and equations [16-5] become 


( 1 ) 


X = 


Substituting (1) in (a), 


r - y 


y = 


+ y' 

V2 




2 


2 


- a 


or, reducing, 


2xy = -d 


In a similar way (1) substituted in (b) gives 

2x'y' = a- 


This justifies the forms of the equations of the equilateral hyperbolas 
given in Sec. 44. The curves with both sets of axes are shown in Fig. 
150(a) and (6), 



FIG. 150. 


116. Removing an xy-ierm by rotation. In Sec. 113 we studied the 
possible ways of simplifying the equation 

(1) Ax^ + -f £ 1 / + F = 0 
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by translating the axes. Rotation of axes may be used to remove 
the xy-Xerm from the more general equation 

(2) Ax"^ + Bxy + Cy^ + Dx + Ey + F = 0 

Equation (2) is called the general equation of the second degree. To 
discover how the xy-term may be removed let us substitute the equa¬ 
tions of rotation, [16-5], and examine the results. Making the sub¬ 
stitutions and rearranging the terms, we obtain 

(3) {A cos^ 6 B sin 6 cos 0 -f- C sin^ 

-h [ — 9.A sin 6 cos 6 -f R(cos^ d — sin^ B) H- 2C sin B cos B]x'y* 

+ {A sin^ B — B sin 6 cos 6 C cos^ B)y'^ 

-h (D cos 6 + E sin B)x' 4- {E cos B — D sin B)y' + F = 0 

Notice, first, that the constant term F is unchanged by rotation; 

second, that any one of the other five terms might be removed by setting 
its coefficient equal to zero; third, that it is most helpful to remove the 
x'y'-Xevm. The reason for this choice is evident; viz., it reduces equation 
(2) to type (1), which was studied in detail in Sec. 113. In setting the 
coefficient of x'y' equal to zero keep in mind that 

2 sin B cos B = sin SIB cos^ B — sin^ B = cos 2^ 


and hence 


B cos 20 4 (C - A) sin 20 = 0 


sin 20 
cos 20 


tan 20 = 



[16-6] 


Observe at once that [16-6] is a formula involving 20, while the angle 
needed in [16-5] is 0. Sometimes the passage from tan 20 to the functions 
of 0 may be best accomplished by inspection, sometimes by tables, and 
sometimes by the following sequence of steps: 

cos 20 — —= ±— . ^ 

sec 20 Vl 4 tan^ 20 


The ± sign is chosen the same as the sign of tan 20. To limit 0 to 
the first quadrant for simplicity, 20 must be limited to the first or second 
quadrant, and in these quadrants tangent and cosine have like signs 
(barring the exceptional case tan 20 = co ; in this case by inspection 
20 = 90°, 0 = 45°). 

2 - ^ 2 

Example. Remove the xy-term from the following equation, and 
plot the locus, showing both sets of axes: 

16x- — 24xv 4 9^^ — 60x — SOy = 0 


cos 0 = 




4 cos 20 


sin 0 = 


— cos 20 
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Solution. 



FIG. 151. 



EXERCISE 65 

Transform the following equations by rotating the axes through the angle stated. 
Sketch, showing both sets of axes. 

1. 3x> - 2 x 3 / 4- ‘V = 16; 2. 3x5 4 . lojry + Sy* + 18 = 0; 45“. 

3. x5 + 2xif + 3d - 8V^x + sViy = 0; 45^ 

3 

4 . 52x5 _ 722^ _j_ 73yi = 400; Un"* -• 

4 

6 . 16x* - 24x3/ + V + 96x + 120 ?/ = 0 ; tan"* -• 

6 . 3x5 _ 8 J. 3 / - 3y5 4 - 50 = 0; Un'* 2. 
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7. Transform the equation — y* « a* by rotating the axes through —45*. Sketch, 
showing both sets of axes. 

8. Given the folium of Descartes, a:* + y* = Soxy (Exercise 60, Prob. 6). Rotate 
the axes through 45*. In the new equation find the equation of the asymptote, and in it 
rotate the axes through —45* and so find the equation of the asymptote to the curve in 
the given form. 

Simplify the following equations by rotating the axes through an angle to remove the 
ay-term; sketch, showing both sets of axes: 

9- — lOiy Sy* + 18 = 0. 10. 4i* + 4xy H- y* — V^x 2V5y = 0. 

11. Ill* -b 6iy + 19y* = 320. 12. 219x» — 240iy -f 467y» = 2.028. 

13. Oar* - 24ary + 16y* - 40x — 30y = 0. 



Chapter 17 


THE GENERAL EQUATION OF THE 

SECOND DEGREE 


117, The general equation of the second degree in x and y. The 
equation 

(1) At? -f Bxy + Dx + Ey F - Q 

is called tlie general equation of the second degree in the two variables 
X and y. By assigning different values to the six coeflScients we may 
obtain all the conics studied hitherto—the ellipse (including the circle), 
parabola, and hyperbola—and the so-called degenerate conics, which 
have not yet been formally identified. Our immediate objective is to 
systematize our information. 

The most important tools for analyzing (1) are the formulas for 
translating and rotating axes. By proper choice of 6 the axes may be 
rotated to remove the xy-ierm and (1) transformed to the form 

(2) A'x'^ H- C'y '2 + D'x' + E'y' + F = 0 

In rotating the axes of (1) through an arbitrary angle 6 (whether or 
not the a:i/-term is removed) the following relation holds between the 
coefficients: 

(3) _ 4^^ 

To prove (3) compare equation (2) with equation (3) of Sec. 116 
and find that the general formulas for A\ B'y and C‘ are 

A' = A cos^ + F sin 0 cos B C sin^ 6 

B' = — 2/1 sin 8 cos 8 + F(cos^ 8 — sin^ 8) + 2C sin 6 cos 8 

C = A sin^ 8 — B sin 8 cos 6 C cos^ 8 

The evaluation of B'^ - 4A'C' by direct substitution is straight¬ 
forward but rather long. The reader may verify the following arrange¬ 
ment: 
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_ 4A'C' = A^(sin^ 20 - sin^ 20) 

+ B^(cos^ 20 + sin^ 20) + C^(sin^ 20 ~ sin^ 20) 

+ 4^B(sin 0 cos^ 0 — sin® 6 cos 0 + sin® 0 cos 0 — sin 0 cos® 9) 
+ 4BC(sin 0 cos® 0 — sin® 9 cos 0 4- sin® 6 cos 9 — sin 0 cos® 0) 
— 4^C(sin^ 0 + 2 sin® 0 cos® 0 + cos^ 0) 

= B® — 4^C(sin® 0 + cos® |9)® 

= 5® - 4^C 

Any relation such as (3) which holds between the coeflBcients of an 
equation and its transformed equation is called an invariant. The 
invariant S® — ^AC is denoted by A, and in the particular case that 0 is 
chosen to make B' — 

A = B® - 4^C - -^A'C' 

A is used to classify the loci which (1) includes. A is invariant with 
respect to translation as w’ell as rotation, for it was noted in Sec. 113 
that the coefficients of x'® and t/'® are the same after translation as those 
of x® and y®, and it is also easy to see that [16-1] would leave the coef¬ 
ficient of x'y' the same as that of xy. 

Postponing for a moment the exceptional cases, there are three general 
cases as follows: 

1. A < 0; ellipse. When A' and C' have like signs, the curve is an 
ellipse and A — —4iA'C' is negative. 

2. A — 0; parabola. When either A' or C' equals zero, the curve is a 
parabola and A = 0. 

3. A > 0; hyperbola. ^Vhen A' and C' have unlike signs, the curve is 
a hyperbola and A > 0. 

The exceptional cases to 1, 2, and 3 are grouped under the name of 
degenerate conics. In Chap. 16 we learned that, if neither A' nor C' 
is zero, (2) can be transformed by translating the axes to the form 

A'x”^ + C'y"^ + F' = 0 
or, putting F" — F' 

(4) A'x"^ + cy'® = F" 

the coefficients A' and C' being unchanged by the translation. 

If A < 0 and F” > 0, which is the general case, (4) represents a real 
ellipse; the exceptional cases are (a) the locus is a null ellipse when 
A < 0 and F" = 0 and (b) the locus is an imaginary ellipse when A < 0 
and F" < 0. 

If A > 0 and F" ^ 0, (4) represents a hyperbola; a degenerate case 
occurs when F" = 0 and the left member of (4) can be resolved into the 
product of two linear factors, y/A'x” =t y/C’y” = 0; this degenerate 
locus consists of two intersecting straight lines. 
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Returning to (2), if A = 0» either A’ or C" equals zero. Let it be C', 
and ( 2 ) becomes 

/1V2 + 7)V + E'y^ + F - 0 

As already stated, this locus is, in general, a parabola; the exceptional 
case occurs when E' = 0, leaving 

(5) A'x'^ + D'x' 4- F = 0 

This quadratic equation in x" may be solved for x' = ru x' = r 2 , 
and if ri and are realy the locus of (5) is two parallel lines when 
ri ^ r 2 and a single line when ri — r 2 . These are called the degenerate 
cases of the parabola. If ri and r 2 are imaginary, there is no locus. 

A similar discussion holds for the possible case that A' = 0, and ( 2 ) 
becomes 

+ D'x' + E'y' + F = 0 

If D' — 0, the locus again consists of two parallel lines, either real and 
distinct, or real and coincident, or imaginary. 

118, Plotting an equation of the second degree. Given a particular 
equation of the second degree with numerical coeflacicnts, one way of 
studying it is to reduce it systematically by rotation and translation to 
a recognizable form; another way is to find enough points or other 
information to determine the size and position of the curve. 

Example 1. Plot the equation 

5x^ — 6 x 1 / + 5y^ — 14x + 2y -f- 5 = 0 

Solution. In any case we first evaluate 

A - = 36 - (4)(5)(5) = -64. 

This informs us that the locus is an ellipse, genuine or degenerate. 
Let us choose to reduce the equation systematically by translation and 
rotation. With regard to the order of these two operations it will be 
found that when A indicates a parabola it is best to rotate first but that 
if it indicates an ellipse or hyperbola either order is satisfactory. Sub¬ 
stituting x' + h, y' k for x and y, 

5{x' + hy - 6 (x' + h){y' + fc) + 5{y' + ky - 14(x' + k) 

-b 2{y' k) + 5 = 0 

5x'2 - Qx'y' + 5y'^ + (10/! - 6A: - 14)x' + (-6/* + lOA: + 2)y' 

4- 5h^ - Ghk + 5k‘^ - Uh + 4- 5 = 0 

We eliminate the x'- and i/'-terms by solving simultaneously. 

\0h - 6A: - 14 = 0 
-6h -b lOAr 4- 2 = 0 
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This gives A = 2, & = 1, and the transformed equation is 

5x'^ - 6xy + 52/'2 = 8 

To remove the xy-term by rota 
tion we find 

tan 20 = ^ g = oo 

20 = 90° 0 = 45° 

J _ X - y 



X' ^ 


\/2 


, x" + y" 

The student may verify that after rotation the transformed equation is 

+ 42/^2 = 4 

The locus is shown in Fig. 152. 

Example 2. Plot the equation x* + 2xy — fix — Sy = 0. 

Solution. A = 4 - 0 = 4. The locus is a hyperbola, genuine or 
degenerate. Noting that it is easy to solve for 

fix — x^ 

^ ” 2x - 8 

by the methods of Chaps. 2 and 4, we see that intercepts are (0,0) and 
(6,0); that x = 4 is an asymptote; that no values of x are excluded. 

By plotting directly a few additional 
points the curve as shown in Fig. 153 
is obtained. 

Example 3. Plot the equation 
(1) x^ - 4x1/ + 41/2 + fix - 12i/ = 0 

Solution. A = 16 — 16 = 0. The 
locus is a parabola, genuine or degen¬ 
erate. When A = 0, the quadratic 
terms constitute a perfect square; in 

Y 






FIG. 153. 


RG. 154 
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this example, (a: — Noticing that x — 2^ is a factor of the re¬ 

maining terms, 6x — 121 /, equation (1) factors completely as 

(x - 2i/)(x - 22 / + 6) = 0 

The locus is a degenerate parabola, viz., the parallel lines x — 2i/ = 0 
and X — 2i/ + 6 = 0. 


EXERCISE 66 

1. Work out the details of the substitution in Sec. 117 for reducing B'* — 4A'C' 
to B 2 _ 4AC. 

2. Show that .*1 + C in equation (1), Sec. 117, is invariant; i.e.. A' -j" = A C, 

when the axes are rotated and translated. 

Plot the following equations by any method: 

3. 3x2 _|_ 2x1/ + 3t/2 + 8x -H - 8 = 0. 

4. 3x2 + lOxi/ +3t/^- 28x - 36j/ + 42 = 0. 

6. lGx2 + 24xi^ + V - 65x - 80i/ + 75 = 0. 

6. 7x2 + 2X1/ + 7t/2 _ 28x + 28 = 0. 7. x*/ + x - 2i/ - 10 = 0. 

8. 52x2 - 72x1/ + 73 i /2 _ i76x + 218^ - 203 = 0. 

9. x2 + 1/2 _ 43- „ Si, + 16 = 0. 

10. x2 - 2xy J/2 - 2 V 2 X - eViy + 10>/2 = 0. 

11. x2 + XI/ = 0. 12. x2 - 2xi/ + 1/2=0. 

13. x2 - Xi/ + 1/2 = 0. 14. X* - 2xy - y* = 0. 

16. 3x2 + 3y2 + Cx + 18y - 5 = 0. 16. x2 - xy - 2x + y + 4 = 0. 

17. 3x2 + lOxy + 3y2 = 0. 18. x* - ry + y* - 3x - 3y = 0. 

19. xy — y2 — 2x — 4y — 3 = 0. 

20. 7x2 _ 83 .^ A- 13y2 + 36x - 42y + 7 = 0. 

21. x2 + 2xy + y2 + 2x + 2y = 0. 22. xy - 4x + 3y - 8 = 0. 

23. 16x2 - 24xy + 9y2 - 25x + 50y - 100 = 0. 

24. x2 + 4xy - 7x - 8y + 10 = 0. 

119. Locus definition of the conic sections. In Sec. 35 we pointed 
out that the parabola, ellipse, and hyperbola are cases of conic sections, 
i.e., the curves of intersection of a plane and a right circular cone. It 
can be shown geometrically that when the section is a parabola, ellipse, 
or hyperbola a single locus definition applies to all. 

Definition. A conic section is the locus of a point that moves so that the 
ratio of its distance from a fixed point to its distance from a fixed line is 
constant. 

This was used as the locus definition of the parabola, the ratio of the 
distances being unity; but special locus definitions were used for the 
ellipse and hyperbola. 

Applying the definition in general, let the fixed line, called the 
directrix, be the y-axis; let the fixed point, called ihe focus, be (/j, 0); 
let e, called the eccentricity, be the given ratio; and let P{x,y) be the 
point which traces the locus. The arrangement is shown in big. 155. 
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By definition, FP/MP = e, whence 


{x - pY + __ 


(1) - e'') + 1/- - 2px + p* = 0 

•— ^ / 

•B / Equation (1) is of the type studied in 

^ j Sec. 113, VIZ., 

_ L _ L _(2) + Z>a; + Ey + F = 0 

0 I F(p.o) 

_ Comparing (2) with (1), ^ = 1 - 

C = 1. When e < ly A and C have like 
signs and the locus is an ellipse; when e > 'i, A and C have unlike signs 
and the locus is a hyperbola; when e — ly A — Oy and the locus is a 
parabola. 

We shall sketch briefly the reduction of (1) to the familiar standard 
forms for ellipse and hyperbola and thus learn about their directrices, 
which were entirely omitted in the earlier presentation in Chap. 6. 

Assuming e 1, to reduce (1) to a standard form we must remove the 
first-degree term — 2px by translating the axes. Letting x — x' + A, 
y = y' + k, by straightforward substitution and elimination 


h = 


_ P 


I - 


k ^ 0 


The details are left as a problem. 
The translated equation is 


(3) 




(1 - e^) 


e^p^ 
1 - 


- 1 


Hence, for an ellipse the semimajor axis a is a == ^ and, similarly, 


_£P_ 

Vi - 

e^p 

1 -T2 


Applying the formula c = ^(P — we fii»d that 


Forming the ratio c/a. 


e^p 

^ 1 ~ _ g 

a ep 

1 - 7 - 

Hence, the definition in this section for the eccentricity of the ellipse 
is consistent with the definition in Chap. 6. 



Sec. 119] 


EQUATION OF THE SECOND DEGREE 


243 


In a similar manner for a hyperbola 


c 



» and c/a reduces to e. 



ep 

V ^ 


The distance from directrix to center, either for an ellipse or for 
a hyperbola, is the k found above while translating the axes, i.e., 

h = direct comparison with a = 

a = ehy or k = a/e. 

Finally, although in Fig. 155 we have a directrix to the left of the 
locus, by symmetry we might have obtained the same result for a 
central conic (ellipse or hyperbola) by working from a directrix to the 
right of the locus. In other words, a central conic whose center is at 
the origin and whose principal axis is the x-axis has two directrices 
whose equations are 



For a central conic whose center is the origin and whose principal 
axis is the ^-axis, by similar reasoning, the directrices are the lines 



X 



Example. Find the directrices of 
the hyperbola "9 “ Jg ~ 


sketch the locus. 

Solution. By inspection, a - 3, 
6 = 4, c = V9 + 16 = 5. e = 

The transverse axis lies on OX; 
hence the directrices are 



The sketch is shown in Fig. 156. 


EXERCISE 67 

1. Write out the details of the transformation which changes equation (1) to (8) in 
the preceding section. 

2. Assuming that e = 1 in equation (1) in the preceding section, translate the axes 
to obtain a standard form of a parabola. 
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In Probs. 3 to 8 find the equations of the directrices of the given conic, and sketch. 

3. 3x» + 4y* = 192. 4. 3a:» — 4i/* = 192. 

6. 251^ - 93 /* + 900 = 0. 6. + 93 /*= 900. 

7. 9x» + 5y» = 405. 8. 144a:* - 25y* = 3,600. 

9. Find the equation of the locus of a point that moves so that its distance from (6,0) 
is half its distance from the y-axis. Find the equation of the other directrix. 

10. Find the equation of the locus of a point that moves so that its distance from (2,0) 
is three times its distance from the line x = 10. Find the equation of the other directrix. 

11. Find the equation of the locus of a point that moves so that its distance from the 
origin is twice its distance from the line y = 6. Find the equation of the other directrix. 

12. Find the equation of the locus of a point that moves so that its distance from (0,-3) 
is three-fifths its distance from the line y = 5. Find the equation of the other directrix. 

13. Find the r-intercepts of equation (1) in the preceding section; distinguish carefully 
between the intercept nearer the origin and the one farther from the origin. As e increases 
toward 1, what happens to the nearer intercept? to the farther intercept? What becomes 
of each when e = 1? What becomes of each when e increases beyond 1? In what sense 
is the parabola the limit of both the ellipse and the hyperbola? 

14. Show that for a central conic the distance from center to vertex is a mean pro¬ 
portional between the distances from center to focus and center to directrix. 

16. Show that the tangent to a conic at the end of a latus rectum passes through the 
intersection of the principal axis of the conic with the directrix which lies nearer to the 
latus rectum concerned. 
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120. The polar coordinates r and 6. Up to the present, whenever 
we have needed a system of coordinates, we have used the rectangular 
system. There is a different system, called polar coordinates, that is 
also important. Broadly speaking the two systems are equivalent, and 
a problem that can be handled by one system can be handled by the 
other also; nevertheless, in a particular case one may be much more 
effective than the other. 

The polar-coordinate system for points in a plane comprises a fixed 
point, called the originy or po/e, and a fixed straight line, called the 
polar axisy which starts from the origin and extends without limit in 
some direction. For convenience the polar axis is usually drawn hori¬ 
zontally and is frequently referred to as the 0®-line. Figure 157 (a) 
shows a system of polar coordinates with origin at 0 for the plane of the 
paper. 


0 12 


3 

(a) 


4 5 




PiryO) 



(b) 


(C) 


FIG. 157. 


Figure 157(5) shows a general point P with its coordinates r and $. 
r is the length of the segment OPy called the radius vector (plural, radii 
rectores ); 8 is an angle between the 0°-line and line OP, called the vectO' 
rial angle. The^ indicated by the arrow is the least positive angle possible, 
but other angles are possible, as we shall see in a moment. Both r 
and $ may be either positive or negative. Taking 8 first, 8 is positive 
or negative according as it is measured counterclockwise or clockwise 
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from the polar axis. Having fixed upon an angle r is positive or 
negative according as it lies on the terminal side of $ or on the terminal 
side produced through the origin. Thus in Fig. 157(6) Pi has the 
coordinates ( —r/3,0) since OPi is one-third OP in length, but lies on 
the terminal side of 6 produced. In writing the coordinates of a point 
P(r,0), r is always mentioned first. Q may be stated in either degrees 
or radians. 

Unlike rectangular coordinates, in polar coordinates a point has an 
infinite number of sets of coordinates. In Fig. 157(c) four different sets 
are stated for the point P. Other sets are obtained by adding integral 
multiples of 360° to the stated angles. 

121, Plotting curves in polar coordinates. Polar curves are usually 
plotted point by point. If great accuracy is required, polar-coordinate 
paper may be used. This consists of paper ruled with concentric circles 
about the origin and provided with radial lines at frequent intervals. 

90*> 

105® 


270® 

FIG. 158. 

A sample is shown in Fig. 158. However, satisfactory figures can usually 
be made by ruling a few common angles on a piece of plain paper and 
estimating distances with ordinary care. 

Example. Plot the curve = 64 cos 25. 

Solution. A table of values of r and B is prepared, and a smooth 


e 

T 

0® 

00 

15® 

+ 7.4 

30® 

+ 5.7 

45® 

0 

60® 

• 

« 

imag. 

• 

• 

• 

• 

135° 

• 

« 

0 

150® 

± 5.7 

165° 

+ 7.4 

180° 

+ 8 
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curve is drawn through the plotted points. The curve is called a 
lemniscaU. 

^Yhen 6 lies between 45 and 135°, cos 20 is negative and r is imaginary. 
By way of warning let it be remarked that r is plotted against the values 
of 0; when a multiple of 0 is used in computing r, it is easy to fall into 
the error of plotting r against the multiple of 0 used in the computation. 

In this particular case the curve repeats itself after 0 increases beyond 
180°. In general one must be prepared to consider values of 0 through 
several revolutions, if necessary, to obtain the curve in full. 

■ 122, Simple loci in polar coordinates.^^ In rectangular coordinates 
the equation of a locus is found by assuming a point P{x,y) which traces 
the locus and writing the conditions that control the relation between 
X and y. Similarly, in polar coordinates a general point P(r,0) is chosen, 
and the equation connecting r and 0 is formulated. In this section we 

shall consider a few simple standard equations. 

1 . Circles. Evidently an equation r = constant represents a circle 

whose center is the origin and whose radius is the constant. The circle 

in Fig. 159(a) is such a circle. 



FIG. 159 


Consider the circle shown in Fig. 159(6) whose dian.eter is 2a and 
lies on the polar axis with one extremity at the pole. Let P(r,9) trace 
the circle. By geometry, APO is a right triangle, and by trigonometry 

Figure 159(c) shows a circle of diameter 2a tangent to the polar axis 
at the origin. The details of the derivation of its equation are left as 

a problem. ^ .11 1 

If a is negative, the circles in Fig. 159(6) and (c) are replaced by equal 

circles to the left of the 90°-line and below the 0 -axis, respectively. 
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2 . Straight Lines. The equation of a radial line through the origin 
is 0 = constant [see Fig. 160(a)]. 



(a) (b) (C) 

FIG. 160 


An equation of a vertical straight line a units to the right of the origin 
is r = a sec 6. In Fig. 160(6) P{r,d) traces the vertical line, and by trig¬ 
onometry r = a sec 6. Other equivalent forms are r = a/cos 6 and 
r cos 0 = a. 

In a similar way r sin 0 = a, or r = a/sin 0 — a esc 0, represents a line 
parallel to the polar axis and a units from it [see Fig. 160(c)]. 

Fig. 1606 suggests a contrast between rectangular and polar coordi¬ 
nates. If we were plotting r = a sec 0 point by point without having 
in mind the law by which the locus is generated, we might say 0 — 90°, 
r = CO . In rectangular coordinates if a value of x makes y infinite, 
that value of x defines a vertical asymptote. One’s instinct may be that 
the 90°-line should be an asymptote of r = a sec 0. However, we know 
from the derivation that this is not the case. In polar coordinates, if 
a value of 0 makes r infinite, the corresponding radial line through 0 
may be an asymptote, or some line parallel to it may be an asymptote, 
or the curve may merely extend indefinitely (or be open) in that direc¬ 
tion. Careful plotting or a knowledge of how the curve is generated is 
needed for deciding between the several possibilities. 

3. The cardioid. If a circle rolls without slipping on an equal fixed 
circle, the locus of a point on the circumference of the rolling circle is a 
cardioid. (The cardioid is a special case of the epicycloid.) In Fig. 161 
let the equal circles whose centers are K and K' be the fixed and rolling 
circles, respectively. Let 0, the origin of the system of polar coordinates, 
be the initial point of contact. Let F(r,0) be a general point of the locus. 
By hypothesis K' rolls without slipping; hence, angle OKT = angle 
TK'P, and since KO = a/2 = K'P^ the quadrilateral OKK'P is an 
isosceles trapezoid and OP is parallel to KK'. Hence, 0 = angle OKT 
= angle TK'P. 
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Projecting 0 and P into M and M', respectively, 

r = OP = M^r = KK' - {KM + M'K') = KK' - ^KM 

KK' = KT + TK' = ^ + ^ = a 

% % 


KM = scosfl 

r = a — 2 ^ cos $ 


or the equation of the cardioid is 

r = a(l — cos 0) 

Other cardioids are 
= a(l + cos e) r a(l - sin 0 ) 
and 

r = a(l + sin 0) 

Their positions are left as a problem. 



P(r,$) 


0 ° 


FIG. 161 


EXERCISE 68 

1. In Fig. 159(e) write out in detail the derivation of r = ^ sin 0. 

2. In Fig. 160(e) write out in detail the derivation of r = a esc 6. 

3. Where are the straight lines whose equations are r = —a sec 8 and r = —a esc 8? 

4. Describe the position of each of the cardioids r = a(H- cos0), r = o(l + sin0), 

and r = a(l — sin0). 

In Probs. 5 to 33 plot the locus point by point unless you can recognize and name the 
locus; in the latter case it may be plotted directly as a standard form. 


6. r = 10 cos 0. 

6. r s= 8. 

7. r = 6 sin 8. 

8. r cos 0 = 10. 

9. r -f 8 sin 0 = 0. 

10. r sin 0+6 = 0. 

IL r = 4(1 - COS0). 

12. r — 4 cos 0=0. 


4 

13. r = 2(1 + sinO). 

” 2 - sin 0 

6 


^ 3 - cos 8 

^ 4 + sin 0 

4 

18 r- " . 

17. r — , a' 

1 — cos 8 

^ 1 + sin 0 

6 

6 

19. r = r- :—y 

1 — sin 0 

1 + 2 COS0 

21. r = 3 + cos 8. 

22. r = 2 + 2 cos 0. 

23. r = 5 — 4 sin 0. 

24. r = 2 + sec 0. 

26. r = 2 + tan 0. 

26. r* = 16 cos 0. 

27. = 9 sin 0. 

28. r* = 25 cos 20. 

29. = 36 sin 20. 

30. r = sin 0 + cos 0. 
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31. r = 4 sin 0 + 6 cos d. 

8 


33. r = 


4 sin 0+3 cos 0 


32. r = -: 


sin 0 + cos 0 


Curves whose equations are of the form r = a — b cos 0 are called limoQons. Plot 
the following curves: 

34. r = 4 — 3 cos 0. 36. r =» 3 — 4 cos 0. 

36. Make a general statement about the shape of the limagon when a > fc; when 
a < 6 ; when a ~ b. Isr=o+6 cos 0 a lima^on? r = a — b sin 0? r = o + 6 sin 0? 


123. Graphs of other polar equations. As a further aid in plotting 
polar equations we offer other suggestions by examples. 

Example 1. Plot r = a sin 20. 

Solution. Instead of preparing an elaborate table of values of r and 0, 
let us try to follow the variations of r as a continuous process. When 

0 = 0 °, r = 0 , and as 0 increases, r 
increases until 0 = 45®; for this value 
r = a sin 90® = a; as 0 increases from 
45® to 90®, r decreases; and when 
0 = 90°, r = a sin 180® — 0. This 
indicates a closed loop in the first 
quadrant with symmetry about the 
45®-line, and the point (^/Sa/%30°), 
coupled with the symmetry, outlines 
the loop well enough. Similarly, as 
0 varies from 90 to 180®, r passes 
through negative values from 0 at 
90® to —a at 135® back to 0 at 180®. 
This gives the loop in the fourth 
quadrant. Continuing in this manner, we obtain loops in the third and 
second quadrants in that order to complete the curve. 

The locus is called a four4eaved rose. 

Example 2 . Plot r = 4 sin 0 sin 20 . 

Solution. This equation conforms to no standard form. It must be 
plotted point by point. When 0 = 0 ®, r = 0, and r increases certainly 
until 0 = 45® because both factors are increasing. However, after 
0 passes 45°, sin 20 decreases, and when 0 = 90°, r = 0. We may find 
the value of 0 w’hich yields the greatest value of r by the method for 
finding maxima and minima. 

r = 4 sin 0 sin 20 = 8 sin^ 0 cos 0 

^ = 8(2 sin 0 cos^ 0 — sin* 0 ) 

(W 

= 8 sin 0(2 cos* 0 — sin* 0) 


90' 



FIG. 162. 
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Setting^ = 0. 0 = sin * 0, tan ^ (±v^). 

A maximum value of r occurs when 6 = tan~^ \/2 (about 54.7®), and 
r = 3.1 (approximately). 

The student may verify that there is an equal loop in the fourth 
quadrant and that there are no other branches of the locus. 



FIG. 163. 


EXERCISE 69 


Plot the curves in problems 1-6. 

1. r = a cos StO. 2. r = a sin 36. 3. r = a cos 56. 

4. r = a sin 40. 6. r = a cos 60. 6. r = a sin 90. 

7. The curves whose equations are of the forms r = a sin n0 or r = a cos rid (Probs. 
1 to 6) are called roses. Make general statements about the nuuibcr and position of their 

leaves. 


Plot the following curves; 

8. r = 5 sin* 30. 

10. r = 4 + 4 cos 'id. 

12. r= 6 + 3sin-- 

14. r = 3 sin 0(4 — sin 0). 
9sin0 

" 2 - COS0 

18. r = 5 sin 0(1 - sinO). 
20. r = 4 cos 0{i + cos 0). 
22. r* = 16(1 - sin0). 

24. r = 8 sin 


9. r = 5 + 2 cos 30. 
11. r = 4 — 2 sin 20. 


13. r = 3(2 + sin*0). 


16. r = 

17. r* = 

19. r = 
21. r = 

23. r* = 

26. r = 


4 sin 0 cos 20. 

9 

2 — cos 0 
4(sin 0 + sin 20) 
8 COS 0 cos 20. 
sec*0+ 3. 

. 0 

8.,d-. 
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0 

26. r — 8 cos -♦ 

o 

28. r = 8 sm — ’ 

30. r = 8 cos* ^ 

Q 

32. r = 8 CSC* — • 


27, r = 8 cos -♦ 

29. r = 8 cos ^ 


31. r = 8 sin' 


0 


d 


33. r = 8 sec*-» 


The following curves are spirals: 

34. r = ad. Spiral of Archimedes. ^Let a = —• j 

36. log r = o5. Logarithmic spiral. (Let fl = 1.) 

36. ^ Reciprocal (or hyperbolic) spiral. (Let a = 5jr.) 

37. r*5 = a*. The lituus. (Let a* = 8b-.) 

38. (r — /:)* = 4aA*5. Parabolic spiral. (Let a = k = \.) 

124. Transformations between rectangular and polar coordinate 
systems. Figure 164 shows a system of polar coordinates superimposed 
^ on rectangular axes with their origins coin¬ 

cident and the 0°-line lying on OX. Let the 
point P be Pix,y) and P(r,0) referred to the 
rectangular and polar systems, respectively. 
Draw PM perpendicular to OX. By trigo¬ 
nometry, 



X — r cos d ) 
y = r sin 6 j 


[18-1] 


These are the equations for changing from 
rectangular to polar coordinates. Corres¬ 
ponding equations for changing from polar 
to rectangular coordinates are 

r2 = a:2 + y- 

y ^ [ 18-21 

sin 0 = —= 

X 


tan e = ^ 


etc. 


Example 1. Transform the equation of the lemniscate sin 25 

to rectangular coordinates. 

Solution. Since sin 25 = 2 sin 5 cos 5, 

= 2a2 sin 6 cos 6 

Substituting from [18-2], 

+ 2/2 = 2a2 


y 


X 


\/x^ + 2/^ y/x^ A- y^ 
(x^ 4- 2/^)2 = ‘ia^xy 
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Example 2. Transform the straight line + 3t/ = 6 to polar co¬ 
ordinates. 

Solution. Substituting r cos 6 and r sin 6 for x and y, 

2r cos 0 + 3r sin 0 = 6 
- 6 
^ 2 cos 4- 3 sin 0 


12S. Polar equations of the conic sections. To find the equations 
of the conic sections in polar coordinates we shall use the locus definition 
in Sec. 119. 

In Fig. 165 let D’D be the directrix and 0 the focus of a conic whose 
eccentricity is e\ let the distance from D'D to 0 be p units; let 0 bo the 
origin of a system of polar coordinates 
with polar axis passing through 0 and 
perpendicular to D'D at A. Let P(r,0) 
be a general point of the locus. By defi¬ 
nition OP/PP = e. 

OP OP r 


D 


RP AO 4- OM p + r cos 0 

r ep + er cos 0 
ep 


— e 


r - 


1 — e cos 0 


[18-3a] 





FIG. 165 


The conic, of course, is a parabola, 
ellipse, or hyperbola depending on the value of e. If the directrix is to 

the right of 0, the equation becomes 


r = 


ep 


14-^ cos 0 


[18-3/;] 


If the directrix is parallel to the polar axis, 

r = , 

1 =t e sm 0 

the plus sign in the denominator occurring when the directrix is above 
the axis and the minus sign when it is below. 

9 

Example 1. Sketch the conic r = ^ ^ f 

Solution. The key term in the forms [18-3] is the 1 in the denominator. 
Dividing numerator and denominator by 2, 

_ 9/2 

^ 1 — sin 0 
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e is the coefficient of sin i.e., e = \, and the conic is a parabola. 
For practical plotting, tabulate r against d as follows: 


6 

0® 

90® 

! 

GO 

O 

0 

270® 

T 

9/2 

CO 

' 9/2 

9/4 


The CO corresponding to 90° tells us that the parabola is open upward. 
The finite points are plotted in Fig. 166, and a parabola drawn through 

them. 

Example 2. Sketch the conic 

10 


90 



r — 


1 + 2 cos 6 

Solution. By inspection, c = 2, and 
the conic is a hyperbola. 

Next prepare the table. 


6 

0® 

90® 

180® 

270® 

r 

10/3 

10 

-10 

10 


Since cos B appears in the denomi¬ 
nator, the transverse axis is on the 
polar axis, and (10/3,0°), ( — 10,180°) must be the vertices. Their 
mid-point is the center. 

To find the asymptotes note 
that, by setting the denominator 
1 + 2 cos 0 = 0 , r becomes in¬ 
finite. 6 = cos“' (”M) gives the 
directions in which the asymp¬ 
totes lie, and lines drawn in these 
directions through the center are 
the desired asymptotes. 

126. Intersections of polar 
curves. The intersections of 
curves in polar coordinates are 
found by solving their equations 
simultaneously, a method like 
that used in finding the intersec¬ 
tions of curves in rectangular co¬ 
ordinates. Sometimes, however, 
there arises a special situation in 

polar coordinates; its cause lies in 

the many ways of representing a point in polar coordinates [Fig. 157(c)] 
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Points may be found where loci cross each other, but where their equa¬ 
tions are not satisfied by the same pairs of r and 6. There follows an ex¬ 
ample. 

Example. Find the intersections of the circles 

r = 4 sin 6 and r = 4 cos 6 


Solution. The circles are shown in 
intersect at 0 and P. Solving alge¬ 
braically, 

4 sin 0 = 4 cos d 
tan 0 = 1 

0 = 45° and r = 2\/2 

Evidently this solution corresponds 
to P(2\/2,45°) but omits 0. 

For the circle r = 4 sin 0 the origin 
occurs as (0,0°) and for r = 4 cos 0 
as (0,90°), which are different sets of 
numbers. In cases like this both types 
of intersections should be noted; there 
is no convention as to what constitute 
the “true intersections.** 


Fig. 168, and they evidently 
90® 
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In Probs. 1 to 14 transform the equation by 
by name, or sketch the locus. 

1. I* + y’ = 25. 

3. -H y* - lOy = 0. 

6. j/ - 3 = 0. 

7. z* - y* = 16. 

9. j/» = 


changing it to polar coordinates. Identify 


11. J/2 aJ 


2 - X 
3 - X 


2. X* + y* - 8x 
4. X + 2 = 0. 

6. y* = 4x. 

8. xy = 5. 

10- y = rris’ 

16x> 


= 0 


13. y = 


6-1-X 

4x 


12. y* = 


8 - X 


44- x» 

In Probs. 15 to 28 transform the equation 
Identify by name, or sketch the locus. 

16. r - 2sine = 0. 

17. r 4" 4 sec 0 = 0. 

19. r = 2 cot 0 CSC 0. 

21. r* = 8 cos 20. 

23. r» = 12 sec 20. 

26. r = -- - - - 

1 — cos 0 

27. r = 2(1 4- tan0). 


14. 9x» = y>(25 - x*). 

by changing it to rectangular coordinates 

16. r cos 0—3 = 0. 

18. r 4* 10 cos 0 = 0. 

20. = 8 CSC 20. 

22. r* = 6 tan 0 sec 0. 

24. r = 2(1 - COS0). 

26. r = -- 

1 — s»n 0 

28. r = cos 20. 
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Sketch the following conic sections: 


29. r = 


31. r = 


33. r » 


36. r = 


37. r = 


39. r = 

Sketch 1 

41. r = 
43. r = 

45. r = 


1 + cos 6 

20 

4 H- sin d 
10 

2 — S cos 6 


1 — sin $ 

16 

3 + 5 cos 6 

15 

4 — 6 sin 6 


30. f = 


32. r 


34. r = 


36. r 


38. 


40. r = 


S — sin 6 
2 

1 — cos 6 


1 + 2 sin® 

12 

2 + cos 0 

36 

6 — 13 sin 6 


4 — 0 sin S + 7 cos 0 

the following pairs of curves, and 6nd their intersections: 

8 sin r = 2 esc O. 42. r = 4(1 - cos fl), r cos = 1. 

2(1 + cos5).r = 4cose. 44. r = 2sin 25, r == 2 cose. 

2 4 

r = 5 - 2sme. *' * 


1- sine’ '' = 5 - 2s.ne. 46. r = 4(1 - cose),r = ^ ^ 


47. r = 4(1 — cos 6), r *= 


1 — cos 6 


49. r — 4 sin 25. r = 4 sin 0. 


61. r = 


53. r » 


66. r = 


16 

1 + 2 cos 0 ’ ** 

4 cot 5 CSC 5, r s= 

12 _ 
1 + 3 cos s' ^ 


20 

► ^_ _ _ 

2 + cos 0 

8 cos 0. 

12 

3 — cos 0 


48. r = 3(1 — cos 5), r *= 3 sin 0. 

r/x 5 1 

K). r = -r-:—r = ;—;-:—t- 

2 — Sin 5 1 + sin 5 

62. r + 2 sin 5 — 0, r + 2 Vs cos 5 0, 

64. r* = 5 CSC 25, r = 5. 


127. Tangents in polar coordinates. We have seen that the slope 
of a curve at a point in rectangular coordinates is found by obtaining 
the derivative of y with respect to x and evaluating it at the point in 


M 



(a) (b) 

RG. 169 
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question. The slopes thus obtained are in every case the tangents of 
angles measured from the x-axis. A different method prevails in polar 
coordinates. In this system the direction of the tangent at a point is 
given by the angle between the radius vector 'produced and the tangent to 
the curve. In Fig. 169(a) the angle so defined is denoted by yp (Greek psi), 
and several typical positions are marked. 

The formula for tan \p can be found from Fig. 169(6). Starting from 
P{r,$) we give $ an increment Afl, locating the point FX^+Ar,^+A 0 ). 
Ar is shown by swinging an arc with 0 as center and OP = r as radius 
to R; OR = r, Ar = RP'y PS is perpendicular to OP'. Denote by yp' 
the angle NP'M\ angle RP’P = yp' also. As Ad —> 0, P' —> P, \p' —* \p, 
RP' —»• SP'y SP arc RP. Arc RP = r A6. In the language of infini¬ 
tesimals iSP' = PP' + € = Ar + €; SP ^ arc PP n = r AS + rt, where 
€ and rj denote infinitesimals of higher order (Sec. 74). (77 is Greek eta.) 

SP 

In triangle SP'P, tan yp' = 

Neglecting infinitesimals of higher order (see Theorem, Sec. 74), 


and 


tan yp' 


r A6 _ r 
Ar Ar 
AO 


Urn tan yp' = tan yp = 

A5-»0 


r 

Tr 

de 



[18-4] 


Example. Find the value of tan yp for the cardioid r = a(l - cos 0), 
and find the angle at which the cardioid crosses the 90°-line. 


Solution. 


dr 

d$ 


tan yp = 


= a sin 6 
r a(l — cos 0 ) 


dr 

do 


a sin d 


= CSC $ — cot 6. 
tan = 1—0 


= 1 


IT 


^ = 45 


Figure 170 shows the curve as it crosses the 





90°-line. ^ ♦ 1 1 a / 

128. Plane areas in polar coordinates. Consider the area A (.see 

Fig. 171) bounded by a curve whose equation is r = f{0), a continuous 
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function of 0, and two fixed radii vectores, 0 ^ a and 0 — ^ (a and in 
radians). 

By dividing the angular interval from a to ^ into n equal parts 
of magnitude A0 and drawing the corresponding radii vectores, we 



RG. 17h 


form a series of infinitesimal ele¬ 
ments of area AA{ whose sum is A, 
By inscribing and circumscribing 
series of circular sectors we obtain the 
inequality, 

I r? A0 < AAi < I Ad 

n 

Now A = } AAi, Hence 

n 1 f» 

t—1 


As A0 —► 0, Ti+i —> r,-. Therefore 

n 

.-1 ^ 

The Fundamental Theorem of Sec. 81 is applicable and the result is 



0 


d0 


[18-5] 


Example 1. Find the area of the circle r = 2a cos 0. 

Solution, r = 2a cos 6 is the equation of the circle in the standard 
position shown in Fig. 172. Applying [18-5] directly, 

1 1 

(1) :^A = - f 4a^ cos* 0 



In (1) the integral covers the semicircu¬ 
lar area in the first quadrant; it is ad¬ 
visable to take advantage of symmetry 
wherever possible and keep the limits as 
low as possible. 


TT 

2 


A = 4a^ 


•/* 


cos 


0d0 


= 4a2 ( I + T sin 2(9^ 1 


2 


^sin2.jj;^* 
square units 

(For the evaluation of / cos* 0 d0 see Exercise 56, Prob. 58.) 


= Tra 
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Example 2. Find the area in the first quadrant bounded by the polar 
axis, r — 4 sec By and r = 4 cot B esc B, 



RG. 173. 

Solution. The bounded area is shown in Fig. 173. r = 4 sec 0 is a 
vertical straight line, and r = 4 cot 0 esc 0 is a parabola. Their inter¬ 
section is J/(4\/2,7r/4). The area may be found in two parts; Ai is a 
triangle, and Ai is the area between the chord OM and the parabola. 
Combining them, 

A Ai-h i 16 sec^ 9 dB -h ^ 16 cot^ 0 esc* 0 dB 

^ Jo ^ Jm/\ 

1-/4 g 1-/« 

= 8 tan 0 — 3 ^ 

Jo O J,/4 

8 8 32 

= 8(1 - 0) - g (0 - 1) = 8 + 2 = y square units 


EXERCISE 71 


In Probs. 1 to 12 fiml tan and the value of ^ for the staled values of 6. 
curve, at least in the neighborhood of the stated values of 0. 


Sketch the 


JT TT St 

1. r = 4 cos 0; 0 = 4 ’ £ ’ T ’ 
3. r = 4(1 - sin0);e = y ^ 


2. r = 10 sin 0',B ~ - 

4 




6. r* ^ 16 cos 0; (> = 0, 


7. T = sin = 0, 

0 3 

9. r — 8 sec® ® y 


6. r = sin 2fl; 0 = g 

6 TT 

8. r “ 8 cos yl ^ 

O X 


10. r =« O0; 0 = 0, - > T. 
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11. r = -;e — -» X, 2x. 


12. \ogr = 00 ;$ = 0, | 


In Probs. 13 to 28 find the areas, using polar coordinates. 

13. Find the area of the circle r = 10 sin 6. 

14. Find the area of the triangle bounded by the polar axis, r 


6 sec and ^ = -5 

9 


16. Find the area enclosed by the curve r = 8 sin id. 

16. Find the area enclosed by the curve r = 12 cos S6. 

17. Find the area enclosed by the lemntscate r* = a* sin id. 

18. Find the area enclosed by the lemniscate H cos id. 

19. Find the area enclosed by the curve r* ss 10 sin 6. 

4 

20. Find the area bounded by r — and the vertical line through the ori^. 

V1 -+■ cos ^ 


Hint: 1 + cos 0 = i cos* 


i) 


21. Find the area bounded by r = 


1 — cosd 


and the vertical line through the 


igin. ^ 


origin. { Hint: 1 — cos fi 




22. Find the area of the cardioid r = 8(1 — cos^). 

23. Find the area of the cardioid r = 12(1 — sind). 

24. Find the area of the limagon r = 5 — 3 cos 0. 

26. Find the area enclosed by the outer boundary of the lima^on r = 1 — 2 cos0. 

26. Find the area enclosed by the outer boundary of the lima^n r ~ 2 4 sin 

27. Find the area enclosed by the outer boundary of the curve r* = 16(1 — sin 0). 

28. Find the area bounded by the parabola r = 4 cot 0 esc 0 and its latus rectum. 


Chapter 19 


CURVATURE 


129. Differential of arc. We are familiar with the idea that a point 
P on a curve has coordinates {x,y) with respect to the coordinate axes. 
Suppose, as a different idea, that on a particular curve, e.g., curve C 
in Fig, 174(a), a point So is designated as a point of reference, or origin; 
also, assume that distances from S© may be measured along the curve, 
positive in one direction and negative in the other. Then any point 
P in the curve may be located by its distance from So, and its value may 
be used as the 5 -coordinate of P. A point PC^) may be carried into a new 
position P '(5 + A 5 ) by giving its coordinate 5 an increment A 5 (of course, 
A5 is measured along the arc). 


T 



Consider next a curve whose equation is y = fix) as shown in Fig. 
174(6), and let P(x,y) be a general point in the curve whose distance 
from So is s. The independent variable being x, P moves along the curve 
as X changes, and s (as well as y) is a function of x. We shall assume that 
5 is a single-valued continuous function of x. It is possible to obtain 
an expression for the derivative of s with respect to x. Ix-t x be given an 
increment Ax, and let P' be the point (x + Ax. t/ + At/); then arc PP' 
= A 5 as explained above. In right triangle PMP\ PP = Ax Ay , 
and 
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It is a fact (although the proof is beyond the scope of this book) 
that as P' —+ P (or Ax —>■ 0) arc PP' approaches chord PP'; i.e., 


PP' 

lim = 1 

Ax-^OPP 


By the theorem in Sec. 74, PP' in (1) may be replaced by A^, producing 



Taking limits as Ax —* 0, 




From this we readily obtain 

ds — VT + dx [19-1] 


The radical in [19-1] is given a plus sign if s increases with x; otherwise 
a minus sign. In the remainder of the chapter, unless the contrary is 
indicat ed, we shall assume that s is so chosen that it increases with Xy 
and Vl -h is positive, ds as defined by [19-1] is called the dif¬ 
ferential of arc. An equivalent form is 

ds^ = dx^ -h dy^ [19-la] 


[19-la] offers a geometrical interpretation of ds. It is segment PT 
in Fig. 174(6), for 

PT" = PM^ -f MT^ = dx^ -h dy^ (compare Fig. 96) 


Other useful forms may be obtained from [19-la]. One of them is 


ds^ 


■( 


dx^ dy 
dy"^ dy 


')dy' 


or 


d^ 


-VpV + "<» 


dy) 


If X and y are functions of a parameter U 


ds^ 




di2 

dt^ ^ dt^ 




or 


ds = 




dxV 
di 


-h 


(dy\ 

\dt) 


dt 


[19-2] 


[19-3] 


The radicals in [19-2] or [19-3] are given minus signs if s decreases 
w'ith y or ty respectively, but we shall assume a plus sign unless the 
contrary is stated. 
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From Fig. 174(6), if we let angle MPT = a, we have 

dx 


. dy 

sm a = 

ds 


cos a = 


ds 


[19-4] 


In these formulas, with previous agreements as to signs. 


-2 S +2 

130. Curvature; circle of curvature. Consider two points, P and 
P' on a curve y = f{x) (Fig. 175). Let the angles made with the x-n\is 
by the tangents at P and P' be a and a -f Aa, respectively. Denote 

the arc PP" by As. Then the quotient ~ is defined to be the average- 

curvature of the curve in the interval PP'. In words, average curvature 
is the quotient of the change in angle divided by the change in arc. 
Now let P' approach P. Then the limit of the average curvature as the 
interval of arc approaches zero is defined to be the instantaneous cur- 
valure^ or simply the curvature^ of the curve y = /(x) at P{x,y). Cur¬ 
vature is denoted by k (Greek kappa). In symbols, 

[19-51 


K = lim . 

»o As 


ds 


Units of curvature are number of angle units per number of length 
units. We measure ct in radians; hence units of curvature are (number 
of radians)/(number of length units). 








Let us apply these definitions to a circle. In Fig. 176 P and P' are 
two points on a circle with arc PP' = As. The angle Aa between the 
tangents at P and P' is also the central angle PCP'. Since Aa is incas- 
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ured in radians. Aa ^ r • Aa. Then the average curvature 
But this is constant, and hence 


K 



i.e., the curvature of a circle is constant, as would be expected. Also 
r = 1 /k, i.e. the radius of a circle is the reciprocal of its curvature. 

On a curve y = /(x) (Fig. 177) let us draw a circle with its center on 
the normal at P on the concave side of the curve, tangent to the curve 

at Py and with the curvature of the 
circle equal to the curvature of the 
curve at P, Then the radius r of 
the circle equals 1/k, where k is the 
curvature of the curve. 

We define this reciprocal of cur¬ 
vature as the TodiiLS of curvature of 
the curve at P and denote it by p 
(Greek rho); i.e., 

p = 1 [19-6] 

K da 

The circle drawn as above is called 
the circle of curvaiurCy or osculating 
center of curvature of the curve at the 
point P. It possesses the property that of all circles it best approximates 
the curve in the neighborhood of P. 

For a curve y = f{x) we need to express k and p in terms of x and y. 
This may be done as follows: 

Using the principal value, we have a = tan“^ y'\ hence. 



From [19-1], 
and hence 



dy' 

1 + y'^ 


y 


n 


1 + 



ds — dx 


Also, 


^ = y’' 

ds (1 + 

1 (1 + 


[19-7] 

[19-8] 


Evidently, if we use the plus sign on the radical, the signs of k and 
p given by these formulas agree with that of y”. That is, they are plus 
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if the curve is concave up and minus if it is concave down (Sec. 70). 
p will be so used in the next section. Frequently, however, only nu¬ 
merical values are wanted, and k and p are taken as positive in any case. 

Formulas [19-7] and [19-8] may be used whether the curve is given in 
explicit, implicit, or parametric form; if implicit, the derivatives are 
found as in Sec, 63 and, if parametric, as in Sec. 109. 

Example, Find the curvature of = 4a: at a general point and the 
radius of curvature at (9,6) (numerical values). 

Solution. First compute the derivatives y' and y”. 



This is a general formula for k at any point of the curve. Its reciprocal 
is the general formula for the radius of curvature; i,e.. 



EXERCISE 72 

1. A steamboat approaching a wharf changes direction from south to soulhc^t 
while moving along an arc 100 yd. long. What is the average curvature of its path? 

2. Find by formulas the values of k and p for the circle x* + y* = a*. 

3. Answer Prob. 2, using the parametric equations z =* a cos 6^ y — a sin 6. 

4. Find k and p for Ax By C = 0. 


Find the curvature k at a general point P(x,y) of the following curves: 

6. z* = 4ay. 6. z* - y* = o*. 

7. ixy = a*. 8. — 6z — 3i/ = 0, 

9. y = e*. 10. y = log z. 

11 . + 12. + y'H = afi. 


11 . -, + ^= 1 . 
a* 6* 

13. y = log sin x. 
16. z = y = 


14. y = cos z. 

16. x = P - t,y = it. 


17. z = ac'. y = -• 18. z = log (. y = it. 

19. z == 4 cot e,y = tan 6. 20. z == 4 sec 0, y == 4 tan $. 

Find p, the radius of curvature, of the following curves at the stated point: 
t* 

21. z = ^ • y = - at i = 2. 


22. y * 4 — z* at (1,3). 
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23. X = St — y — It ^ t = 1. 24. y’ = z* + 7z at the point where z = 1. 

26. X = + \,y = t^ — lat( = 1. 26. y* = z* — 2 at (3,5). 

27. ^ — x^ — 6z at (3,-3). 28. y = zc* at z = 0. 

29. Referring to the example in Sec. 130, at what point is the curvature of the parabola 
a maximum? 

30. Where is the curvature of y = c* a maximum? 

31. Where is the curvature of y = log z a maximum? 

32. Where is the curvature of y = log sin z a maximum? 


131. Coordinates of center of curvature; evolute. Circle of curvature 
and center of curvature were defined in Sec. 130. We will next obtain 



formulas for the coordinates of the 
center of curvature. 

In Fig. 178 let P{x^y) be a point 
on a curve y = /(x), and let C{X.^Y) 
be the center of curvature of the 
curve at P. Complete the triangle 
PBC as shown. Then the angle 
BCP — oLy BP = X — X = p sin a, 
BC = Y — y = p cos a. Hence, 

(1) X = a: —psina Y~y+pcosa 

By [19-8] and [19-1] 


P “ 


(1 + y'*)*/* 


(1 + ds 

y" dx 


and, from [19-4], 

. dy dydx 

sin oc — -r — ^ -T 

ds dx ds 


cos a = 


dx 

ds 



FIG. 179. 


Substituting in (1), 

y 


r = y + 


[19-9] 


Figure 178 was drawn with a and 
p both positive. However, with our 
previous agreements as to range of a 
and sign of p, (1) and [19-9] hold in 


general. 

Barringexceptional cases, each point 
on a curve has a different center of 


curvature, and the locus of the centers of curvature constitutes a new 
curve called the evolute of the given curve. Figure 179 shows a portion 
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of a curve y * f(x), with points on it P, P\ P" and the corresponding 
centers of curvature C, C\ C" on the evolute EE’. With respect to 
the evolute the given curve is called the involute. 

To find the equation of the evolute we first get the coordinates of 
the center of curvature, (.Y.K), in terms of the coordinates {x,y) of 
a point on the curve by [19-9]. Now x and y are connected by the 
equation of the curve y = f{x)\ hence these equations constitute 
parametric equations of the evolute. 

132. Geometric properties of the evolute. From Sec. 131, equation 
(1), we have A = x — p sin a and Y = y p cos a. Differentiating 
X with respect to 

dX dx . dp da 

-j— = ^ — sin O' -p cos a —r 

ds ds ds ds 

= cos a — sin “ ^ “ cos a by [19-4] and [19-6] 

(1) dX = —sin a dp 


In like manner, 


ds 




dp 

cos a ^ — 
ds 


p sin a 




dV = cos a dp 


Dividing (2) by (1), 


dY 

dX 


dY 


— cot a. But gives the slope of the 

cl 


evolute, and —cot a is the negative reciprocal of the slope of the curve. 
Hence we have the property that the tangent to the evolute is normal 
to the curve. 

If we square (1) and (2) and add, we have dX‘ + dY- = dp^. By 
[19-la] the left member of this is the square of the differential of 
arc of the evolute, dS. So we have dS- = dp% or numerically 


- 7 - = 1, and since a derivative is a relative rate, this means that the 
dp 

arc of the evolute and the radius of curvature are changing equally 
fast numerically. 

We may interpret these two properties mechanically. If we suppose 
that the evolute is a material curve and we wrap a string around it, 
a point P on the string will trace the curv^e, or involute, as the string, 
kept taut, unwinds from the evolute. Compare Exercise 60, Problem 26. 

Example. Find the center of curvature oi y = x^ at (2,4); find the 
equation of the evolute. 
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Solution. 


X = X - 


r = + 


y' = ^x y" = ^ 

2a:(l + 4a:2) 


2 

1 + 4x2 
2 


= — 4x^ 


= 5 + 3x» 


At (2,4) the center of curvature is ( —32,12j^). 

Eliminating the parameter x between the expressions for X and Y, 

^" = §j (21^ - D* 

The evolute is a semicubical parabola. 


EXERCISE 73 


1. Work out the details of the elimination of x in the preceding example. 

2. Calculate p at the points (0,0) and (—1,1) for the curve y — (see the example 
in the preceding section). Draw the curve carefully to scale, using ^ in. = 1 unit, and 
draw the circles of curvature at (0,0) and (—1,1). 

3. Find the center of curvature of each of the following curves at the point mentioned: 

(a) y = ^ at (2,2). (A) y = e* at (0,1). 

(c) y = log X at (1,0). (d) y =* cos x at (0,1). 


4. Find the equation of the evolute of each of the following curves: 
(a) The parabola y* =* 4ax. 


(6) The ellipse ^ + n 

a* u* 



(c) The hyperbola x“ — y* = o’. 

(d) The cycloid x = a{6 — sin0),y = o(l — cos0). 

(e) X =s a(cos 6 + 0 sin ^), y a(sin 6 — 6 cos 6). (See Exercise 60, Prob. 26.) 
(/) The hypocycloid of 4 cusps, x = o cos’ 6, y — a sin’ 6. 
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133. Rectilinear motion. We first discussed the physical interpreta¬ 
tion of the derivative in Sec. 52, where it was pointed out that the deriva¬ 
tive is an expression for the rate of change of one variable with respect 
to another. In particular, if a particle moves along a straight line in 
such a way that its distance, call it s, from a fixed origin is dependent 
in some manner on time, i.e., s = f{t), the rate of change (derivative) 
of 3 with respect to i is called the velocity v of the particle; i.e., 

ds 

^ ~ Ji 

and, further, the rate of change of the velocity, which is itself a function 
of ty is called the acceleration j of the particle; i.e., 

di^ 


. dv 


By imposing mechanical restrictions, objects may be compelled to 
travel in complicated paths; in this section, however, we shall suppose 
only that a particle is required to move along some straight line, call 
it the 5-axis, in such a way that its distance s from the origin is given 
by 5 = f{t). A motion of this type is called rectilinear motion. Where 
units are needed in numerical examples, we shall assume that s is in 
feet and t is in seconds unless otherwise specified. 

Example 1 . Study the motion of a particle that moves in a straight 

line so that 

5 = 5(2 - 20t + 12 . 

Solution. We first get equations 
for 5, V, and j. 



( 1 ) 

( 2 ) 

(3) 


s = of ~ 20/ -I- 12 

^ = lOi - 20 

di 

dfs dv . - 
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We next consider the initial conditions^ i.e., the values of j, c, and 
j when / = 0. In this example, 5 = 12 ft., i? = — 20 ft./sec., and j = 10 
ft./sec.^ when f = 0. In words, its starting point is 12 ft. from the origin 
on the positive end of the 5-axis; it starts to move in the negative direc¬ 
tion (the sign of v is minus) at the rate of 20 ft./sec.; its acceleration 
is constant. 

Let us inquire whether the particle ever comes to rest; i.e.. when does 
r = 0? From (2), when i; = 0, t = 2 sec. From (1), when t ~ 2, 
s = —8 ft. As soon as < exceeds 2 sec., t) becomes positive and the particle 
reverses its direction. By inspection of (1) and (2), s and v increase 
without limit also. The dashed line in Fig. 180 is intended to suggest 
the behavior of the particle. 

Readers familiar with physics will realize that a particle moving in 
a straight line on a smooth inclined plane will behave as described if 
the initial conditions are imposed and if the inclination a of the plane 
is such that 


g sin a 
a 



10 

10 

32.2 


(g — acceleration of gravity) 
“ 18.1® (approximate) 


It is also instructive to plot separate graphs of v, 5, and j with respect 
to t as shown in Fig. 181, but it must be kept in mind that these are 
merely the graphs of (1), (2), and (3), and none of them represents the 
path of the particle. 


s (ft.) 



V (ft./sec.) 



j (ft./sec.^) 

i=io 

10 

——J-1—'— 

0 12 3 

-10 

(C) 


Example 2. Study the motion of a particle that moves so that 

5 = 10e“* 

Solution. 

(4) 5 = 10e~* 

(5) V = — 10e“* 

(6) j = lOe-* 
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ft=0 

18=10 
iS *1 ^ 


Assuming a rectilinear path as shown in Fig. 182, the initial condi¬ 
tions are s = 10 ft. (to the right of 0); » = -lOft./sec. (the par- 
tide is moving toward the left); 

j = 10 ft./sec.^. 

Let the reader verify by study 
of (4), (5). and (6) that as t in¬ 
creases without limit s diminishes 
steadily toward zero; the velocity 
diminishes to zero in numerical 
value, and the particle moves 

always toward the left; the acceleration also tends toward zero. 



10 
v=“10 

j = 10 


0 


5* 

FIG. 182. 


10 ’ 


EXERCISE 74 


1 . Referring to Example 2 in the preceding section, for what value of / does 
(a) 4 = 5 ft.? (f)) 4 = 1 ft.? 

2. Plot the graphs of s, r, and j with respect to t for the equations in Example 2 in 
the preceding section. 


Study the rectilinear motions represented by the following equations. 


3. 4 = 5< - 20. 

B. 4 = ig = 32ft./sec.*) 

7. 4 = Co/. 

9. 4 = iirf* - 32/. 

11 . 4 = lg0+ 16/ - 96. 

13. 4 = 12/ - /’. 

16. 4 = 6/> - 0. 

17. 4 = 8/* - 32/ - 16. 

19. 4=5 sin /. 


4 . 4 = 20 - 5/. 

6. 4 = \g^ — 48. 

8. 4 = iff/* "f" Po/ “h 4o. 

10. 4 = \gP+ 64/. 

12. 3 = igp - 48/ -1- 64. 
14. 4 = /* - 12/. 

16. 4 = /® — 6/®. 

18. 4 = 4/®- 16/ + 10. 
20. 4=5 cos /. 


21. 4 = 10 cos 2/. 


22. 4 = 4 sin | 


23. 4 = 10(1 — cos /). 

26. 4 = sin / -f- cos /. 

27, 4 = e‘. 

29. 4 = 5(1 - 
31. 4 = log /. 

33. 4 = e~‘ cos /. 


24. 4 = 5(1 + sin /). 
26. 4 = sin / — cos /. 

28. 3= 

30. 4 = 8(1 - 
32. 4 = logio /• 

34. 4 = 4"' sin /. 


134. Vectors. A vector quantity is a quantity that possesses both a 
magnitude and a direction, e.g., force, velocity, and acceleration. 
We represent a vector quantity by a vector^ viz., an arrow of which the 
length is proportional to the magnitude of the quantity represented 
and which is pointed in the direction associated with the quantity. 

To describe a vector V completely we need its numerical magnitude 
or absolute value, written | V ), and the angle that V makes with a 
fixed direction. 
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If A and B are any two vectors, their sum is a vector, written A + B, 
which may be constructed as follows: Translate B parallel to itself 

until its tail rests at the head of A; 
then ^ 5 is the vector whose tail 

coincides with the tail of A and whose 
head coincides with the head of B (see 
Fig. 183). The sum of A and B is also 
called their resultant. Since the proc¬ 
ess described above produces one of 
the diagonals of a parallelogram whose 
FIG. 183, adjacent sides are A and B, it is often 

called the parallelogram law. 

\i V = A By where F, Ay and B are vectors, A and B are called 
components of V. This terminology is general, but we shall be concerned 
with components at right angles to each other, usually parallel to 
rectangular coordinate axes. 

If V is drawn in the plane of a system of coordinate axes [Fig. 184(a)], 
its projections on the x- and ^-axes are called its x- and y~componenis. 




FIG. 184. 


They are denoted by K* and Vy. respectively. The directions of F* 
and Vyy like coordinates, are shown by their signs. For the direction 
of F we use an angle 6 measured from the positive direction of the x-axis 
to the positive direction of F. We have 

I F| = VFJ + FJ 

(1) e = tan“* ^ 


In (1), ^ is to be taken not as the principal value of the inverse tangent 
but so that the direction of F is that of the resultant of F* and F^. 
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Also it is convenient to take it as not exceeding 180® in numerical value, 
and either positive or negative [Fig. 184(6)]. Then we have, also, 

Vx = \ y \ cos 0 Vj, — \ V \ sin $ 


135. CuTvilinear TTiotion. Suppose that a particle is constrained to 
follow a plane curvilinear path in such a manner that the coordinates 
X and y of its position in the plane at any instant of time i may be 
expressed as functions of t. 


X = /(<) y = git) 


dx 

Then, as in rectilinear motion, denotes the rate at which the ar-pro- 

jection of the particle is moving on the x-axis; i.e., it is the x-component 
of the velocity of the particle. It is commonly denoted by Vx\ and there 
is a similar meaning for v^. 


dx _ dfii) _ 

di dt 


dt 


dgji) 

di 


= V, 


The velocity v of the particle is the resultant of the components 
r, and ty. Its magnitude | v \ and direction angle, call it a, are given by 


V 


= Vvi + vl 


a =* 


tan-> ^ 

Vz 


Since 


a = 


tan-* ^ 

Vz 


= tan 


dt 




dx 

Ti 


= tan 


-1^ 

dx 


the direction of v is along the tangent to the curve. Note that a here 

is slightly different from the a in Chap. 19. In both cases a = tan”' 

but in Chap. 19 a is the principal value of the inverse tangent, while 
here the angle is measured to the resultant of Vx and Vy like 0 in (1) 
of Sec. 134. 


Also, I V 1 = 


V 


cos a 


By [19-4], I cos a \ = 


dx 

ds 


Hence, 


- 




dx 



Vx 


dt 


ds 

cos a 


dx 

1 

1 

1 

) 

dt 



ds 




That is, the magnitude of the velocity 1 r | of the particle is the time 
derivative of its distance from some fixed point ineasuretl along the path. 
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Because of its direction and magnitude, v is called the tangential velocity. 
The magnitude of the velocity of a particle is often called its speed. 

In like manner the derivative of Vx with respect to t is denoted by 
and jx is the ^-component of the acceleration j of the particle. There 
is a similar meaning for jg. The magnitude of j and its direction angle, 
call it )3, are given by 


i I = ^ = tan“^ ^ 


with /3 the angle from the x-axis to the resultant of and jy. 

j is not the tangential acceleration of the particle; i.e., in general, 
angle /3 angle a (see Fig. 187 and Note, page 276). 



Example 1. Study the motion of 
a particle that moves in a plane so 
that X = 8 cos <, y = 6 sin t. Draw 
vector diagrams showing v and j and 
their components, and find | |, | j |» 

a, and when ^ — tt/G sec. (dis¬ 
tances in feet). 

Solution. Compute first as fol¬ 
lows: 

(1) X =8 cos t y = 6 sin t 

Vx = — 8 sin t Vy = 6 cos t 

jx ^ — 8 cos t iv = “ ^ sin i 


Equations (1) may be recognized as the parametric equations of an 
ellipse, the path of the particle. The student may verify the following: 
At t = 7r/6, X = 4^3, y = 3; Vx ~ — 4, Uy — SVS. 

From Vx and Vy, [ u | = V^IG + 27 = ft./sec., 

a = tan-i^-^^) - 127.6° 


At f - 7r/6,jx = -4V3,jy = -3. 

From jx and/y, | j 1 = ■\/48 + 9 = ft./sec.^ 



-156.6° 


The vector diagrams are shown in Fig. 185. 

Although parametric equations are often used in studying a curvilinear 
motion, it is sometimes convenient to use the ordinary equation. 
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Example 2. A body moves along the parabola = 8a: in such a 
manner that Vx = 2 ft./sec. always. Find the general values of Vy and 
I V |, also jxi jy, and | j |. Sketch the vector dia¬ 
gram at (2,4)* 

Solution. First differentiate = Bx with re¬ 
spect to t. 

dt ^ di 

Replacing ^ by Vy and ^ by v, = 2, Vy = ~ 


6 

• 


A 

to 


H 

/ 

jy-3 

2 

f 



0 : 

1 4 ' 


FIG. 186. 




Differentiating v* = 2 and Vy — B/y in turn with respect to t, 

dvx „ . dvy 8 dy 64 

|j| = VWTJi = ^ 

By direct substitution of the coordinates of (2,4) in the formulas the 
necessary data for the vector diagram may be obtained. The result is 
shown in Fig. 186. 


EXERCISE 75 


Assume distances in feet, time in seconds throughout the exercise. 

Study the motion of a particle that moves along the path determined by each of the 
following pairs of equations. Find | e |, a, 1; |. and /3 at the point indicated, and sketch 
the vector diagram show’ing r, j, and their components at the point in Probs. 1 to 15. 


. 27r 

L X = 10 cos i, y = 10 sin ^ ® ^ 

3. z = 12 cos y = 8 sin t; t = 

6. X = t, y = sin t-, I — 

7. X = l, y = < = 1. 

9. X = y = = 1. 


2. X = 10 sin t, y = 10 cos t\ t = 


4. X = 10 cos t, y = 6 sin t\ I = 

i 

Sir 

6, X — i/ = COS 2t\ t = —• 

8. X = A y = log ^ = 1- 

4 

10. X = 26“, y = J'y t = 


11, X = — 1. y = sin - /; < = 1. 

13. x=it—jiy=t-\-j, i = 1. 


12. X = 4 — A y = g; < = l• 

14. X = / - sin f, y = 1 + cos <; < = 


16. Solve Example 2 in the preceding section if the particle is moving in such a 
way that py = — 2 always. 
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16. If a particle moves along a curve/(ar,y) = 0 in such a way that r, = x/9, and Cy = y* 
always, find jx and jy. 

17. A particle moves on the curve y~= 2xV3 with r, = x/’i always. Find Vy, jx, and 
jy at the point where x = 2. Sketch the vector diagram. 

18. A particle is moving on the circle x* + y* = 100 with o, = 2x. Find Vy, jx, and jy 
at (6,8), and sketch the vector diagram. 

19. A particle is moving on the hyperbola xy = 4 with t»y = — 1/x. Find o*, jx, and 
jy at (4,1), and sketch the vector diagram. 

20. A particle is moving on the curve y =* sin x with Vx = 4. Find Vy, jy, and jx at 
the point where x = 7r/6, and sketch the vector diagram. 

21. \ particle is moving counterclockwise on the circle x* + y* = 100 with a constant 


speed of 5 ft./sec.; i.e., 11> | = 


ds 


dt 


= 5. Find Vx, Vy, jx, and jy at (8,6), and sketch the 


vector diagram. 

22. Show that, if a particle describes a circle x* 4* y* “ o* with constant speed, its 
acceleration is always directed toward the center of the circle. 

23. A particle is moving upward on the parabola y* = 4x with a constant speed of 

"^^' = 8. Find Jy at (9/4,3). 


8 ft./sec.; i.e., v == 


dt 


Note. We have thus far used only x- and y-components for r and j\ however, it is 
sometimes convenient to resolve j into its components along the tangent and normal to 
a curve at a point such as P in Fig. 187. j is, as before, the resultant of j, and jy. Also, 
j is the resultant of the tangential component jr and the normal component j at. 



24. Calculate jr as described above. (Hint: j'r = PS — sum of the projections of 
PM and MH on PT\ or jr = J* cos <x + jy shi a. Reduce this to 


V»jx + PyJv 


where fy, jx, and jy have their usual meanings.) 

26. Verify that jr as found in Prob. 24 is equivalent tojr = k®-* *^he acceleration 

of the particle along its path {tangential cKceleration). 
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26. Referring to Fig. 187, 

Jn = QL — QP = jy cos a — jx sin a 

Show that this reduces to 

. “ Vyjx 

JN = -- 

'^”1 + vl 

27. Verify that j.v = where p is the radius of curvature of the path. 

28. From jr and js as found in Probs. 24 and 20, verify that 

r = JT + j.v 
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136, Law of the mean, geometric interpretation. At several places 
in the preceding chapters we have found limits of quotients whose 
numerators and denominators were both approaching zero, or both were 
increasing without limit. In this chapter we shall give a more general 
method than any used in the earlier instances. To do this we shall 
first develop a new theorem. 

Let y = f{x) be a single-valued continuous function of x in the 
interval a ^ x ^ h, and let its derivative f'{x) also be continuous at 

every point of the interval, A curve of 
this character is shown in Fig. 188. Let 
P and P' denote the points (a,/(a)) and 
{ 6 ,/( 6 )). 

In the figure shown, the slope of 
y — /(^) at P exceeds the slope of the 
chord PP^ and at P' it is less. In a 
figure drawn differently the order of in¬ 
equality might be reversed, and if J{x) 
happened to be a straight line, the slope 
of the tangent would be equal to the 
slope of the chord throughout the inter¬ 
val. As a point {x,y) traces the arc PP » 
there must be at least one position where the slope of the curve equals 
the slope of the chord; or there is one point where the tangent to the 
curve is parallel to the chord. Denote this point by Equating 

the equal slopes, 

= /'(xO 

o — a 
or 

(1) S{h) - /(a) = (6 - a)f{x,) (a < x, < h) 

Equation (1) is a statement of the law of the mean, or mean value 
theorem. In words it is as follows: 
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Law of the Mean. If f(x) is a single-valued continuous function of 
X in the interval a ^ x ^ b and if/'(a:) is also continuous in the interval, 
then 


/(W - /(a) = (^ - (a < Xi < b) 


There are several common variations of the equation. Evidently, 

f{b) = /(a) + (6 - a)/'(xO (a < x, < b) 

If the fixed point (6,0) is replaced by a variable point (a:,0), 

(2) fix) = f{a) + (x - a)f'ixi) (a < xi < x) 


If X — a in (2) is denoted by Ax, then Xi = a + 6 Ax, 6 a proper 
fraction, and 

fix) = f(a) + Axf(a + 8 Ax) (0 < 0 < 1) 


137. The indeterminate forms ^ and °° 


00 


Consider two functions 


of X, 2 / = fix) and y = Fix), such that, for x = a, /(a) = 0 = F(a). 
At X = a, the quotient takes the indeterminate form 0/0 


z^a 


(Sec. 47). Applying (2) in the preceding section to fix) and Fix) 
separately, noting that/(a) = 0, Fia) = 0, 

fix) = (x - a)f'ixi) and F(x) = (x - a) F'(x 2 ) 


In general, Xj 9 ^ X 2 . 


For X near a, 

fix) _ f'jxOjx - a) 
Fix) F'ix 2 )ix - a) 


f'jx:) 

F'ix^) 


As X apj)roaches (i, Xi and X 2 also ajjproach a, and if lim/ (x) 


and lim F'ix) = F'ia), 

r—►a 



fix) _ fia) 

\'^,Fix) F'ia) 


F'ia) 9 ^ 0 



Equation (1) provides a formula for evaluating an indeterminate 
form 0/0, unless it happens that F'ia) = 0. If F'ia) = 0 and f'ia) 9 ^ 0. 
the desired limit does not exist; if/'(«) = F'ia) = 0, we are still con¬ 
fronted with an indeterminate form. In this event it is natural to 
suppose that one should continue by forming the quotient of the second 
derivatives; this is correct, but we shall omit details. The entire process 
is summarized in the following rule: 

Rule When lim takes the farm 0/0, differentiate the numerator 

/ ix) 
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for a new numerator, differentmte the denominator for a new denominator, 
and, after simplifying the new quotient as much as possible, take the 
fix) 

F' (a:)’ ^ still of the form 0/0, continue differentiating numer¬ 

ator and denominator separately, and consider lim » lim ~> and 

z-*a t (x) F'"(x) 

so on, until either f^\a) 0 or 0. 


Example 1. Evaluate lim 


1 


X^i log a: 

Solution, lim ^^ = lim 

x-»i log X 1/x 



2 

1 


= T = 2, 


Example 2. Evaluate lim 


X“ 


0 cos 2x — 1 


Solution. 



lim 


X 


0 cos 2x — 1 


= lim 


2x 


0—2 sin 2x 

= lim ^ 
x—O — •* COS 2x 


1 

2 


Example 3. Evaluate lim 


sin X 


Solution, lim 


-0 


X -.0 

COS X 

'iT' 





3x2 


1 

0 


The indeterminate form oo/oo, i.e., lim » where lim/(x) = x 


No limit. 

/(^) 




Fix) 

and lim Fix) = x , may be evaluated by the rule given for the form 0/0. 




The proof will be omitted. 

Example 4. Evaluate lim ^ ^ ^ 

x—o cot X 0 

Solution. 


1 \ 
0 \cc J 


i.-^^cscx— 1 ,. —3cscxcotx 

bm ^ , K = bm-- = hm 3 cos x - 3 

x—.0 cot X -f- 5 X—0 — CSC“X r 


0 


EXERCISE 76 


Evaluate the following limits; 

_ . X 


O SID 

t 

X 
33^ 

X—*0 sin* X 


1. lim 
x—o 

3. lim 


2. Ho, -£21£.. 

x-*ir/i'^X — X 
A V ^ 

4. hm -:-z — 

X—,0 sin* X 
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5. lim 


2 tan 0 


tan 30 
^ 5x — 2 

x2 - I 


9. litn 


11. liin 

r—O 


13. lim ^ 

r“ 


ox^- ix 
cos 3x — 1 


X—♦X 


15. lim 

X—0 

17. lim 


r' + f * — 2 cos X 


1 — cos X 


3V j 
log X 


19. lim 


X — sin r 


j-_ox — tan X 


6. ii„. nil. 

I 2 cot irx 

- 2x= - X + 1 

8. Inn —, -- - 

ox- + X — 3 

x^ + X - 1 

“• j";:, 

12, ii,„' . 

X- — X 


14. lim ~ 


X—X 


16. li 


c* + r"* - 2 


nn 


j._o sin* X 


18. lim i- 

* log X 


20. lim 


X — sin X 


0 


138. Other indeterminate forms. \Vc shall consider some other 
indeterminate forms besides 0, 0 and co /x, namely, x — x, 0-x, 
0*', 1“. and x". Of course, in the.se 0 and x represent functions that 
assume these values for some value, ar = a, of the variable, and we seek 
the limit of the expres.sion indicated as x — a. In general they are 
evaUiated by first transforming them to an equivalent expression of one 
of the forms 0 0 or x x and then apidylng the rule in the preceding 

section to the latter form. 

lly examples we shall next coTisider expressions of the forms x - x 
and Ox. 

E.V(iiiU)lc 1. K\'aluate lim (sec x — tan a')* “ *) 

X—►ir/i 

1 — sin X 

Sohition. Write sec x — tan x as 


cos X 



Applying the rule to the latter form, 


1 - sinx -cosx 

mi-= bni —.— = 0 


X—TT -i 


O COS X 


••TT, i sin X 


Example Kvaluatc lim xe (0-x). 


X—•* 


Solution. Write xe ‘ = x/e'. 


X 


X 


lim - = lim i = 0 


X— 


Hence 


lim xc ^ = 0 
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In general the forms 1®, go and 0® are evaluated by first taking the 

logarithm of the expression as illustrated by the following example: 

Example 3, Evaluate lim x^. (0®). 

0 


Solution. 


Hence 


Let y = xf. Then log y — x log x. 
lim log y — lim (x log x) = lim 

x^O x—^0 


log g 

1/x 



lim ( —x) = 0 

x-»0 


lim log X* — 0 and 

r-»0 


lim X* = e® = 1 

I—»o 


Evaluate the following limits: 
1. lim (esc X — cot z). 

I—»0 

3. lim — z), 

z —►« 

6. lim X log 3x. 

j:-*0 


7. lim (sin x) (log x). 
9. lim (1 — e*)*. 

r-»0 


11. lim (cot x)*. 

j-*0 

13. lim ^cos • 

ji-") 

17. lim (sin 


X 


Ox 


19. lim — 

21 . 

<^OS XX 


EXERCISE 77 


2. lim (sec^ X — tan*x). 

r—7r/2 

4. 

,_o\x X*/ 

6. lim x^ log X. 

z-»0 

8. iimsec^Iog-* 

r-.l 2 X 

10. lim (sin x)*. 

*-*o 

12. lim 


14. limx‘^“T- 

X—►! 

16. lim (tan x)'. 
x-*0 

18. lim (tan x)*‘“*. 

I— *0 

20. lim 




22. lim 

x-»l 


- 1 


TfX 
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RECTANGULAR COORDINATES IN SPACE 


139. Introduction. Vp to this point the figures we have dealt with 
have been restricted almost exclusively to a plane. Now, in preparation 
for some of the work to follow, we present a brief outline of solid analytic 
geometry, which deals with space of three dimensions. 

140. The coordinate system. In space of three dimensions the 
rectangular coordinate system uses three fixed mutually perpendicular 


planes called the coordinate planes. 
Their lines of intersection are called 
the coordinate axes, and their point of 
intersection is called the origin. Fig¬ 
ure 189 shows three mutually perpen¬ 
dicular planes intersecting at 0 . 
Their intersections, the coordinate 
axes, are lettered OX. OK, and OZ; 
the plane containing the axes OX and 
OK is called the .YK-/>/a/ie; similarly, 
the other planes are the A Z- and I Z- 
planes. There is no invariable order 
of arrangement for the axes. Ihe pr¬ 
axis is quite generally to the right, 
but the y- and s-axes are often ex¬ 
changed between the positions they 


Z 



FIG. 189. 


occupy in Fig. 189. 

A point P{x,y.z) is located by a method analogous to that used m 
two (limensions. Primarily the i-coordiiiate denotes the perpendicular 
distance from the I'Z-plane to the point. It is the distance LP m hig. 
189; it is positive when to the right of the plane of referenee and negative 
when to the left. Similarlv, the y- and z-eoordinates are measured from 
the XZ- and XP-planes and are MP and XP. re.speclively; y is positive 
when MP lies in front of the A'Z-plane and negative when in the rear; 
z is positive above the X P-plane and negative below. It is often conven¬ 
ient to visualize x, y, and z as Oil, liX , and A P. 
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Other distances closely connected with P are its distances from the 
coordinate axes and origin. Referring to P in Fig . 189, i ts distance 
from OX is RP = + 2 -; from O V is iSP = -j- z^; from OZ 

is TP = + 2 /^; from 0 is OP = + 2 /^ + 


Z 



for two dimensions, with the add 
dimension. 

They are, respectively. 


The three coordinate planes di¬ 
vide all space into eight parts called 
octants. The octant in which all 
three coordinates of any point are 
positive is called the first octant, 
but there is no generally recog¬ 
nized system of numbering the other 
octants. 

141. Properties of points. Con¬ 
sider two points P\{x\,yuZ\) and 
P 2 (a* 2 . 2 / 2 i 22 ) iis shown in Fig. 190. The 
length formula for segment P 1 P 2 , 
the point of division formulas, and 
the mid-point formula are like those 
tion of 2 -terms to allow for the third 


d = V(X 2 - Xi )2 + (t /2 - yxY -h (22 - 2 i)^ 


(Compare formula [1-2].) 


X = 


Xi -I- rx2 
1 + r 


y = 


2/1 + r?/2 
1 + r 


(Compare formulas [1-3] and [l-4a, 6].) 


2 = 


2i -h r22 
1 + r 


a: = 2 (xi + X2) 


2 / = 2 (i/i + 2/2) 


z = z^) 


[ 22 - 1 ] 

[ 22 - 2 ] 


[22-3] 


(Compare formulas [l-5a, 6).) 

The details of the proofs are left as problems. 

142. Simple locus problems. As in jilane analytic geometry the 
fundamental problems of solid analytic geometry are first, given an 
equation in the three variables x, y, and 2 , to find the geometric locus 
that it represents; and second, given sufficient data to deterinine a 
locus geometrically, to find the corresponding algebraic equation. 

Simple questions concerning loci can be answered at once by analogj” 
to the corresponding situation in two variables. 

Example \. AVhat is the locus represented by the equation x — 5 = 0? 

Solution. Obviously the locus of all points for which x = 5 is the 
plane parallel to the I'Z-plane and 5 units to the right of it. 
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Generalizing, the equations of planes parallel to the KZ-, XZ~, and 
A'l'-planes, respectively, are x = constant, y — constant, and z = con¬ 
stant, and conversely. 

Example 2. Find the equation of the locus of a point that moves so 
that its distance from the origin is always 5 units. 

Solution. Let P(x,yyz) be a general point of the locus. Using the 
length formula ['2'2-l] to express its distance from the origin, 

+ 2/- + s- = 5 

(1) I- + ?/- + = 25 

Obviously the locus described is a sphere with center at 0 and radius 
5 units: (1) is the c(iuation of this sphere. It will be noticed at once how 
similar (1) is to the corresponding locus in two dimensions, viz., the 
circle of radius 5 units with center at the origin. 

Example Ih Find the e<iuation of the locus of a point that moves so 

that its distance from the Jr-axis is 15 units. 

Solution. 'I'he dis tance o f a point F(x,y,s) from the x-axis (see line 
HP in Fig. ISO) is Vy- + 2 -; hence, the required equation is 

+ 2= = 9 


Evidently the locus described is a circular cylinder of radius 3 units 
whose axis is the o'-axis. 

These three exami)les .suggest the fact that the locus represented by a 
simde eiiuation in three-dimensional coordinates [in general form written 
^ 0) is a surface. Note that the locus is not a curve as is the 
case in plane coordinates. Even though some variables do not appear 
in a particular equation, as in Examples I and 3, if the equation repre¬ 
sents the locus of a point P{x.y,z) in space of three dimensions, the locus 
is a surface I'o emphasize this point we may ask, by contrast, how 
a curve in space is represcnte<l algeliraicallv. The general answer is 
that it recpiires two expiations to represent a curve and that the curve 
which they n'present is the curve of intersection of the two surfaces 

which the individual expiations denote. 

Example 4. ^Vhal i> the curve representexl by the e(pialix>ns 

.r - ;j 0. 1 / - 2 = 0 taken together? 

Solution ' X - 3 = 0 is the expiation of the plane parallel tx> the 
l-Z-pliU.o a.id :! .mils lo Ih.- .■it.'l.t of it; „ -2 = 0 is the equation of the 
plane paiallel lo ll.e .V/-plan.' and 2 units in front of it. '1 he t.v.> planes 
inlerseet in a straipd.t line whieh may eo..veniently he .lescr.bed .os the 
vertical line through the point (:!.2,0). A segment J/A of the line is 

shown in Fig. 191. 
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Example 5. Find equations that represent the circle of radius 3 
units with center at (4,0,0) in a plane perpendicular to the a;-axis. 

Solution. Here the problem is to select two surfaces which intersect 
in the circle described. One pair is the cylinder whose equation we 


Z 



RG. 191. 


Z 



found in Example 3 combined with the plane a: — 4 = 0. (There are 
many other pairs also.) Using the pair described, we say that the circle 
is represented by the equations 

y~ z- = 9 a: — 4 = 0 

A quadrant of the circle is shown as arc RS in Fig. 192. 


EXERCISE 78 

1. Draw a set of rectangular coordinate axes, and locate the following points: 

(o)(S,l,5): (6)(4.-2.3); (c) (-2.5.-4): (d) (0.6.0); (e) (2,-3.-4); (/) (0.0,5); 

( 3 ) (-■4.-3.- 1); (/t) (7.0.0); (f) (6.3.-4); (» (-5,2,6). 

2. Derive formula (22-1). 

3. Derive formula (22-2). 

4. Derive formula [22-3). 

6. Given the points ^(1.2.-1). B(6,5,2). C(2,-3.10), and />(-7,0,4). (a) find the 
length of segment .40; (6) find the length of segment BD; (c) find the mid-point of segment 
AB; (d) find the mid-point of segment CD; (c) find the point dividing the segment from 
B to 0 in the ratio 1:3; (/) find the point dividing the segment from ^ to B in the ratio 
— 2:1; (y) find the point one-third of the way from 0 to D. 

6. Given the points .4(2.3.0). B(-4,6.8), C(0,S,0) and D(7,-7,5). (a) find the length 
of segment AD; (6) find the length of segment BO; (c) find the mid-point of segment AC; 
(d) find the mid-point of segment BD; (e) find the point dividing the segment from B to 0 
in the ratio 3:1; (/) find the point dividing the segment from A to D in the ratio —1.6; 
(y) find the point three-fifths of the way from D to 0. 

7. State by inspection the equations of the following planes: (a) through (0,2,0) and 
parallel to T^-nlane; (5) through (0,1,3) and parallel to the XF-plane; (c) through 
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(4,—2,-1) and perpendicular to the x-axis; (d) through (3,2, —4) and perpendicular to 
the 2 -axis. 

8. Describe the position of each of the following planes: (a) x — 3 = 0; (6) 2 + 2 = 0; 
(c) y - ."S = 0; (d) X — i/ = 0; (e) 7/ - z = 0: (/) X + 1/ = 0. 

9. Kind the equations of the following spheres and sketch: (a) center (0,0,0), radius 
7 units; (6) center (4,0,0), radius 4 units; (c) center (0,0,3), radius 5 units; (d) center 
(3,2,—1), radius 3 units. 

10. Find the equation of the locus of a point that moves subject to each of the following 
sets of conditions: (a) Its distance from the origin always equals its distance from 
(2, —3,5). (6) Its distance from the origin is always twice its distance from the 2 -axis. 

(c) Its distance Ironi the origin is always three times its distance from the .^TZ-plane. 

(d) The square of its distance from the x-axis cq\ials four times its distance from the 
rZ-plane. (c) It moves equidistant from (1,-3, —2) and ( — 2,1,4). (/) Its locus is the 
plane that is the perpendicular bbsector of the segment from (2,0,—3) to (5,4,0). 

11. Fin<! the equation of each of the following cylinders: (a) Its axis is the x-axis, 
radius = 10 units. (6) Its axis is the y-axis, radius = 6 units, (c) Its axis is the 2 -axis, 


radius = 2 units. 

12. Describe the curves defined by the following pairs of surfaces taken together, and 
sketch: 


(a) y— 3 = 0, 2 — 4 = 0. 

(fa) X + 1 = 0, 2 - 2 = 0. 

(c) j2 + y=+=“= l.x = 0. 

(d) + y2 + z2 = 10. X - y = 0. 

(e) x^ + y^- + 2= = X - 3 = 0. 

{/) x“ + y= = 9. 2 - 2 = 0. 

(y) X* + 2 * = 49, y + 4 = 0. 

(fa) x2 + y2 + 2^ = >^5, y* + 2* = 1C. 


143. Direction cosines; direction numbers. One of the distinct 
contrasts between plane and solid analytic geometry lies in the methods 
used to designate the direction of a ^ 

straight line. In two dimensions 
the direction of a line is given by 
staling either tlie inclination or the 
slope of the line. 

For the three-dimensional ca.se 
consider a line through (). Ql^ in 

Fig. 193. Let the positive direction ^ 

of the line be upward. The three 
positive angles not exceeding ISO 
between the positive directions of 
the axes and the positive direction 
of QR are called {\iv direction angles 
of the line. The direction angles 
with the .r-, y-, and z-axes are denoted by a, and 7 , respectively. 

The cosines of a, and 7 are called the direction cosines of the line QR. 
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Any three numbers proportional to cos a, cos and cos y are called 
direction numbers of the line QR\ we shall denote such a set by a, and 
c, and, by definition, 


cos a __ cos _ c os y 

a b c 


[22-4] 


The direction angles and direction cosines of a line which does not 
pass through the origin are defined to be the same as those of the parallel 
line directed in the same sense which does pass through the origin; e.g., 
line MN in Fig. 193 is parallel to QR and has the same direction angles 
and direction cosines. 

Reversing the positive direction of a line changes each direction angle 
to its supplement and reverses the sign of each direction cosine but does 
not affect a set of direction numbers. 

Projecting OP, any segment of QR starting at 0, onto the x-, y-, 
and z-axes in turn, it follows from the definitions of the direction cosines 
that 

X = OP cos a 2 / = OP cos ^ z = OP cos y [22-5] 
Squaring and adding the three equations in [22-5], 

X‘ + y- + z- = OF (cos“ a + cos^ + cos^ y) 

But X- + 3/2 + = 0P“, so that, dividing both members by OF, 

cos- a + cos^ + cos^ Y = 1 [22-6] 


This establishes the following theorem: 

Theorem: The sum of the squares of the direction cosines of any line is 
unity. 

This is an important theorem; one immediate consequence is that, 
if two direction cosines of a line are given, the third is determined except 
for sign and, if two direction angles are given, the third is restricted to 
two values which are supplementary. 

Consider next the problem of finding the direction cosines of a line 
when a set of its direction numbers is known. Let 


cos a cos /3 cos y 

c 


This means 

ar = cos a br = cos ^ cr = cos y 
Squaring and adding these equations, 

(a- + 5 * + c^)r^ = cos- a + cos^ ^ + cos^ 7 = 1 


1 


r 


± -f- 6^ -{- c2 
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There is no general convention about the positive direction of a line. 
We shall agree, unless the contrary is stated, that the positive direction 
is the upward direction; in this case, the plus or minus sign is chosen the 
same as the sign of c. This agreement means that 7 is acute. The rule 
fails when c = 0 and the line is horizontal; in this case, we may adopt 
the further convention that the positive direction is the forward direction, 
and the plus or minus sign is chosen the same as the sign of fe; lastly, if 
6 - c = 0 , the sign is chosen the same as the sign of a and the positive 
direction is to the right. 

If a line is determined by two points, the projections on the coordinate 
axes of the segment between the points form a set of direction numbers 
of the line. Referring to Fig. 190, 

X 2 — Xi = d cos a 2/2 ~ 2/1 - d cos ^ 22 — Zi = d cos 7 



cos a _ cos /3 _ cos 7 _ 1 
^2 - Xi 2/2 - yi 22 - Zl d 


Therefore the projections X 2 — Xu ^2 — yu and 22 — Zi are direction 
numbers by definition. 

144. Angle between two directed lines. For convenience let the 
two directed lines pass through 0 . 

In Fig. 194 let Q be the angle between the directed lines OP 2 and 0P\. 
The sense of B is immaterial since we shall find its cosine, and cos ( —0) 
= cos B. Ix't di and d 2 denote the 


lengths of the segments 0P\ and OP 2 . 
respectively. Ix‘t au 7 i and a 2 > ^ 2 . 
72 be the direction angles of OPi and 
OP 2 , respectively. 

We shall find a formula for cos 6 in 
terms of the direction cosines of the 
lines. 

Draw P 1 P 2 , and denote its length 
by d. 

Applying the law of cosines to tri¬ 
angle OP 1 P 2 , 


(P = 

cos 6 = 


dj + d^ — 2 d,d 2 cos $ 

d? + dj - d^ 

2did-2 



FIG. 194. 
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By direct substitution, using the distance formula (the details are 
left for the student), the squared terms in the numerator cancel, and 

d\ + d\ — ^ 2x1X2 + 22 /ii /2 + 221Z2 

^ Xi X2 , 2 / 12 / 2 , 2 l 22 

cos 0 = cos (Xi cos 012 + cos / 3 i cos ^2 + cos 7i cos 72 [22-8] 

In words, the cosine of the angle between two directed lines is equal 
to the sum of the products of their corresponding direction cosines. 

If two lines have direction numbers ai, 61, Ci and 02, 62, C2, the formula 
for the cosine of the angle 6 between the lines is 

cos B = _ 0.02 + b,b, + C.C2 

{ztVal b\ + cDiztVal bl-\- 4 ) 

For simplicity the lines in Fig. 194 were made to intersect at 0 . 
The formula holds if the lines intersect at any other point since the angle 
between such lines is the same as the angle between a pair of lines 
parallel to each of them, respectively, and intersecting at the origin. 
If two lines are not parallel and do not intersect in space (such lines are 
called skeiv lines)y the angle 6 between two intersecting lines parallel 
to the skew lines is said to measure the angle between their directions. 

Parallel Lines. Given lines and Xc with direction angles ai, ^1, Ti 
and a2, ^2-, 72, respectively. There are several ways of stating conditions 
for parallelism. 

1. If ai = a2, = ^2, 7i = 72, the lines are parallel and directed 
in the same sense; if cti = 180 ® — 02, — 180 ° — ^2, 7 i “ 1 ®® "" Y2» 
the lines are parallel and directed in opposite senses. 

2 If = co^ = ± 1 , the lines are parallel and 

cos a2 cos ^2 cos 72 

directed in the same sense if the ratio is +I and parallel but directed 

in opposite senses if the ratio is —1. 

S. If Ou bu Cl are direction numbers for Li and 02, ^2, C2 for X2, the 
lines are parallel, either in the same or opposite sense, if 

^ ^ [ 22 - 10 ] 
0/2 ^2 C2 

4. The lines Li and L2 are parallel in the same, or opposite, sense 

according as cos ^ = +l,orcos^= — 1 - 

Perpendicular Lines. The lines L\ and L2 are perpendicular if 

(1) cos 0 = 0 

(2) cos ai cos 02 + cos / 3 i cos ^2 + cos 71 cos 72 = 0 

(8) 0102 + ^1^2 + C 1 C 2 = 0 


[ 22 - 11 ] 
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EXERCISE 79 


1. Find the direction cosines of the line joining the origin to each of the following 
points, the positive direction in each case being from the origin to the point: 


(a) (4,-3.2). 
id) (1.1.0. 
ig) (0.-3,0). 


(6) (-2,-1,3). 

(e) (2.0.0). 

(h) (-1,1,0). 


(c) (3.5.-2). 
(/) (0.0.4). 


2. Find the direction angles of each line in Prob. 1. 

3. Find the direction cosines of the lines having the following direction numbers, the 
positive direction being that suggested in Sec. 143: 


(a) 2. 1.3. 

(rf) -1, -1. -1. 

ig) -2. -3.5. 


(6) 4, -2, -1. 

(f) 0,0, -2. 

(//) 3, 0. 0. 


(c) 3.4.0. 
(/) 1.0. -3. 


4. Find the direction cosines of the lines joining the following pairs of points, the 
positive direction being that suggested in Sec. 143; 

(a) (l.-2,-5)and(-3,0.-l). (6) (2,-5,6) and (4,3,1). 

(c) (-2,5,-2) and (5,4,-2). (d) (4,1,0) and (-2,1,0). 


6. Two of the direction angles of a line are those stated below, 
values for the missing angle? 


What are the possible 


(a) a = 00^ ^ = CO®. 

(e) a = 120®, 7 = 60®. 



(6) a = 45®. = 45®. 

(d) 0 = 135®, 7 = 45®. 

{/) ^ = 7 = cos"' 


6. In the following find whether the line determined by the first pair of points is 
parallel to the line determined by the second pair; find the cases where the lines are per¬ 
pendicular: 

(а) (1,1,1), (3,4,-2) and (-5,0.0). (-l,6.-6). 

(б) (2.0.-3). (4,-1.0) ami (-2,1,-4), (1.-5,-8). 

(c) (-3.-1,4), (1.0.2) and (0,0.0), (4,-8.4). 

(d) (0,2.0), (3,0,4) and (-2.-1.5). (4.0.1). 

(e) (4.-1,-2), (1.3,5) and (-2,0.5). (1.2.-2). 

(/) (3.0,0). (5,-1.3) and (-l.-l,-l), (7,-5.11). 

(ff) (2,-3,0). (-1,-1,2) and (-3.0,1), (3,5.5). 

7 . Find the angle between the lines determined by each of the following pairs of points. 
Take the positive directions as suggested in Sec. 143. 

(a) (-2,-3.0), (2.2,3) and (1,0.1), (-2.5,5). 

(b) (-1,-1,-1), (2,3,0) and (2,3,-1), (-2.2,2). 

(c) (4,0,-2), (1,1,3) and (0,0.4). (2,-1.1). 

(d) (3,-2,0), (4.4.-1) and (l,3.-2). (4,-1,0). 

8. Do the points (-0,-4,-1). (-3,-2,1), and (9.6,9) He in the same straight Hne.^ 
Give a reason for your answer. 


145 . Equaiions of a straight line; symmetric form. It was pointed 
out earlier that a curve in si)ace of three dimensions requires two 
ettuations for its determination, and a few particular examples were 
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discussed (see Sec. 142, Examples 4 and 5). We shall next study further 
the straight line. 

Let us find equations for the line joining and Pt(xtiy 2 ,z^. 

The points are shown in Fig. 195. Let P(a:, 2 /,z) be the point which 

traces the locus. Equation (1) in Sec. 



Y 


FIG. 195. 

line determined by Pi and Pz. If 


143 showed that the projections of 
a segment are direction numbers of a 
line; i.e., using segment PiPg, 

xz — xi yi — y\ Z2 — Zi 

form a set of direction numbers for 
the line whose equations we seek. 

Since the line through Pi and P 
coincides with the line through Pi 
and P 2 , the corresponding direction 
numbers are proportional and 

^ . - £1 = y "^1 = [ 22 - 12 ] 

X 2 — Xi 2/2 — 2/i 22 — Zl 

Formula [22-12] is called the sym¬ 
metric form of the equations of the 
we compare this with [3-7a], it is seen 


to be an extension of that equation by the addition of the z-terms. 


If a line is given by means of a point {xi,yi,Zi) on it and its direction 


numbers a, 5, c, from [ 22 - 12 ] its equations are 




[22-13] 


Example 1. Find equations in symmetric form of the line determined 
by .1(4, —1,3) and P(6,2, — 5). 

Solution. Either ^ or P may be chosen as Pi in applying [22-12]. 
Choosing .1, 

a: — 4 _y + \_z — S 
~2 3 “ -8 


Does the substitution of P(6,2.-5) for (x,y,z) constitute a check? 

Example 2. Find equations of the line through (2.1,1) and (4,5,1). 

Solution. The direction numbers are 2, 4, 0. Following the formula 
of the symmetric form leads to division by zero in the z-term. However, 
the X- and y-terms may be used, and since Zi = Z 2 == 1, the line clearly 
lies in the plane z = 1. Hence, equations of the line are 
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146, Equation of a plane. Let the plane ABCD in Fig. 196 be any 
plane, and let ON denote the line from the origin normal (perpendicular) 
to the plane ABCD. Let the positive direction of ON be from the origin 
toward the plane, unless the plane passes through the origin, in which 
case the conventions stated in Sec. 143 are followed. 

A plane possesses direction, determined by its normal ON as just 
described, or any other perpendicular to the plane, and we shall use 
the direction angles, direction cosines, or direction numbers of a normal 
to fix the direction of a plane. 



To find the equation of a plane we may use Fig. 196, and let P{x.y.z) be 
any point in plane ABCD. Ix't OA, whose direction angles are a, 
and 7 , intersect ABCD at T, and let p be the length of segment OT.^ 

A geometric property of any point Pix.y.z) in the plane ABCD 
is that its projection on ON is T. and the projection of OP is OT. For 
purposes of projection, replace OP by the broken line OGHP whose 
projection on ON is the sum of the projections of segments OG, 67/, 
and HP. The projection of 00 on OT is x cos a; similarly, the projections 
of GH and HP are y cos i3 and 2 cos y. respectively. The sum of these 
three projections is OT or p. Hence, the e<iuation of the plane is 

X cos a + 2 / cos ^ + 2 cos 7 - p = 0 [22-14] 
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Equation [99-14] is called the normal form of the equation of a plane. 
The reader will notice at once its similarity to the normal form of the 
equation of the straight line in the plane (see [3-9]). 

Notice that [99-14] is of the first degree in x, y. and z. Conversely, 
the general equation of the first degree in three variables represents a 
plane. The general equation is written 

Ax -h By + Cz D = 0 [92-15] 

By steps analogous to those followed (Sec. 93) in reducing the general 
equation of the straight line to the normal form, [22-15] may be reduced 
to the normal form of the plane by dividing by zhVA^ + (P. 

It becomes 

Ax By Cz D ^ ^22-16] 

± VA^ -h B-^ -h 

The plus or minus sign is taken opposite to the sign of D unless 
D = 0. If D = 0 and C 0, take the sign the same as the sign of 
C; if = C = 0 and B 9 ^ 0, take the sign the same as the sign of B; if 
D - C = B ~ 0, take the sign the same as the sign of A. 

Comparing [22-16] with [22-14], we have 


with similar expressions for cos /3 and cos y. Also, 

-D 


V = 




Then [22-16] is identical with [22-14]. But [22-14] is the equation of a 
plane; hence [22-15], the general equation of the first degree, represents 

a plane. 

From the values of cos a, cos /3, and cos y we see that the coefficients 
A, B, and C are direction numbers of the normal to the plane. This 
important fact leads to the tests for parallelism and perpendicularity 
of planes. Let the equations of two planes be 

( 1 ) Ax -f- By Cz D = 0 

(2) A’x + B^y -h rz + = 0 


The planes are parallel by [22-10] if 




B 

B' 


C_ 

C 


and perpendicular by [22-11] if 

AA' + BB' CC' = 0 
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Also, a line 




is perpendicular to plane ( 1 ) if 



and line (4) is parallel to (or lies in) plane (1) if 



^la + + Cc = 0 


The j-intorcept of ( 1 ) is found by substituting both 2 / = 0 and 2 — 0 
in ( 1 ) and solving for x; the y- and 2 -interccpts are found similarly. 
Generalizing, the intercepts of any surface f{x,y,z) - 0 arc found by 
equating two of the variables to zero and solving for the third. 

The intersection of any surface f{x,y,z) = 0 with any plane is called 
the trace of the surface in that plane. In particular the equation of the 
trace of a surface in a coordinate 
plane, say x = 0 , is found by sub¬ 
stituting zero for the variable (in 
this case for x) in the equation of 
the surface. 

Example 1. Sketch the plane 
3x - 22 / - 42 + 12 = 0 . 

Solution. Although a plane is in¬ 
finite in extent in all directions, it 
is usually enough in a sketch to 
mark the three intercepts and draw 
the three traces as in Fig. 197. 

The intercepts of the given plane y 

are ( — 4,0, 0), (0,6,0), and (0,0,3). p|Q ^97 

The equations of the A"1 -trace, \Z~ 

trace, and FZ-trace are, respectively, 3x — 2 ^/ + 12 = 0, 3x — 42 -h 12 — 0, 



and 2 ?/ + 42 — 12 — 0 . 

Example 2. Sketch the plane Sy -|- 02 — 15 = 0. 

Solution. This plane has no j-intercept; i.e., it is parallel to the 
x-axis and perpendicular to the I Z-plane. In this case we draw the 
trace in the TZ-plane. Its erpiation is iiy + 5z - 15 = 0, but now 
regarded as an er,nation in two variables. The parallelism with the 


x-axis may be indicated as shown in Fig. 198. 

This result may ahso be obtained thus: Comparing 3 y -b 5 z - 15 = 9 
with [22-15], we find .1 = 0 . Hence cos a = 0 , and the normal to the 



296 ANALYTIC GEOMETRY AND CALCULUS [Sec. 147 


plane is perpendicular to the ar-axis. Hence the plane is parallel to 
the x-axis. 

In general, if a variable is missing from the equation of a plane, the 
plane is parallel to the axis of the missing variable. If the constant 

term is also missing (Z) = 0), the 

OP 

plane passes through the axis. 

Note. With the aid of the dis¬ 
cussion in the last example we can 
interpret further the equations of a 
line [22-13], i.e., 



X — Xi 


y 


c 


a b 

The first of these equations, 

X - Xi y - y\ 


a b 

is an equation of the first degree 
with z missing. By itself, it repre¬ 
sents a plane parallel to the z-axis. Similarly, 



represents a plane parallel to the x-axis. Points that satisfy both at 
once are on the line, i.e., the intersection of the two planes. The third 
equation. 


X — Xi 


Z — Zi 


a 


represents a plane parallel to the y-axis and passing through the line. 

147. Planes determined by three conditions. A plane is said to be 
determined by three conditions; for example, one such set of conditions 
might be that the plane should pass through three points not in the 
same straight line. 

In the general equation Ax + By + Cz + i? = 0, it is sufficient to 
determine the ratio of any three of the coefficients to the fourth; this 
may be seen better by writing the equation as 

(1) ^x-1-^2 /4-^z 4- 1 = 0 D 0 


and it remains to determine the coefficients of x, t/, and z. 

Example 1. Find the equation of the plane through (2,1, —3), 
( — 4, —1,1) and parallel to the line 

x-4 y 5 z — 3 


2 


-1 


-2 
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Solution. Substituting the coordinates of the given points in (1). 
we obtain 


I From —3): 
(2) I From ( — 4, —1,1) 


Also, 


, A B C ^ 

D D ^ ' 

D D ^2) ~ ^ 


The last equation is the condition that (1) be parallel to the given 
line [see equation (5), Sec. 146]. 

The equations (2) may be solved simultaneously by any appropriate 
method, say by determinants. The student may verify the solution, 

D 9 D 9 " 9 

Putting these values in (1) and clearing of fractions, 

4a: — 2^ 4- 52 + 9 = 0 

This solution involves the assumption that D 7 ^ 0; if the solution 
had required that 2) = 0 (which means merely that the plane passes 
through the origin), an algebraic inconsistency would have <leveloped 
in the solution of the problem. Then we would have started over by 
dividing by Ay By or C in turn until no inconsistency developed. 

Example 2. Find the equation of the plane parallel to Sx — 5y + 22 
— 16 = 0 and passing through (2,-1,-3). 

Solution. Referring to equation (3) Sec. 146, two planes are parallel 
if their coeflBcients of a*, and 2 are proportional, and for simplicity 
we may take them equal; i.e., 

3x — 5y 4- 22 -h 2) = 0 

represents all planes parallel to the given plane. D must be determined 
.so that the plane will ])ass ihrough (2, —1,-3). 4 his means that the 

coordinates of the point must satisfy the e(juati()n; hence. 


64-5-64-2> = 0 


22 =- 


The required equation is 

3jr — 5^ 4 - 22 — 5 = 0 

148. Intercept equation of a plane. 1 et the three intercepts of a 
plane be (a.0,0), (0,6,0), and (0,0,c). By substituting the coordinates 
of the points in turn in (1) of the preceding section, 

D' a D' b D 


1 

c 
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and the equation of the plane may be written 

-+!+-=! 
a 0 c 

(Neither a, 6, nor c may be zero.) 


EXERCISE 80 


In Probs. 1 to 6 find the direction cosines of the lines; plot the lines. 


1. 

X — \ 

1/4-2 2-2 

2. 

X — 

2 _ 

y- 1 

2+1 

2 

3 6 

3 


— 2 

4 

3. 

x4- 3 

^"^2-2. 

4. 

X 

^ - 

z 


4 

3 


2 “ 

3 

1 


6. 

X - 3 

_ 1/ _ 2 

6. 


2,^ 

- 3 _ 

z + 2 

1 

2 2 

•t ^ 

1 

3 


7. Find equations of the straight line through (a) (4, —2,1) with direction numbers 
3, —1,1; (6) (—2,5, —4) with direction numbers 1, —3, 2; (o) (0,0,0) with direction num¬ 
bers 6, —2, 5. 

8. Find the equations of the straight line through (o) (—1,4,3) and (2,2, —2); 
(b) (4,0,6) and (5,2.0); (r) (2,-3,-4) and (6,0,3); (d) (3,-2, 1) and (-2,4,3). 

9. Find equations of the straight line through (a) (2,—1,-3) and perpendicular 
to 8a: — 2i/ + 32 = 0; (6) (4,—2,0) and perpendicular to 2a; + y — 42 — 6 = 0; (c) (3,3,3) 
and perpendicular to x + y + 2 = 0. 

10. Reduce the following equations of planes to the normal form, and sketch the planes: 

(a) 6x - 2i/ + 32 + 21 = 0. (6) 3x + 4z - 15 = 0. 

(c) X 4* 2y — 22 = 0. 


11. Find the equation of the plane through the points (a) (3, —4,2), (—1,2,1), and 
(0,0,4); (fc) (-2.-1,-3). (1,0.-1), and (4,2,3; (c) (6,3,1). (2,0,5), and (-2,-3,-!); 

(d) (3,1,5), (-..-1.2), and (-5,3,1). 

12. Find the equation of the plane through (a) (2,—1,-1) anf! parallel to 3x — iy 
+ 02 — 18 = 0; (5) ( — 4,0,2) and parallel to 2 x -f- 3 r/ — 22 + 2 = 0; (c) (0,0,0) and 
parallel to 7x + 2y — 22 -f 8 = 0; (d) (5,—2,3) and parallel to x + ^ — 4z + 3 = 0; 

(e) (2,—3,0) and perpendicular to j^ = . 7 ^ (/) (1.3, —2) and perpendicular to 

4 z J 


X = y = Z-, (g) (—4,1,3) and perpendicular to 


x+ 1 


= ^, 2 = 0 . 


2 3 

13. Find the equation of the plane through (1,0,-4) and (3,0,0) and perpendicular 
to 4x + ^ + 42 — 8 = 0. 

14. Find the equation of the plane through (3,—1,1) and perpendicular to each of the 

planes 3x + i/ + 42 = 0 and 4x -{- 22 — 6 = 0. 

16. Find the equation of the plane through (6,2,0) and (—2, —4,5) and perpendicular 

to 4x + 3j/ - 2z - 8 = 0. 

16. Find the equation of the plane through (2,2,1) and (4,—1,2) and parallel to the 
x-2_i/+l_2 + 3 

3 -2 -1 ‘ 

17. Find the equation of the plane through (3,2,1) and parallel to each of the lines 

X .1/4-2 2—1 , ,1/4-3 2 

j = L ancix= 1.-^ = 

X J/ 2 

18. Find the equation of the plane through (3,—1,-2), parallel to the line g ~ g ~ 
and perpendicular to the plane 5x 4- 3^ 4" 2 — 6 — 0, 


line 
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T49. Plotting a surface by parallel sections. The most elementary 
method of plotting a curve is the point-by-point method in which we 
assign values to a:, compute the values of y, and plot the points. It 
is not feasible to plot a surface point by point; the analogous method 
consists in giving a series of values to one of the variables, say Xy then 
the resulting equation in y and z gives an entire curve lying in the surface. 
A series of these curves gives a framework on which one can visualize 
the surface. 

One should note the intercepts and the traces of the surface in the 
coordinate planes. These often indicate the best choice of variable for 
obtaining the parallel sections. 

Example 1. Discuss and sketch the surface 

2/2 -h \z- = X- 


Soluiion. The origin is the only intercept. The traces in the co 
ordinate planes are 

A'l'-plane: 2 = 0 t/ = ztx 


A"Z-plane: y = 0 


X 


I'Z-plane: x = 0, a single point, viz., the origin 


Setting X = ky 


y^ -h 42= = 


i.e., planes parallel to the }'Z-plane cut the surface in ellipses whose 
centers are on the x-axis and whose major and minor axes terminate on 
the traces in the A} - and .\Z- 
planes. A few of these elliptical sec¬ 
tions suggest the surface which is 
sketched in Fig. 199. It is called 
an elliptical cone. 

The svmmetrv of a surface may 
be discussed in a manner similar to 
that for a curve, but there are more 
possibilities. By inspection one may 
discover whether a surface is sym¬ 
metrical to each of the coordinate 

planes, the coordinate axes, and the origin. The tests are made by the 
following rules. 

TesU,for Symmetry. If - J- may be .substitute.! for j: without changing 
its equation, a surface is symmetrical to the } Z-plane; corresponding 
tests may be made for tlie A 1 - and AZ-planes. If both — x and y 
may be sub.stituted for x and y without clianging its e(|uation, a surface 



FIG. 199. 
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is symmetrical to the z-axis; corresponding tests may be made for the 
X- and y-axes. Finally, if all three coordinates may be replaced by their 
negatives without changing its equation, a surface is symmetrical to 

the origin. 

The student may verify that the surface in Example 1 possesses all 

the kinds of symmetry listed. 

The extent of values of each var¬ 
iable may be explored in a manner 
similar to that for a curve. 

Example 2. Discuss and sketch 
the surface 

= z 

Solution. The origin is the only 
intercept. The surface is symmetri¬ 
cal to the YZ- and XZ-planes and 
to the z-axis. The traces in the co¬ 
ordinate planes are 

FZ-plane: — z 

X2-plane: = z 

XF-plane; the origin only 

Sections made by the series of planes z = fc are circles with centers 
on the z-axis and radii equal to x/fc, provided that k is positive. Negative 
values of z are excluded. The surface is called a circular paraboloid. 

The sketch is shown in Fig. 200. 


Z 



Y 


RG. 200. 


EXERCISE 81 


Discuss and sketch the following surfaces: 

1 . -1- 2® = 0. 

3. ar® + V + = 16. 

6. - 2* = 4. 

7. - 2" = 9. 

9. yi 4- 2 = - 4x = 0. 

11. y* - 4x - 4z = 0. 

13. + 4y" = 36. 

16. xy = 4. 

17. 2^ = 4 - X. 

19. (x3 + 2^)3* = 16. 


2. -f y* + 2 » = 16. 

4. x^ -H 4y2 92» = 16. 

6. X* - y* - 2 * = 9. 

8. X* — y* 4- 2* = 4. 

10. 4- 2* - 22/ = 0* 

12. X* - 4y - 9z = 0. 
14. 2y* - z2 = 32. 

16. 2 * = 4x. 

18. y* - 2 = 4- 4 = 0. 

20. (x* 4- y*)2 = 9- 



Chapter 23 


SPECIAL SURFACES 


150. Introduction. In the preceding chapter we considered a general 
method of studying surfaces by taking parallel sections. There are 
certain types of equations that represent surfaces that can be identified 
by inspection. It is our purpose in this chapter to present these system¬ 
atically. We have already learned to identify as a plane any equation 
of the first degree in x, y, and z. 

151. The sphere. The derivation of the equation of a sphere is 
closely analogous to that of the circle (Chap. 5). We shall take ad¬ 
vantage of this fact to outline concisely its important properties. The 
equation of the sphere with center (hyk^m) and radius r is 

(x - hy (y - ky + (z - my = [23-1] 


The derivation of [23-1] is left as a problem. The expanded form of 
the equation may be written 

x^~ + y'^ + + Gx + Hy Jz + K = 0 [23-2] 


By reasoning similar to that followed in Sec. 33, any equation reducible 
to the form [23-2] represents a sphere. The conspicuous feature, of 
course, is the sum of the three squares, x- + */■ + z^. An equation 
containing only these terms together with terms of lower degree is a 


sphere whose center is 

{h^kym) 



r 



\ 


> 


= ^ + IP -H - 4K 

2 


[23-3] 


The sphere is said to be real, null, or imaginary according as the 
quantity under the radical is positive, zero, or negative. 

152. Cylinders. The surface generated by a moving straight line, 
called the generatrix, or element, that moves ])arallel to a fixed straight 
line is called a cylinder, or a cylindrical surface. Any curve that the 
generatrix meets constantly is called a directrix of llie cylimler. In 
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this section we shall consider only those cylinders having a directrix 
which is a curve in one of the coordinate planes and having elements 

parallel to the axis perpendicular to 
the plane in which the directrix lies. 

In Fig. 201 let L'L generate a cyl¬ 
inder by moving parallel to the z-axis 
and always meeting the curve G whose 
equation is 

( 1 ) = 0 

in the XF-plane. Let P{x,y,z) be any 
X point in the cylinder and E'E the ele¬ 
ment through P which meets G at 
P'(x,y,0). 

The coordinates of P’ satisfy (1); 
hence, the coordinates of P, irre¬ 
spective of its 2 -coordinate, satisfy 
(1), the equation of G. Also, any 
point whose x- and y-coordinates satisfy (1) and whose z is entirely 
arbitrary will lie on the surface. Hence, (1) is the equation of the surface. 
This may be generalized in the following theorem: 

Theorem: An equation containing just itvo of the variables x, J/, and z 
represents a cylinder whose elements are parallel to the axis of the jnissing 
variable and whose directrix is the plane curve determined by the given 
equation in two variables. 

Cylinders are classified according to the shape of the directrix. For 
example, 2}f + Sz^ = 6 is called an elliptic cylinder with elements 
parallel to the x-axis; z^ = 4x is called a parabolic cylinder with elements 
parallel to the y-axis. 

15S, Cones, A surface generated by a moving straight line, called 
the generatrix, or element, which always passes through a fixed point 
is called a cone, or conical surface. The fixed point is called the vertex 
of the cone, and the two half cones which meet at the vertex are called 
the nappes, or sheets, of the cone. Any curve that the generatrix meets 

constantly is called a directrix of the cone. 

We shall state, omitting proof, that a homogeneous equation in the 
three variables x, y, and z represents a cone (real or imaginary) with its 
vertex at the origin; more generally, if an equation is homogeneous in 
the letters x', y', and z', where x' = x - a, y' ^ y — b, and z' = z - c, 

it represents a cone with vertex at (a,b,c). 

Cones of the general character just described are studied by means o 
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Z 
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parallel sections. However, we shall usually meet with cones that come 
under the simpler form 

( 1 ) Ax^ + = 0 

In order that (1) may represent a real cone, it is evidently necessary 
that the sign of one coefficient be unlike the two others. The axis of 
the cone coincides with the axis 
of the letter whose coefficient pos¬ 
sesses the sign unlike the others; 
sections perpendicular to the axis 
are circles or ellipses according as 
the coefficients with like signs are 
equal or unequal. 

Example. The equation 

_j_ 2/2 _ 4^2 = 0 /q 

is a circular cone along the z-axis. 

By inspection the planes repre¬ 
sented by z = k cut the surface PIq 202. 

in circles whose centers arc on 

the z-axis. The sheet above the XT-plane is sketched in Fig. 202. 









If 


EXERCISE 82 


1. From [23-1] and [23-2], derive the relations staled in (23-3). 

2. Find the center and radius of each of the following spheres, and sketch: 

(a) 3^ = 100. (6) x* -h -|- z* - 36 = 0. 

(c) I* -|- -1- z* — 4y = 0. (d) X* -|- -|- r® + 83 = 0. 

(e) X* + y* + — Ox + 2y = 0. 

{/) + jd + z* - 4x + 2y - 62 - 2 = 0. 

(g) 4x^ + 4id + 42= + 12x - 8i/ - 4z - 35 = 0. 

(A) 9i* -1- 9y» -I- 9z* - 42i -|- 12y - 542 + 98 = 0. 


3. Sketch the cylinders. 

(a) id -f = 9. 

(c) ad + id - 8y = 0. 

(«) ad — 2 * = 25. 

( 3 ) id - lOx = 0 
(0 2> = 16-8]/. 

(A) 9ad + IGy* = 144. 

(m) id = x-*. 

4. Sketch the cones. 

(a) ad — i/^ — z® = 0. 

(c) 4ad -H Old - 162 * = 0. 

(e) x* + id — 4x2 = 0 . 


(6) X* -I- 2 * = 49. 
id) id + z“ - 2z = 0. 
if) xy = 4. 

(Aj 2 * = \y. 

(;) y* = 4 - X. 

(/) iOx* -h 25id = 400. 
(n) x'i + y'^ = 


(6) X* - 4id -f 3 * = 0. 

id) xy = Z-. 

if) X* + z* - 61/2 = 0. 
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3^4 + - 3^ = 0. {h) xy + XZ^ 0. 

(,■) (3. _ 2)* - _ 32 = 0. (i) + (y - 3)2 - 2“ = 0. 

(t) 3:2 ~ 2i/2 + 32 + 2z + 1 = 0. (0 x* + i/2 - 2 “ - 4t + 6y + 13 = 0. 

6. Sketch the intersection of the following pairs of surfaces: 

(a) x2 + y2 - 25, 3 = 4. (fc) = 4 — x, x = 3. 

(c) X® + 3/2 _|_ 22 = 25, V* + 2* = 16. (d) x2 + i/2 + z2 = 32, x2 + J/2 - 2“ = 0. 

(c) x2 4- 3/2 = 16, 2/2 + z2 = 16. (/) x2 = 4 - 3, x2 = 4 - 3/. 

6. Sketch the 6rst-octant solids bounded by coordinate planes and the following 
surfaces: 

(a) X2 + 1/2 ^ 22 = 16. (6) x2 — 3/2 — 3* = 0, X = 3, X = 7. 

(c) 3/2 _|_ 32 = 4, x 4 . y = 2. (d) x2 4- 3/2 = 9 , a- 4 y _ 2 = 0. 

(c) x2 4- 2* = 25, X - 3/ = 0. Cf) x2 + 2/“ - 2 “ = 0, 3 = 4. 

1S4. Surfaces of revolution, A surface generated by revolving a 
plane curve about a straight line in the plane of the curve is called a 
surface of revolution. In this chapter we shall consider only surfaces 
of revolution which may be generated by revolving a curve in a co¬ 
ordinate plane about one of the coordinate axes in its plane. 



■X' 


In Fig. 203 the equation of the plane curve G in the A'Z-plane is 

(1) f{x,z) - 0 

and we imagine G to be revolved completely around the 3:-axis to generate 

a surface of revolution. . 

Consider a typical point /*(x,0,z) in G, and let P'{x,y\z ) be atjpica 
position of P as it revolves about OX. Draw PM perpendicular to 
OA', and draw P'M. In any position the x-coordinatc of P equals 
the x-coordinate of JP'; and since, by the definition of the surface, 

MP = MP\ 

( 2 ) 


2 = y/y"^ 4 - 
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Noav X and 2 satisfy the equation of G; therefore, if we substitute 

(2) in (1), leaving x alone, we have the equation of the surface on which 
P' lies. 

Of course, the primes may be dropped from the final answer. Hence, 
we have the following theorem: 

Theorem. To find the equation of the surface of revolution generated by 
revolving a pla7te curve in a coordinate plane about a coordinate axis in 
its planCy observe the following rules: 

(fl) Leave unchanged in the equation of the curve the variable measured 
along the axis of revolution, 

(b) Replace the other variable in the given equatio7i wherever it occurs by 
the square root of the sum of the squares of itself and the third variable. 

(c) Simplify the result. 

Example 1. Find the equation of the sphere generated by revolving 
y- = 16 about OV, 

Solution. Applying the rules, (a) y is not changed, and {b) Vx^ + 
is substituted for z. Hence, 

if- + (Vx^ + 2^)2 = 16 or x^- if + z'^ = 16 
is the required e(|Uation. 

Example 2. Is x- + z- = \0y a surface of revolution? If so, what 
plane curve will generate the surface? 

Solution. The (juestions have to be studied simultaneously. Simply 
reversing the above theorem, by inspection it is seen that either the 
curve X- = lOy or z- = lOy, if revolved about the y-axis, will generate 
the given surface. 


EXERCISE 83 


1. Find the equation of the surface generated by revolving each of the following 
curves about the axis nicntioned: 


y = /-axis. 

(c) -f ^- = 4. (/-axis. 

(e) = 8, x-a\is. 

(g) ly = 12, //-axis. 

(0 — (ix = 0, x-axis. 

ik) z = .sin X. x-a\is. 

(lu) x^ + (/- — 2x = 0. x-uxis. 
(o) 2 = e"', ^-axis. 

( 9 ) yz ~ -^y + 82 = 0, :-axis. 


(b) y = 2x. y-axis. 

((/) x^ + = 4. x-axis. 

{]) i-i/ — z- = H, 2 -axi.s. 

(A) xy — 20 = 0, x-axis. 

{}) X* = 2:, 2 -axis. 

(/) X = cos y. y-axis, 

(a) x^ -f y® — 2x = 0, y-axis. 

(//) 2xz - :ty= +iix - (jy - 12 = 0. x-axis. 
(r) y^ — ir + 8 = 0, y-axis. 


2. Sliow that each of the following is a surface of revolution by finding a curve which 
may l)c revolved about a coordinate axis to generate the surface: 

(a) x^ + V + - :i0. (b) 2jr - y* + 22 - = 21. 

(c) xz - \y- -f- 2 ^ = 0. (d) 4x= -f ly- - 2 - -1- 8 = 0. 
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(e) + 22* = 9y. 

(g) I* + y* + - 2y = 0. 

(i) X* - y* - 2 * - 4x + 4 = 0. 
(L) x^y + 2*y = 1. 


(/) 3y* + 32* = lOx. 

(A) X* + y* + 2 * - 8x = 0. 

(j) X* - y* + 2 * - 2y + 1 = 0. 
(0 x *2 + y* 2 = 1. 


JSS. Quadric surfaces. The general equation of the second degree 
in Xy yy and z is 

(1) Ax^ + By'^ + Cz^ + Dxy 4- Eyz + Fxz Gx + Sy Jz K = 0 

Any surface whose equation is of type (1) is called a quadric surface, 
or conicoid. 

Vie recall briefly that an equation of the second degree in two variables 
is classified as an ellipse, hyperbola, or parabola or, possibly, as a de¬ 
generate conic of one of these types (Sec. 117). In a sunilar manner 
quadric surfaces are subdivided into ellipsoids, hyperboloids, and 
paraboloids, with degenerate cases also possible. As a matter of fact, 
cones and cylinders whose equations are of the second degree are 
degenerate quadric surfaces. 

It is a very long process to carry out the reduction of (1) to the forms 
we shall presently need, and we shall omit it except to remark that it 
is analogous to the transformation of a conic in general form by rotation 
and translation. By analogy, therefore, by twisting the axes (this 
corresponds to rotation in two variables) it is possible to remove the 
terms Dxy + Eyz + Fxz from (1) and change it to 

(2) A'x’^ + B'y’^ + C'z^ + G'x -f- H'j/ + /'z + X = 0 

Thereafter by translation (2) may be further transformed to one of 
the following: 

(3) A'x'^ + B'y'^ 4- - K' 

or 

(4) 4- By = J"z (or 4- CV = H'y, etc.) 

In (3) we shall agree that the signs in the equation have been made 
such that K' is a positive number on the right-hand side, letting the 
signs on the left come as they may. Corresponding to different com¬ 
binations of signs among the coefficients other than K' in (3) and (4), 
there are fiv'e essentially different kinds of quadric surfaces, which we 

shall now study. . 

1S6. The ellipsoid. If all three coefficients A', B', and C' in (3) in 
Sec. 155 are positive, by dividing both members by K', (3) may be put 

in the form 



[23-4] 
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Studying this equation, observe that (1) its intereepts are x = ±a, 

y = ±b, z = zkc; (2) the traees in the coordinate planes are ellipses; 
e.g., the ellipse 

X- 

-^ — = 1 

a2 ^ 62 '■ 

in the XF-plane; (3) the surface is symmetrical to all the coordinate 
planes, coordinate axes, and the origin. 

Sections made by planes perpendicular to the x-axis are ellipses of 
the form 


2 ^2 ^2 


62 ^ c2 ^ a2 


If I X 1 < a, the ellipses are real and the extent of values for x is 
— a ^ X ^ a. Similarly, the extent of values for y is —b^y^ 6 ; 
and for 2, — c ^ 2 ^ c; sections perpendicular to the y- and 2-axes 
within the limits stated are ellipses. 


X 



A surface whose equation is of the form [23-4] is called an ellipsoid 
(Fig. 204). If two of the three quantities a. 6, and c are e(iual, the surface 
is an ellipsoid of revolution; when an ellipsoid of revolution may be 
generated by revolving an ellipse about its major axis, it is called a 
prolate spheroid; when generated by revolving an ellipse about its 
minor axis, an oblate spheroid. 

157. The hyperboloid of one sheet. Referring again to (3) in Sec. 155, 
when two of the three coefficients A\ B\ and C' are positive and one 
is negative, the surface is called a hyperboloid of one sheet and it is said 
to lie along the axis of the variable whose sign is negative. Suppose 
and B' are positive ami C' is negative; upon dividing by A the e(iua- 
tion may be put in the form 



1 


[23-5] 
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(1) The X- and 2 /-intercepts are x — ita, y — ±6, but there are no 
real 2 -intercepts; (2) the surface is symmetrical to all coordinate planes, 

^ coordinate axes, and the origin; (3) sec¬ 

tions made by parallel planes perpendicu¬ 
lar to the z-axis are ellipses of the form 





a 




(P- 




The ellipses increase in size as z increases. 
A sketch is shown in Fig. 205. 

Question. Can a hyperboloid of one 
sheet be a surface of revolution? 

1S8. The hyperboloid of two sheets. 
The last case of equation (3) in Sec. 155 
occurs when just one of the coefficients /l^ 
and C' is positive. In this case the 
surface is called a hyperboloid of two sheets 
and is said to lie along the axis of the varia¬ 
ble whose coefficient is positive. Suppose 
A' and B' are negative and C' is positive; 

upon dividing by K' the equation may be put in the form 





[23-6] 


(1) The only real intercepts arc 
2 = ±c; (2) the surface is symmetri¬ 
cal to all coordinate planes, coordi¬ 
nate axes, and the origin; (3) sections 
made by planes perpendicular to the 
2 -axis are of the form 

^ ^ ^ _ 
a = 62 (.2 

and these sections are real ellipses if 
I 2 1 > c. A sketch is shown in Fig. 
206. 

Question. Is it possible for a hyper¬ 
boloid of two sheets to be a surface of 
revolution? 

Finally, if all the coefficients A\ 
and C' in (3) in Sec. 155 are 
negative, there is no real locus. 


Z 
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EXERCISE 84 

Identify and sketch each of the following surfaces. To identify a surface, (1) give its 
name; (2) stale along which axis it lies; (3) if it is a surface of revolution, state the fact; 
(4) mention any other features that you notice. 


I. _i_ 10)^2 -f. ;j622 = 576. 

3. 90)2 _ _ 3(522 = 576 

6. 9x2 - 25i/2 + 252= = 225. 

7. 4x2 + 8^ - 1^22 = 0. 

9. 100x2 - 16y2 - 252= + 4 OO == 0. 

II. 25x2 9^ 4, 922 = 225. 

13, x2 + t/2 + 22 _ 42 = 0. 

16. 4x2 + 4^2 - 25-2 ^ 100 = 0 . 


2. 9x2 + 16i/2 - 362* = 576. 

4. 9x2 + 16i/2 4- 362* + 576 = 0. 
6. 25x2 + 4i/2 + 252* - 100 = 0. 
8. 9j 2 - 4y2 + 3622 SG = 0. 
10. x> + 10y2 = 64. 

12 . x* + 1/2 _ 42 I _ 36 = 0 . 

14. 4x2 - 1/2 4_ 4^1 = 0 . 

16. 2 x 2 - 9i/2 + 22 * = ig. 


159. Elliptic paraboloid; hyperbolic paraboloid. It remains to 
.study the surfaces which come under equation (4) in Sec. 155. The 
three possibilities are 

(1) + B'lf = J"z B'y^ + CV = G"x A'x^- + C'z^- = H"y 


A surface whose equation comes under any of these forms is called 
a paraboloid; if the coefficients of both squared variables have like 
signs, the surface is an elliptic paraboloid; if these coefficients have 
vrdike signs, the surface is a hyperbolic paraboloid. For example. 
2 y 2 _|_ 3^2 _ _- 53 ; is an elliptic paraboloid; ^y- - 32" = -5x is a 
hyperbolic paraboloid. By changing signs if necessary, the equation 
of an elliptic paraboloid may always be written with positive coefficients 
for both s<iuared terms; if the resulting sign of the coefficient of the 
term of first degree in the right member is positive, the elliptic paraboloid 
is said to lie along the positive end of the axis of that variable, if the 
coefficient is negative, the elliptic paraboloid is saul to he along the 
negative end of the axis. For example, + 32- = -5x is an elliptic 
paraboloid lying along the negative end of the a*-axis. 1 here is, however, 
no corresponding terminology for hyperbolic paraboloids. 

QuestioJis. Is it possible for an elliptic paraboloid to be a surface of 
revolution? Is it possible for a hyperbolic paraboloid to be a surface 

of revolution? 

Example 1. Discuss and sketch the elliptic paraboloid 

^ ^ = 4ax 

6 0 I *> 

2 c- 

SnhUUm. (1) The only intorcopt is the origin; (2) it i.s syinnu-trical 
to the A'Z-plane, the AT-phine. an.l the x-axis; (ti) if a > «, the extent 
of values for x is limited to positive values, and if a < 0 , the extent for i 


310 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 159 


is limited to negative values; (4) sections by parallel planes perpendicular 
to the x-axis are ellipses. A sketch, assuming a > 0, is shown in Fig. 207. 
Example 2. Discuss and sketch the hyperbolic paraboloid 

•2 




a 


62 






Solution. (1) The only intercept is the origin; (2) it is symmetrical 
to the F^-plane, the XZ-plane, and the z-axis; (3) the traces in the 
XZ~ and TZ-planes are the parabolas x* = 4ia^cz and = —4ib^cz, 
respectively, and the trace in the JY^F-plane is the pair of lines 6x ± ay 
~ 0; (4) no values of x, y, or z are excluded; (5) sections by parallel 
planes perpendicular to the z-axis are hyperbolas, and sections by parallel 
planes perpendicular to either the x- or y-axes are parabolas. A sketch 
is shown in Fig. 208, 


EXERCISE 85 


Identify and sketch the following surfaces: 

1. 4a^ -\- = 362. 

3. V - 16z 2 = U4x. 

6. r* + 2^ = 

7. - 2“ - 4j/ = 0. 

9. 4y* + 2^ -H 16x = 0. 


2. 4x» - 9y* = S6z. 

4. 9y* -t 16z» = 144x. 

6. y*-|- 2 * = -4x. 

8. y* - 2 ^ = 4x. 

10. X* -h y* + 62 = 0. 


11. Discuss and sketch the hyperbolic paraboloid z — xy. 


EXERCISE 86 

This exercise comprises a miscellaneous collection of surfaces and curves of the kinds 
that have been studied in Chaps. 22 and 23. Identify and sketch each of them. 

1. xy = 0. 2. X = yz. 

3. x(x — z) = 0. 4. x (2 -1- x) = 0. 
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6 . _ 43 a = 0. 

7. - 4 = 0. 

9. + >/“ - 4z = 0. 

11 . i» + V + 3sa = 12 . 

13. x2 + = 6x. 



17. x» + 2 /» = s» - 4. 

19. x* - = a®. 

21. r" + 4(/“ - - 36 = 0. 

23. x2 + (/“ + 2 ^ - + 4z - 0. 

26. X® — 3x2 4- 2 - — 22 = 4. 

27. 3x= - 4^^ + 42 ’ = 0. 

29. j/ + 2 = 4, X = 6. 

31. x» 4- + 2 ^ = 20. 2 = 2. 


6 . y* 4" 42* = 4. 

8. y* 4- 42* = 4x. 

10. y* 4- 42* = 4x*. 

12. X* 4- y’ + 2 * = 162 . 

14. 9x* 4- V - 2 * = 9. 

16. X 4- 2 ’ = 0- 

18. X sin ^ 4 - y cos - = 1. 

20. X 4- 42* = 4. 

22. X* - 2y* = 82 . 

24. X* - 2 y* - 32* = 6 . 

26. 3x* 4- 2y* 4- 42* = 24. 

28. y* = 4 - 2. 

30. X = 2y, X + 22 = 8. 

32. X* 4- + 2 * = 50. X* 4- y* = 3*. 


160, Ruled surfaces; oblique cylinders, A surface which may be 
generated bv the motion of a straight line is called a ruled surface. 
By definition, cylinders and cones are ruled surfaces, their elements 
constituting the rulings on the surfaces. The general test to show that 
a surface is a ruled surface consists in discovering a set of planes whose 
intersections with the surface are straight lines. Omitting a general 

discussion, we offer a single example. 

Example 1. Show that the hyperbolic paraboloid 


( 1 ) if- = z 
is a ruled surface. 

Solution. Consider the two sets of jilanes, 



X - y ^ k 

1 

+ 2 / = ^2 


where k is arhilrary. Form an e(,uation by multiplying together 
corresponding siiles of (!2) and (.5). getting 



(x - y){x + y) 



Now coordinates {x,y,z) that satisfy both (2) and (3) evidently also 
satisfy (4), but points with such coor.linates lie on the mtersectmns o 
planes (^2) and (li), and these intersections constitute a set o straight 
lines. But (4) is (1) in factored form. Hence, these lines he m the 

hyperbolic iiaraboloid. . . . 

In a similar way there is another set of lines, the intersections of the 
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planes x y — k and x — y = ^Zy that also lies in the surface; hence 
this hyperbolic paraboloid is a doubly ruled surface [see Fig. 209(a)], 



(a) (b) 

FIG. 209 


Hyperboloids of one sheet are doubly ruled surfaces also. The double 
sets of rulings are shown in Fig. 209(6). 

A limited, but useful, class of ruled surfaces are the cylinders with 


elements parallel to a coordinate plane; i.e., their intersections with one 
or another of the sets of planes x =» Ar, — A:, or z — A: are parallel 
straight lines. (Our cylinders have been restricted previously to those 



FIG. 210. 


having elements parallel to an axis.) 
We shall indicate how to handle such 
cylinders by an example. 

Example 2. Discuss and sketch 

(5) X + 2 /^ H- z = 4 

Solution. The intersections of (5) 
with the set of planes y = k are the 
straight lines 2/ = A:, x-|-z = 4 — A:^; 
hence (5) is a ruled surface. In sym¬ 
metric form the rulings may be 
written 



hence the rulings are all parallel to a line whose direction numbers are 
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— 1, 0, 1, and the ruled surface must be a cylinder by the definition of 
the latter. 

The best way to sketch the surface (see Fig. 210) is to draw the traces 
in the XY- and FZ-plancs and then to join these traces with lines 
parallel to the trace in the XZ-plane. Only the portion in the first 
octant is shown in the figure. 

161. Projections of a curve in space. We pointed out in Sec. 142 
that in general a curve in space is given by means of the equations 
of two surfaces that intersect in the curve. Suppose the equations 
defining a space curve are 

( 1 ) f{x,yyz) = 0 

and 

(2) F{x.y,z) = 0 

Let us eliminate one coordinate, say z, between these two equations, 
getting a new equation in x and 

(3) G{x.y) = 0 

Since (3) is obtained from (1) and (2), coordinates of points common 
to (1) and (2) satisfy (3) also. Hence (3) is the equation of a new surface 
that passes through the curve. Since (3) does not contain z, by Sec. 
152 it is the equation of a cylinder parallel to the z-axis. This is called 
a projecting cylinder of the curve. The trace of this cylinder in the A 1 - 
plane has the same equation, (3), regarding the equation as that of a 
plane curve. That is, the equation resulting from eliminating z from 
the two equations of a space curve is the equation of the projection of 
the curve on the ATT-plane. Similar statements apply to the other two 

coordinates and coordinate planes. 

Very often the equations of the projecting cylinders constitute the 

most convenient form of the equations of a curve in space. 

Example 1. Find the equations of the projections on the coordinate 

planes of the curve 

(4) X- + 3/^ + z^ - 36 

(5) 3x2 5^2 _ 22 = 0 

Solution. We recognize (4) as the equation of a sphere and (5) as 
that of an elliptic cone. Eliminating z, y, and x in turn from theac 
C(iuations, we have for the etpiations of the projections, 

on the A'}'-plane 2x2 3^2 = 13 an ellipse 

on the A'Z-plane + 3z2 = 90 an ellipse 

on the }'Z-plane -y- + 2z2 = 54 a hyperbola 

The given curve projects into a part only of the last two. Pigure 211 
shows the first octant. 
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Example 2. Find the equations of the projections on the coordinate 
planes of the line of intersection of the planes x 2y — Sz — ^ — 0, 
2x — 2 ^ + 2 — 1 = 0. Put the equations of the line in the form [22-13], 


Z 



Y 


FIG. 211. 


Solution. Eliminating 2 , ?/, x in turn, we have for the projections on 
the XY-y XZ-y and KZ-planes, respectively, lx — y ~ 1 = 0, 5a; — 2 
-6 = 0,5^ - 72 - 7 = 0. 

If we solve the last two for 2 , we get 



Then 
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Comparing with [22-13], (xi,i/i,zi) is (6/5, 7/5, 0), and a = 1, 6 = 7, 
c = 5 are the direction numbers of the line. Of course we could proceed 
similarly with a different pair of the projection equations. 


EXERCISE 87 


In Probs. 1 to 12, sketch the surfaces. 

1. 4r — -f- -iz = 0. 

3. -}- 4^ "b 43 = 0. 

6. + 1/ + 2 = 4. 

7. -H (!/ -h zy = 25. 

9. + (y + z)2 _ 8(j/ -1- 2) = 0. 

11 . 1 . 


2. 4x -I- 4j/ - 2 » = 0. 

4. X + + 4z = 0. 

6. X y -f- 42® = 0. 

8. (x -f- 2)® -1- = 25. 

10, (x + 2 )* + y^- 0(x + 2 ) = 0. 
12 . (x-hy)^-2*= 1. 


In Probs. 13 to 20, find the projections of the given curve on the coordinate planes. 
If the projection is a familiar curve, name it. 

13. X® - y® - 2 * = 4, X® + 4y® -h 92= = 34. 

14. X® -f- 2y® + 2 = = 50, 2x® -b y= - 2 = = 25. 

16. 2x= + 5y= - 2 = 0. X® + y" + 2 - 6 = 0. 

16. X® + y= -b 2 “ = 9. X -b y + 2 = 3. 

17. X® -b y= + 2“ = 10. X® -b y» “ 4x - 0. 

18. X® -b y® - 2= = 0, X* -b y® - 4x = 0. 

19. 2x® -b 2y» - 2 ® - 32 = 0, x® - 2y® - 2r* + 32 = 0. 

20. X® -b y® + 2® = 16. X® - y® - 42 = 0. 

In Probs. 21 to 20. find the equations of the projections on the coordinate planes of the 
line of intersection of the given planes, and find the direction numbers of the line. 


21. X — y -b 2 = 7x -b 3y -b 32 — 0. 

22. 2x -b y - 2 = 3, X -b y + 2 = 0. 

23. 3x - 4y -b 2 = 4, x -b 2y — 52 = 1. 

24. 3x - 2y + 7z = 6, 2x + y - 52 = 4. 

26. 2x — y — 2 = 4, x + y + 2 = 2. 

26. X -b 2y -b 2 = 1. 2x + 4y - 2 = 8. 

27. Find direction numbers of a line perpendicular to both of the lines 

jjj; + 2y — 2 = —3, X -b Oy + 2 = — 1 and 2x + y — z = 0, 5x + 2y — 32 = 13. 

28. Find the perpeiulicular distance from the point (1,3.2) to the line 
.->x - 3y + 32 -b 17 = 0. 7x -b 3y -b 6z - 14 = 0. 
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162, A function of several independent variables. Throughout the 
course up to the present, with a few exceptions, we have considered 
only functions of a single independent variable; nevertheless, many 
variable quantities are actually functions of several independent vari¬ 
ables. 

For example, consider the volume of an ordinary rectangular box; 
let V = xyz, the product of the three dimensions. In general any one 
of the three dimensions may be changed independently of the other two; 
thus K is a function of three independent variables. 

To indicate that a quantity IF is a function of several independent 
variables, or arguments, say x, t/, u, and r, we write 

IF = f{Xyy,u,v) 

The fact that the variables are independent means that we may allow 
any one of the arguments to vary while all the others are held fixed. 

To illustrate this idea geometrically, 
we have seen that the locus of a point 
P(x,?/,z) in three dimensions is, in gen¬ 
eral, a surface which can be represented 
by an equation in the three variables. 
If we regard the z-coordinate ot P as a 
function of the independent variables 
X and y, we can denote the equation of 
the surface by 


A portion of a typical surface is shown 
in Fig. 212. 

Furthermore, we see from Fig. 212 
what is meant by saying that x is allowed to vary while y is held fixed. 
This restricts F to a locus which is the intersection of the surface with 
a plane y — constant. 


2 = f(x,y) 
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The functional notation for a function of several variables follows 
the rules of substitution as for a function of a single variable; e.g., if 

f{Xyy,z) = — 2?/ + Sz, then /(1,2, —3) = 1 — 4 — 9= —12 and 

f{xybyc) = — 26 + 3c 

Functions of several variables are continuous under conditions analo¬ 
gous to those for a function of a single variable; i.e., if z = f{Xyy)y the 
function is continuous for x = Xo, 


y = 2 / 0 , if 


P\x + 


PiXyVyZ) 


lim f(xyy) = /(xo,yo) 

*-**o.*r-*»o 

163, Partial derivatives. We 
shall next investigate what hap¬ 
pens to a function of two variables 
when just one of them is given an 
increment. We shall find that a 
series of operations similar to the 
increment method of differentia¬ 
tion leads to a partial derivative. 

Let P(Xyyyz) be any point in the 
surface z = /(x,?/), a portion of 
which is shown in Fig. 213. If x 
is given an increment Ax, y being 
held fixed, z will take on an increment Az such that 

2 -f Az = /(x + Ax, y) 
or 

(1) Az = /(x d- Ax, y) 

If we divide (1) by Ax, 

^ _ /(x + Ax, y) - /(x,y) 
Ax ~ Ax 





const. 


FIG. 213. 


Sixyy) 


w 


If the limit of (2) exists when Ax 0. it is called the first partial 
derivative of z with respect to x and is denoted by — • 1” symbols, 


,. Az 
lim — 

Ar^O 


dx 

dz fix + Ax, y) - f(x,y) 

— = lim -T- 

dx Ax-*o Ax 


[24-1) 


More generally, if z — /(x,y,v,tc, . . . ), 

ffx + Ax, VyVyWy . . . ) - /(XyyyVyWy . . . ) 

^ -Ax 

is called the first partial derivative of z with respect to x, and similar 
expressions <lefine the first partial derivatives of 2 with respect to the 
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other arguments. Partial derivatives are usually written by means of 
the symbol d, called the “round d,” or else by appropriate subscripts. 
Thus the derivative in [24-1] is written as 

dz 


dx 


or 


or fz{x,y) 


The steps which lead to the definition of a partial derivative indicate 
the rule by which they are calculated. 

Rule. Given a function of several independent variahleSy to find a 'partial 
derivative of the function 'with respect to any one of the variahlesy treat all 
the other variables as constants, and differentiate the function according to 
standard formulas. 

Example 1. Given V = xyz, find — * — * * 

Solution. Applying the rule stated above. 


dx 


= yz 


dy 


= xz 


dz 


= xy 


Example 2. 


Given z == x~ye’^^~'^^, find — and ^ 

dx dy 

dz 


Solution. In finding ~ the right-hand member must be treated as a 

product since x appears in two different factors. 

dz 


dx 


Similarly, 


dz 

dy 


- (x2)(7/e2"-3>')(2) + (^x) 

= 2xye^^~^^{l x) 


= - 3y) 

If z is given as an implicit function of two arguments, i.e., if f(Xyy,z) 
= 0, the partial derivative of z with respect to x (or y) may be found 
by the standard rule for implicit differentiation (Sec. 63), y (or x) 
being held constant. 

Example 3. Find ^ if + z- — xt/ H- 3x = 0. 

%/ 

Solution. Differentiating the equation implicitly, treating x as a 
constant, 


2z/ -h 2z 


dz 


dz 

dy 


dy 

•r - 

2z 


- X = 0 


Sec. 163] 


PARTIAL DIFFERENTIATION 


319 


• « « d^z ♦ 

There are also partial derivatives of higher order. means that z is 

dx^ 

differentiated twice in succession with respect to x in the usual way, 
all other arguments being treated as constants. 

d^z 

Example 4. If z = x^y^t find 
Solution, ^ = 3x^1/*, ^ = Qxy^. 

OX oar 

It is also possible to differentiate a partial derivative with respect 
to a different argument than the one used first. Continuing Example 4, 


dh ^ 1 


dy dx dy\dx/ dy 


(3x^y*) = 6x^2/ 


d^z d 

It is understood that ^^ means 


dy dx 




(S) 


» while r—means t- I ^ )> 
dxdy dx\dy/ 




however, it may be shown that the order of differentiation (except for 
restrictions as to continuity) is immaterial as far as results are con¬ 
cerned; i.e., 

dH ^ dH 
dy dx dx dy 

The pair of derivatives just mentioned are sometimes called cross 
derivatives. 

In the subscript notation, 


dx2 


dH 


dH 


= z 


XX 


dy dx 


= z 


*v 


dx dy 


— z 


yx> 


etc. 


Partial derivatives have physical and geometrical meanings that 

correspond to those for an ordinary derivative. 

As a rate, the partial derivative of a function gives the rate of change 
of the function with respect to the stated argument, ail other arguments 
being held constant; and the rate at a particular instant is found by 
substituting a set of corresponding values of the quantities involved 

in the partial derivative. 

Geometrically, if 2 = /(x.y), g gives the slope of the trace in the 
surface made with any plane y = conslanU and there is a similar meaning 
(For a function of more than two independent variables there 


for 




is no geometric interpretation in space of three dimensions.) 
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EXERCISE 88 


•« — y - j d2 6a 

1. a = -6nd —• 

y dx oy 

a. « = xy + yr + «; 6nd . — 

« 1 ^ d»a 

S« * =* T";—ii ~ aJ * 

X* + y* dx dy dy dx 


4. a = xyVx — y; 6nd 


dx*’ dy* 


_ ^ ^ m •M dz . da _ 

6. a = X* ~ Sy*; venfy * ^ ^ ^ 

» xy .. dz , dz 

6. z = —verify x — + y — = a. 

X + y dx ^ dy 

7. (a) Find the slope of the circle x* + y* + ** = 20. x = 2, at the point (2,S*4). 
(b) Find the slope of the circle in the plane y = S at the same point. 

8. Find the slopes of the parabolas through (S.1,5) formed by the intersections of 
X* 4- y* = 22 with the planes x = 3 and y = 1» respectively. 

9. Find the slope of the ellipse y* 4" 2z* = 4x*, x = 3, at the point in the first octant 
where y = 2. 

10. Find the slope of the hyperbola 3x* 4- 4y* = Sz*, x =* 4, at the point in the first 
octant where y = 3. 


11. /(x,y) = €** sin 5y; find/«« &nd fgy. 
13. z = find Zyi, Zyy. 

16. u ~ sin xy 4- y^; find u>, Uy, 

17. 2 = log (1 + x*y); verify Zxy »= Xyg. 


19. u 


log find u*. Ux> Um. 


12. u = find n,, u,y. t*«. 

14. u x*y + cos xy; find u«. ti^. 

16. li = tan“i find u,, Uy, u,,. 

y 

18. u = xz cos y 4- **; find n*#, Uu. 
20. z = sin (x* 4- y*); verify Zyy = Sy«. 


21. z = verify z,y = Zy,. 

22. u X sin y + y cos z 4- y^ tan x; find Ug, Ugy, Ugy,. 


23. U — M,yi. 


a*. + yj - 3« = 0; find g 


26. xVy + z + xyz = 6; find 26. ze*'*v 4- *y 4- w = 0; find 

27. ^ ^ 4- log xyz = 0; find 


28, z cos xy4-x* + y*4-z* = 0; find 

i64. Jofa/ diyerenfiaf. In the preceding section we worked only with 
possible derivatives of a function of several variables. In this section 
we shall define the differential of such a function. Let z = /(ar.y) be a 
continuous function of x and y represented by a surface as shown in Fig. 
214. 
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Beginning at P(x,i/, 2 ), holding y constant, let x be given an increment 
Ax = PM. The corresponding increment in the function is MP* 
= AZ(x), the subscript indicating that the increment is wholly due to a 
change in x. 





By an argument similar to that employed in studying the differential 
of a function of a single variable (compare Sec. 75), 


A2(*) “ 


dz 

dx 


Ax + € Ax 


where « Ax is an infinitesimal of higher order. 

Along arc P'P” where y changes by Ay while i is held constant, z 
changes by a further amount, 

dz 


= Ty 


P’ 




The actual increment Az between the z-coordinates of P and P" is 
Az = AZ(») + AZ(y); or 

dz 


Az — 


dx 


. 

Ax + 

1 p 


p' 


Ay + e Ax + n Ay 


With continuity assumed, as Ax 0, P' —^ P and — 


dz 

dy 


\ drop¬ 


ping subscripts 

( 1 ) 


dz 


dz 


Az ^ Ax + ^2/ + ‘ 

dx dy 


dz dz 


AZ is an infinitesimal of which ^ Ax + ^ Ay constitutes the principal 
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part» which is, therefore, denoted by dz and called the total differential 
of z. The differentials of the independent variables x and y are defined 
by the equations dx = Ax, dy = Ay. Hence, 



dz , 
~dx + 



[24-2] 


We may interpret [24-2] geometrically. In Fig. 215 let P(x,y,z) 
be a point on the surface z = f{x,y)y and let P'(x + Ax, y -f Ay, z -f- Az) 

be another point on the surface. 
Through P draw PC = Ax = dx and 
PD = Ay = dy. Let PA and PB be 
tangents to curves cut from the sur¬ 
face by planes parallel to the XZ~ and 
TZ-planes, respectively. Draw par¬ 
allels to the axes as shown. Then 

CA = (fx = EF, and DB ^ ~ dy. 
dx dy 

Draw DF, and BG parallel to DF, 

making DFGB a parallelogram, so 

FG = DB = ^ dy. Then 

dy 



EG = EF FG = 


^ dx-\-^dy — dz, 
dx dy 


This shows that dz is the increment of the z of the plane through the 
tangents PA and PB produced by increments Ax and Ay. Az is, of 
course, the corresponding increment of the z of the surface. Compare 
the geometric interpretation of dy where y — f{x) in Sec. 75. 

The plane determined as above is in general a tangent plane. A 
tangent plane at P must contain all tangents to curves in the surface 
through P. Barring exceptional points (e.g., the vertex of a cone), 
the plane determined as above by two tangents parallel to coordinate 
planes is such a tangent plane, but we shall omit the proof. 

This geometric discussion of dz limits z to being a function of two 
variables; however, it leads naturally to the following definition: 

Definition, The total differential of a function of any fixed number 
of arguments is equal to the sum of its first partial derivatives, each 
partial derivative being multiplied by the differential of its argument; 
i,e., if 

w = f(x,y,v, • • • ) 



du 

dx 


dx -j- 


du 

dy 


dy + 


du 

dv 


dv • 


[24-3] 
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Example 1. Find dy \f y = uv; Uy v are independent variables. 

Solution. ^ = t), ^ = w. By formula [24-3], 

du dv 



^ dv = V du u dv 
dv 


It will be noticed at once that the final result is formally the same as 
the standard formula for the differential o{ y = uv where u and v are 
regarded as functions of a single variable. 

The formula for the total differential may be used as an approximate 
formula for the change in a function resulting from small changes in 
its arguments or as a formula for the possible error in the function 

resulting from errors in its arguments. 

Example 2. Find the possible percentage error in u if u = xy~/Vz 
and the errors in Xy i/, and z may be ± 1%, ±2%, and ±3%, respectively. 

Solution. I 

log u = log X 4- 2 log 1 / - g log * 

i, (log ") = i iy (log ^ I (log 

j dx ‘idy dz 

d(logu) = - = - + — 22 


= ± 1 % + 2 (± 2 %) - U^3%) = ± 6 ^% 


The possible percentage error in u is 

du 
U in % 

Formula [24-3] can be cxtcmlccl to cover the case where the several 
arguments are all functions of a single variable, say (. If u 
= f(x,y,Vy . . . )* starting with an eciuation analogous to (1), viz., 


(2) Au - 


^ Ax + — Sil + - + ■ ■ ■ + « Ax + A,i/ + r Ac + • • ■ 

dx dy Ov 


(f is Greek zeta), and dividing both members by At, 


Au 

aZ 


dx At dy At dv At 


+ ‘ At + ” A( + ( ^ ^ 


and 



provided all the derivatives are continuous. 

^ # - T i if u r are all functions of x. 

Continuing, if i - ar, i.t., ii y, • 


d_u ^ ^ ,df Jy + 

dx dx '^dydx dv dx 


[24-4] 


124-->1 
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The derivative ^ of an implicit function/(x.y) = 0 may be expressed 

ax 

as the quotient of two partial derivatives. Let z = /(x,y) = 0. By 
[24-2], 


dz = ^ dx 4- ^ dy = 0 

dz dy 


Hence, 


dx 


dx 

dy 


{ 


dy 




[24-6] 


The equation f{x,y,z) = 0 defines z implicitly in terms of x and y 
as independent variables. Let u = f(Xyy,z) — 0. Holding y constant, 


dy _ 


dx 


= 0, and by [24-5] 


Jf = (0) + = 0 

dx dx dy dz dx 


When the surface f(x,y^z) = 0 is cut by a plane y = constant, the 

dz _ dz 
dx dx 

Hence, 


dx 


Similarly, 


dz 

dy 


given by 

dz . 

5^=*- 

df 


dx j 


¥ ' 


dz 




dy 1 


^ ’ 

[dz 

dz 


— xy -f- 3x = ( 




[24-7al 




[24-76] 


find ~ using [24-76]. 

Solution, Let/(x,y,z) — y* 4- z* — xy -{- 3x = 0. 


dy 


= 2y — X 




dz 


= 2z 


6z _ _2y — X _ X — 2y 
dy 2z 22 

This is the same result as was obtained in the example mentioned. 
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EXERCISE 89 


Find the total differential of each of the following functions: 

1. * « — y* + Szy. 2. » = r* — 3iy* + 4z + *y 

4. y = ur sin (u + r). 


- 6 


a " 

3. y = - 

P 


6. li = — cos zy. 

7. u = z’ + zya + y* + *. 


9. u = log Vz* + y* + a*. 


6. a = zlog (zy — 5). 

_ . * 

8. u = a tan * - • 

y 

10. u = ^ 


In the following problems find the required derivative as the quotient of two partial 
derivatives: 


11. z»- 3zy» + y»= 

13. z» + y* + a* = a*; find ^ 

16. — + ^ — z* = a*; find 
* 4^0 dx dy 


12. ^ sin (z* + y») 


1; find ~ 

ax 


^ ^ . dz dz 

14. x* + 4y»-a* = 0;find-.-- 

16. z» + y> + zye* = 0; find ^ 


, da da 

17. z sin a + a cos y + y tan z = 0 ; find — * —• 

18. zy + ye* + a log z = 0 ; find |^. — 

19. If a = zy. find the possible error in a if z = 4.0 ± 0.1 and y = 7.0 ± 0.3. 

20. If a = z/y. find the possible error in a if z = 4.0 ± 0.1 and y = 7.0 ± 0.3. 

21. If z = zy, find the possible percentage error in a if the possible errors in z and y 

are 2% and 3%, respectively. . . 

22. If a = z/y. find the possible percenUge error in z if the possible errors in z and y 

are ± 2 % and ±3%. respectively. _ * o n a «nd if 

23 jf z = aJ + y* + log zy, find the possible error in a if z - 5.2 ± 0.2 and if 

^ 24. If z = e*'". find the possible error in z if z = 6.0 ± 0.2 and y = 2.0 i 0.1. 

26. A racer runs a quarter of a mile in 56.0 ± 0.2 sec. If the error in the length of the 

track may be ±6 in., find the possible error in his average speed. ^ , 

26. The radius and the altitude of a right-circular cylinder are r - 8.0 ± 0.3 ft. and 
A = 15 0 ± 0.2 ft. Find the possible error in the volume of the cylinder. 

27. Given a right-circular cylinder whose radius and altitude are known with a possi > e 
error of 1% and 2% respectively; find the possible percentage error in the volume. 

28. Two sides of a triangle are known with a po.ssible error of 2% m each 

sine of their included angle is known with an error not exceeding I part in 100. 

the percentage error in the area of the triangle. 

, • . • o - ws ft 1 in . 5 = 160 ft. ± 2 in., and 7 = 60 : 

29. In a given triangle, a — ixo ii. ^ i »*•-. 

find the possible error in side c. - „ , r ( 

30. The period of a pendulum is f = trVU}- » the percentage error m L .s ( 

and in g is 0 . 1 %, find the possible percentage error in t. 


5 '; 
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165. Review of integration. In Chap. 12 we considered the meaning 
of integration, and in other chapters we noted standard formulas of 
integration as they occurred. In this chapter we shall complete our 
study of the methods of formal integration. First we shall collect the 
standard formulas that have been used already. 


Standard Formulas of Integration 


f (du = w + 

[12-2] 

fkdu = kf du = ku H- C 

[12-3] 

/ du ~ -- + C n 7^ — 1 

J n -H 1 

[12-5] 

f u ~ ^ 

[13-9] 

-f- C 

J log a 

[13-10] 

Jc’* du = + C 

[13-11] 

J sin u du = —cos u + C 

[14-11] 

J cos u du — sin u + C 

[14-12] 

J sec^ u du = tan u + C 

[14-13] 

J csc^ udu = ~ cot u + C 

[14-14] 

j sec u tan u du = sec u C 

[14-15] 

j CSC u cot u du = —CSC u + C 

[14-16] 

f du • _i w 1 

/ — :- - - Sin ‘-1- C 

J y/— u^ ^ 

[14-21] 

/■ /" - itan-‘“ + C 

J u^ a a 

[14-22] 

f tan udu = log sec u + C 

[14-17] 

J cot udu ~ log sin u + C 

[14-18] 

f sec u du = log (sec u + tan u) + C 

[14-19] 
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f CSC udu - log (esc u — cot u) -f C 
judv = uv — jvdu (The parts formula) 

Before presenting new methods of integration we give a 
exercise covering previous formulas and methods. 


EXERCISE 90 


■/ 
■/ 


X* dx 

2. 

< 

fi^dx 

3. 

• 

r 6x - 7 

vT+ X* 

/4-l-x* 

/ 3x - 4 

X dx 

6. 

• 

r . 

6. 

f dx 

9 4- 4x* 

y 9 + 4x* 

/9+4x* 


dx. 


/* 


cos 2x dx. 


sec* I dx. 


10 . j: 

12. J sin X * dx. 

14. /(S — 2x)* dx. 

16. ^ tan ^ dx. 

18. f sin (2x — ir) dx. 
A/4 

. x«** dx. 


20 


22 


24 


26 


/ (sin ^ x)* dx 

‘ J 

f . - 

; V8 -r 2x - 

r* + 4. 

i 


30. J(x - Vx)* dx. 

32. / CSC* X cot* X dx. 
34. J(1 — tan x)* dx. 
e»* 


38 


■ /;m 

40. J log (x — 2) dx. 

._ /■ dx 

jl+Sx*' 


8 . 


t 


/« 


X cos X dx. 


9. /x cos X* dx. 


11. / sec 3x tan 3x dx. 

13. /(3 - 2x)* dx. 

16. /x(3 — 2x) dx. 

^ i 17- Ox + Ox* 

. / xe** dx. 

Jo 


19 


21 


■/; 


x*e** dx. 


23. Jx’logxdx. 


26. J<j*vT— e* dx, 


27 


■/; 


/s X , 
sec r dx. 


29. / tan (1 - 2x) dx. 


f dx 


31 . 

2x* 

33. jia% + x'-^l^dx. 
36. J(3 - 2cotx)*dx, 


37 


h 

■/ 


^'dx. 


dx. 


41. J(4 - 3x)^dx. 
dx 

jl (1 + 3x)*’ 


[14-20] 

[13-12] 

review 
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44. 


/;'• 


46 


48 


•/ 
■i: 
■L 


sec^ X tan’ x dx. 


dx 


2 + 8arH- 16x» 

, . 

X tan’ X ox. 


Vi 


dx. 


"■ Ivr^ 

"■ /v^- 

"• f ” 

“■/. 


sin“* X (ix. 


s X* 


62. /x»(l + x*y^*dx. 
54. J* cos (x — x) (2x. 
66. /i*c®**(ix. 




x4- 2 

sin X 


(fx. 




2 cos X 

66. /(I - «“ «*) (ix. 

(ix 

2x‘‘ 


dx. 


68. 

f sin X , 

/ —3r 

J COS^ X 

60. 


61. 


62. 

Ni 


•/ 

/ sec’ 
tan’ 


(ix. 


dx. (Hint; Rationalize the numerator.) 


Solve each of the following for y. and determine the constant of integration from the 
conditions stated: 

63. y = /(x* — 1) (ix; X 3, y = 6. 


. y = j si 


sin 2x dx; x = —» y = 2, 


64 

66. y = dx; x = 0, y = 0. 

67. y = / tan | dx; r = 0, y = 2. 


66. y — /(x — 1)’ (ix; X - 1, y = 1 

68. y = J log xdx;x = 1. y = 4. 


i65. Substitution of z for a binomial. In the elementary integrals 
alrea<iy studied we have stressed the need of identifying u with some 
function of the independent variable and making the proper adjustment 
in du. In a sense this was a substitution of u for the function concerned, 
but the word “substitution” is usually reserved for more involved 
cases where the adjustment for du cannot be made by inspection. 

There are no strict rules that cover all possible substitutions, but 
often the substitution of z for a binomial works well. When a substitu¬ 
tion is once started, both the integrand and the differential must be 
expressed in terms of the new variable. We shall continue by means 
of examples. 

Example 1. f3^(x — 1)^ dx. 
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Solution, Letz = x — l;thenx = z + l,and(ix = dz. Substituting 
these values yields the new integral 

J(z + 1)V dz - J(z^ + 2z« + 2*) dz 


_ 2« 2z’ 

8 7 


+ ^ + ^ 


x‘{x - 1)‘ (ii = I (i - 1)* + ? (i - 1)’ + ^ 


1 )* + C 


In an indefinite integral the answer should always be left in terms of 

the original variable. This integration might have been performed by 

integration by parts or by direct expansion of the binomial. 

/ X — 1 
—7= dx, 

V^x + 4 _ 

Solution. The substitution of 2 for a radical of the form Vox + 6 
is often successful. 


V« + 4 - z 2 x + 4 = 2 

x-l 


x = --2 


dx - zdz 


V^x + 4 


- zdz = j 


2^-6 


dz 


= S 2 » - 32 + C 
o 

= ; (2x + 4)^ - 3 ( 2 x + 4)^ + C 
o 


Example 3 . Jx*\/a^ — dx. 

Solution. Let us try Va'^ - x^ = z; then x* = - z=, and x dx 

= —zdz. 

Jx*\/a2 - 3^ dx = Jx^Va^ - 3^ x dx 

= J(a2 - 22)(z)(-zdz) 

= -a^^ + 5 + c 

= (a^ - x^)^ + I ^ 


Example 4 . / — 7 === 

_/o + 4 L k* 

Solution. This integrand is the same as that in Example 2 , but this 

is a definite integral, and the procedure is as follows: As in Example 2 , 

we put V2^n = z, and the integrand and dx are changed into terms 

of 2 as before. In addition we change the limits also to values of z 


330 


ANALYTIC GEOMETRY AND CALCULUS [Secl67 


that correspond to the given values of x. When x — 0, 2 = 2; when 
X = 6, 2 = 4. Then 



Note that it is unnecessary to change the integral back into terms 
of the original variable. 


1. fxVi — Sz dx. 

3. 


dx. 


I. 


Vx + I 
5 Vix — 4 


9. 


2 X 

Vx + 2 

* 

0 Vx + 2 


dx. 


dx. 



dx. 


I 


1 + X 


_ + Vl - X 
13. /xC2x - sydx. 
16. /x"Cx+ l)*dx. 


dx. 


/ 
■/ 
■/ 


- 3)» 
x+ 2 

(x + D* 
Vx2 


dx. 


dx. 


dx. 


2Z. jxWa^ + x^dx. 

26. 

27. /c^Ve^ + 1 </x. 

29. /(I — cos x)^ sin 2x dx, 


31. 


— e' 


dx. 
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2. /xVSx + 1 dx. 

4. 

J V2 - X 
10 V5x — 1 


/, 


8 


10 . 


2x 

1 — sV^ 

sVx - I 



dx. 


dx. 


dx. 


12 


/ 


4 - Vl +~a 

2 + X 

14. /x(3 + x)^ dx. 
16. /x2(l - x)’dx. 


dx. 


18. 


20 


22 


/ 

/ 

/ 


3) 


dx. 


dx 


rVx^ - 


a 


24. Jx*V 3? — dx. 


-• i: 


Oo dx 


Va^ — ^ 

28. / Vl — cos X sin 2x dx, 
30. /e^(3 - dx. 


32. / cot X Vun X — 1 sec* x dx. 


167. Cerfam trigonometric integrals. There are certain types of 
integrals involving trigonometric functions that are integrable by definite 
methods of procedure. 
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We shall frequently use the trigonometrie identities 


sin- X + cos- X = 1 
sec^ X = 1 + tan^ x 
csc^ X = 1 + cot^ X 


Type 1. J sin” x cos*^ x rfx, where either m ox n (or both) is an odd 
positive integer. 

We shall illustrate the method by an example. 

Example 1. J sin® x cos® x dx. 

Solution. Comparing it with Type 1, n = 5, an odd integer. Break 
up cos® X dx into cos^ x cos x dx. Let sin x = u; then cos x dx = du, and 
cos^x = (1 — sin^ x)^ = (1 — 



X cos® X dx 


Ju®(l - uT~du 

/(u® — 2?/*® + du 


u 


2^ 

11 13 ^ 


^ sin® 2 : — sin" ^ ^ sin'® x + C 

\7 11 


Generalizing from this example, if an integral of Type 1 contains 
cos" X (n an odd positive integer), write 

cos" X = cos""' X cos X 


Then let sin x = w, and proceed as above. Obviously we should proceed 
in a similar way if it happens that the power of the sine is odd. 

We shall postpone until the next section discussion of the type 
J sin” X cos" X dx where m and n arc both even integers. 

Type 2. J tan” x sec" x dx, or J cot” x esc" x dx, where n is an even 

positive integer. 

In general, break up sec" x as follows: 

sec" X = sec"“^ x sec^ x 


n-i 

sec"-2x = (1 + tan^x) * sec-x dx = d(tan x) 


Example 2. / tan® x sec' x dx. (n - 4.) 

Solution. Following the method outlined, 

J tan® X sec' x dx = J tan® x (1 + tan- x) d(tan x) 

= / (Un® X + tan® x) d(tan x) 

= i tan' X ->r\ tan® x + C. 

4 o 


Type 3. 


/ tan" X dx, or / cot" x dx, where n is any positive integer. 
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As the initial step, write 


tan** X dx = tan"“^ x 

tan^ xdx ~ tan"”* x (sec® x — \) dx 

The details of the later steps are explained best by an example. 

Example 3 . / tan* x dx. 


Solution. Proceeding as directed above. 

J* tan* X dx 

= J tan* X (sec® x — \) dx 
= i tan** x ~~ J tan* x dx 

The process is repeated with / tan® x dx. The following result is 

easily verified: 


J tan* x dx = ^ 

tan* ^ ~ ^ ^ J ^ 

1 

" 4 

tan* X — \ tan® x -f log sec x C 

% 
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1. / sin* X dx. 

2. / cos* X dx. 

3. / cos* 1 dx. 

4. / sin* 2x dx. 

6 . / sin* ar cos* x dx. 

6 . / cos* X sin* X dx. 

1 . / sin* X cos* X dx. 

8 . / cos* X sin* x dx. 

9 . / cos* lx sin* dx. 

10. / sin* ^ cos* 1 dx. 

S o 

11 . 1 -^ dx. 

J COS* z 

f cos* X , 

12. / . . dx. 

J sm* X 

r cos* z - 
13. / ^-T— dx. 

J siir z 

14. /■=■“*/ <ix. 

J COS* z 

16. / tan* X sec* * dx. 

16. / cot* X CSC* X dx. 

17. J* cot* X CSC* X dx. 

18. / tan* X sec* x dx. 

19. / tan* 2ar sec* 2* dx. 

20. / col* 8x CSC* Sx dx. 

21. / cot* X CSC* X dx. 

22. / tan* x sec* x dx. 

23. j tan’ 1 dx. 

24. J cot* 1 dx. 

25. / cot* 2 * dx. 

26. / tan* Sx dx. 

I col X 

28. f—^dx. 

J tan* X 

29. J sec* * dx. 

30, / CSC* X dx. 

31. / CSC* X dx. 

32. / sec* X dx. 

33. / X sin* X cos x dx. 

34. fx cos* X sin xdx. 

^ • f..* 
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35. jx cos* X sin’ x dx. 
37. jx tan^ x dx, 

39. Jx CSC* X dx. 


36. /z sin* X cos’z<{x. 
38. /zcot*z<2z. 

40. f X sec* z dx. 


168. The double-angle substitutions. From trigonometry we have 
the following formulas for expressing the functions of any angle in 
terms of an angle twice as large: 


( 1 ) 


( 2 ) 

(3) 


1 • o 

sm X cos X — - sin zx 


sin’* X = - (1 — cos 2 x) 
cos* X = 3 (1 + cos 2 x) 

X 


As will be shown in a moment by an example, these formulas permit 
the integration of the following: 

Type 4. / sin” x cos" x cfx, where both m and n are positive even 

integers. 

Example, j sin* x cos* x dx. 

Solution. By rearranging the integrand and applying ( 1 ) and (2) 
above, 

f sin* X cos* X dx = / (sin* x cos* x)(sin* x) dx 


/ 


cos 


2 x) 


dx 


i / (sin* 2 x - sin* 2 x cos 2 x) dx 


/[ 


(Each term may now be integrated by some method already studied.) 
Continuing, 


X cos* X dx 



- - sin* 2x cos 2x — 3 cos 4x ) dx 
2 2 / 


= -sin* 2x — ^ sin 4x + C 

16 48 64 


1. / sin* z dx. 

3. J cos* z dx. 

6 . / sin* z cos* z dx. 
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2 . / cos* z dx. 

4. / sin* z dx. 

6 . / sin* Sz cos’ 3z dx. 
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7. / cos* I dx. 


8,; sin® X cos* X dx. 

9. / sin* X cos® x dx. 10* / sin® 2x dx, 

11. /xsinxcosxdx. 12. /x3in*x(ix. 

13. /X cos* 3x dx. 14. /x sin* x cos* x ix. 

The formulas (1), (2), and (3) may also be used to integrate certain expressions in¬ 
volving 1 — cos nB and 1 -}- cos 

16. JVl — cos dB. (Hint: 1 — cos 4d = 2 sin* 2d.) 


16. J Vl + cos 2d dB. 
dx 


17 


/ 


-b cos 2x 


18 


/ 


dx 


\/T+ 


cos X 


19. /Vl — sin X dx. ^Hint: sin x = cos — xjj 


169. Certain trigonometric substitutions. Sometimes algebraic 
expressions may be integrated by trial of one of the following sub¬ 
stitutions. 

For expressions containing try x = a sin 6. 

For expressions containing a} -h try x = a tan 6. 

For expressions containing x^ — a^, try x = a sec 6. 

Example. j\^a- — x- dx. 

Solution. The suggested substitution is x = a sin 6, from which 
dx ^ a cos Q dd. 



J Va^ — x^ dx = j Va^ — sin^ 9 {a cos 6 dd) 

= /(a cos 6){a cos 8 dd) 

= J cos^ 6 dd (Type 4) 

= ^ y^(l + cos 2^) dd 


d is replaced by appropriate expressions containing x. 
A figure is helpful. Also, sin 20 — 2 sin d cos d. 


f /-^ -; J a^/x Va^ — x^ ■ -i _i_ 

I Va^ — x^ dx — TT (-+ sin ‘ - 1 + L/ 

J 9.\a a a} 

= ^^x'n/c^ — x^ + sin“* a) ^ 



dx 

Vx* -I- o* 
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3- J 



f 

A 

x* 

I’Ve’ — x’ 

6. J 

r dx 


f . 

x*V x* “ a’ 

xV a’d- x* 

7- 1 


8.J 

f 

J 

X 

< 

1 

9. 

J 

r dx 

10. 

J 

f^^-^dx 

' xVl6 d- X* 

f x* 

11. 

• 

f 

12. 

■ 

f dx _ 

f x’V'l - 4x5 

1 x’V4x’ - 1 

13. 

1 

r dx 

14. 

1 

f dx 

I VOi’ - 16 

J Vl6x’d- 25 

16. 

1 

f dx 

16. 

f 

J xCx’d- 4) 

} x(9 — x^) 

17. 

f dx 

18. 


J X(2^ - 1) 

J X’tx’ d- 1) 

19. 

dx 

20. 

dx 

Jo VCx^d-a")* 

Jv^a 

21. 

1 V(4 - x’)’rfx. 

22. 

/ I’vlC—x’rfx. 

23. 

f - (Trv X- 2a sin’ 0.) 

J V2ax — x’ 




24. / V^ax — r* dx. (Try x =« 2a sin’ e.) 


170. Integration of rational fractions; Case I. We shall show methods 
for integrating certain rational fractions by separating them into simpler 
fractions called partial fractions. For a deUiled treatment of partial 
fractions a text on algebra should be consulted, but what follows will 
be adequate for our purposes. We begin with an example. 


Example 1. 


2x - 19 

X- + X — 6 



Solution. Notice that the denominator may be factored into 
3 )(x — 2). Here we assume that it is possible to write 

2x - 19 _ - 19 ^ A _ 

(1) ^2 ^ _ 6 (x + 3)(x -2) z + S x-2 


and that A and B may be determined so that (1) is true. Adding the 
fractions in the right-hand member, 

2 x - 19 _ A{x - 2) d- B(x -f- 3) 

+ 3)(x - 2) (x + 3)(x - 2) 
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Equating the numerators, 

(2) 2a: — 19 = A(x — 2) + B(x + 3) 

and it is now assumed that (2) is an identity in x; hence, any two values 
of X substituted in (2) will give a pair of simultaneous equations for 
finding A and B. By inspection, a: = 2 and a: = — 3, which cause one 
or the other of the parentheses (x — 2) and (x + 3) to vanish, are the 
best values to use. 

a: = 2: 4 - 19 = ^ • 0 -f 5B B = -3. 

X = -3: -6 - 19 = ~5A + B - 0 A = 6. 


Putting these values of A and B in (1), 

2x - 19 _ 5 3 

(x + 3)(x -2)"x + 3 x-2 

and the justification of the original assumption lies in the fact that the 
sum of the fractions in the right-hand member equals the left-hand 
member. Finally, 



2x - 19 

x^ -b X — 6 


dx 


5 dx 
X -f 3 


f S dx 

Jx-i 


= 5 log (x + 3) — 3 log (x — 2) + C 


In the future we shall assume in discussing partial fractions that the 
numerator is of lower degree than the denominator and that whatever 
division is necessary to produce such a fraction will be performed before 
applying the rules that will be offered presently as Cases I, II, and III. 

Case 1. Rule. To decompose a rational fraction with real coef¬ 
ficients of the form ^ 7 ^ into partial fractions, if g{x) is of lower degree 

/W 

than/(x) and if/(x) can be completely factored into real, distinct linear 
factors 

/(x) = (x — a)(x — 6 ) ■ • • (x — n) 

assume that 


9(x) 

m 






n 


Add the fractions, and equate the numerators. The coefficients A, 
By . . . y N are determined by substituting n different values of x 
in the equation for g{x) and solving the system thus obtained. The 
assumption may be justified from the result by direct addition. 


Example 2 


■/- 


+ 5x^ — X 


X^ “ X 
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Solution. We shall outline the steps, leaving details for the reader. 
First, by division, 

X* + 5a:* — X — 3 , Ox* — x — 3 

-5- = X + - 


X** — X 


X* — X 


6a:* — X — 3 


- = 4 + - 

x(x — l)(x + l) X X — 1 x + 1 


B ^ c 


6x* - X - 3 = .4(x* - 1) + Bx(x + 1) + Cx(x - 1) 

By substituting in turn x = 0, x = 1, x = —1, we find 

^1-3 B = 1 C = 2 


r x^ + 5x* — X 
j X* — X 


— X — 3 


dx = 



X + - + —^ 
X X — 1 


+ 


X + 


t) 


dx 


= ^ + 3 log X + log (x — 1) + 2 log (x + 1) + C 
2 


Example 3. 
Solution. 


du 


a* “ u* 


a* — u* 


+ 


B 


Setting u = 


a u a — u 
1 = A{a - w) + B{a + u) 
a, B == l/2a; u - -a. ^ = l/2a. 
r du _ 1 /* du . J_ /* J2L 

j 9.a j a -\~ u 'ia j a - 


= i (log (a + u) - log (a - u)] -f C 
2ci 

= 1 log^ + C 
2a ® a — u 


[25-1] 


[25-1] may be added to the list of sUndard integrals. 


X- 4 


-hx- 2 
3 — 3x 


-h 

. r Sx» -1- 15x - 

j x» - x^ - 


(ix. 


<ix. 


7x-|- 10 
3x» 15x 

6x 

x‘ — 4,1 
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-I 


- 12 


8x + 15 
2 - X 


dx. 


dx. 


X* + 6x “H 8 
Sx« - 16r-|- 18 


/• Sx« - 1 
'• J x> - 5 

'■I 


6x 


dz. 


x* - 9x 
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9. 

f It* + 14x 4- 17 

1 x-3^- 

10. 

1 

/ X* — X 4- 4 j 

/ X* - 2x* - X 4- 2 

11. 

« 

px=+13*+14 
/ X* + 4X + 3 

12. 

d 

/‘2x*- 

1 :c*- 

- 8x 4- 38 , 

- 2x - 8 

13. 

• 

/■ X* ~ 2x 4- 5 , 

14. 

/■4x3 

- 63x — 12 

/ 

/ 

X* — 16 

16. 

A 

r 2x* 4- 7x* + 5x + 9 . 

/ + 3x 

16. 

• 


.5..+ 9. + 2 

X* - 2x 


17 . f ^ ^ dx. (Hint: Let = z.) 

18. f — ^ ^ - do. (Hint: Let cos 6 = z.) 

y 1 — 4 cos* d 

19. / sec 0 fW. (^HiNT:secff = 




1 _ cos $ 

cos d cos* 6 


_ cos 0 A 
1 — sin* 6 / 


dx. 


171. Rational fractions; Case //, repeated linear factors. In the 
preceding section it was required in the rule for Case I that the denomi¬ 
nator be completely factorable into real, distinct linear factors. In this 
section we shall allow factors in the denominator of the form (x — a)% 
r a positive integer; or, to use the common phrase, the factor (x — a) 
is repeated r times. 

Case II. Rule. Corresponding to each repeated factor of the form 

{x — a)'" which occurs in the denominator, we assume r separate fractions 

of the form 




B 

{x — aY 



R 

{x — ay 


A fraction containing repeated linear factors in its denominator, but 
otherwise no factors of higher degree than the first, is said to belong to 
Case II of partial fractions. 


Example 1. Given "’"te the partial frac- 

tions into which it is assumed that the fraction may be decomposed. 
Solution. Combining the rule just stated with that given for Case I, 


x^{x - l)(x H- iy(x - 3) 


D 


= - + l + ^ + - 1 

^ X* x^ X — 1 


X 




E 


X{x + iy~^ X - s 


+ 


G 


Example 2. 


3x® - 14x2 i2x - 4 , 

0 / rk\*> (tX* 

X'(x — 2)2 


Solution. We assume 
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a) 

( 2 ) 


- 14j:“ + - 4 ^ C D 

x~{x — X X- a: — 2 (a: — 2y 

3.r3 - 14.r2 + 12x - 4 = Ax{x - 2)^ + B(x - 2)^ + Cx~{x - 2) + 


Let X = 0, 


Let X = 2. 


-4 = 4/? /? = -1 

24 - 56 + 24 - 4 = 4D 
48 - 60 = -12 = 4/) /^ = -3 


For obvious reasons there are no values of x whieh give A and C 
directly. We might take any two values of r and solve the resulting 
equations simultaneously for A and C. There is a second method also 
which may be employed. It is shown in algebra that, if an equation of 
the form of (2) is valid for more than n values of x (n denotes the degree 
of whichever member of the equation is of the higher degree), the two 
members arc equal term by term; i.e., the coeflficienls of like powers of 
X in each member may be equated. The coefficients of missing powers 
of X are zeros. Since we are assuming that (2) is true for all values of 
X, the theorem is applicable. Expanding (2) and rearranging by powers 

of X (and using /? = — 1, // = 

3x3 _ 14x2 i2x - 4 

= .!x3 - 4.1x2 4.lx - x2 + 4x - 4 + Cx^ - 2Cx^- - 3x' 
= (.1 + 0x3 q_ (_4.( _ 1 - 2C - 3)x2 + (4J + 4)x - 4 

('housing to e<iuale the coefficients of x^ and .T, 

* 5 = 14 - C 12 = 4.1+4 whence .1 = 2, C = 1 

Summarizing 

4 =.2 /? = -1 r = I // = -3 

I’utling tlii-se values in the right-hand member of (1), the integration 
is comi>leted in the usual manner. 


3./ 

5 ./ 


+ 3 

4(x^+ 1) 

2x3 + - 9 




EXERCISE 96 



5x* — X — 2 , 

—- ax. 


+ ir* 


x2 + 4 


dx. 


x(x - 2)3 

2x3 _ X* 
1 


» V J 


dx. 


X* + 3x3 
1 
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4x» — — 18x + 9 

— 9z* 


9./ 

/(i> - 1)’ 

f a:® + 3a: + 6 

• ] 


dx. 


10 . 




— 2x5 

-- dx. 

3x5 + 2;cJ ‘"• 


13 


16 


17 


dx. 


+ 2x5 
X* - x» + X* - 2x 


dx. 


* / X* + x5 

. Jscc^edB. (Hint: Jsec^BdB 


fx*-4x»+19x-16 , 

j -*(x - *)•-*'• 

16. 


dx. 


18 


■/ 

■/ 


sin 0 


cos5^(l — cos fl) 
3c5* _ ^ + 4e* 
e5*(4 — 


d0. 


dx. 


x*+ 2x» 

/■—= r 

7 cos’ 6 7 ' 

—- . let sin = a, etc.) 

(1 -- sin’d)* 

/ set 
(2- 


=/ 


172. Rational fraciions; Case III, quadratic factors. In the preceding 
sections we have considered finding partial fractions for fractions of 
which the denominators contained linear factors which might be 
repeated but otherwise no factors of higher degree than the first. In 
this section we shall allow the denominator to contain quadratic factors, 
which are not repeated and which cannot be factored into the product 
of two linear factors with real coefficients; i.e., they are of the form 
ax^ + fex + c, w here — 4ac < 0. 

First consider the integration of a single fraction whose denominator 
is of the form ax^ + 6x + c, when 6* — 4ac < 0, and whose numerator 
is linear of the form Ax + B. 

<■) / t +. * 

Notice that d{ax^ + 6x + c) = (2ax 4- h) dx. ^ Ax 4- B can be 
grouped to show this quantity, possibly multiplied by a constant, the 
required integral will contain log {ax^ hx + c). If the numerator 
contains only a constant term, the denominator may be regrouped to 
produce an inverse tangent term in the integral. Hence, (1) may be 
integrated by regrouping Ax + -B to appear in the form A'(^ax + b) 

+ B'. 

Example 1. f , — dx. (6^ - 4ac = 4 - 20 = -16.) 

^ 7 + 2x -h 5 

Solution. Let 

4x + 7 ^ ^(2x + 2) B 

x* + 2x + 5 x^ + 2x H- 5 x^ + 2x + 5 

4x + 7 = 2^x + 2^ + B 
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Equating coeflBcients, 

2A =4 ^ = 2 
2A + B ^ 7 B = 3 

f 4x + 7 , ^ f 2(23: + 2) , f 3 dx 

+ S ^ yx^ + 2x + 5 ^ j + 2x 5 

= 2 log (x^ + 2x + 5) + I tan-> + C 

Case III, Rule, In decomposing a fraction into partial fractions, 
for each quadratic factor of the form ox^ + 6x + c, b- — 4ac < 0 
which occurs without repetition in the denominator, assume the sum 
of two fractions of the form 

xl(2ax + b) _ B _ 

ax- + 6x + c ax^ + fcx + c 

Of course, any given fraction may contain in its denominator factors 
which lead to any possible combination of Cases I, II, and III. 

Example 2. Write the partial fractions to be assumed for 

2x - 3 

x\x - 3)(x2 + 4x + 29) 

Solution, (x - 3) falls in Case I, x- in Case II, and x^ + 4x + 29 
in Case III. 

_ 2x - 3 _ 

xKx - 3)(x2 + 4x + 29) 

A ,B , C Dj'ix + 4 ) E 

X x® X - 3 x^ + 4x + 29 x2 + 4x + 29 

If a factor of the form ax- + tx + c is such that 6^ - 4ac ^ 0, it 
may be factored into two distinct linear factors or a repeated linear 

factor. 

There is a fourth case in which the denominator contains repeated 
quadratic factors, but it seldom occurs in applications, and we shall 

omit it. 



4x — 5 
x» + 2x + 2 



I 


8x»- x + 18 

x(x» + 9) 


dx. 


[ 5(x» + 2x + 2) . 
j x(x* + 62: + 10) 
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f x+ 3 



f 5x^ - Sx 4- 13 

i (X- l)(x*+4) 



r 7^ -M2_x+ 5 ^ 
J x(x2 + 4x + 5) 
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9. 

11 . 

13. 

16. 



19. 

21 . 


/ 

/ 

/ 

/ 

/ 

/ 

/: 

I 


- 9r + 13 


(x- \)(x^ -4x-\-S) 


dx. 


5x® — Cjr* 4- 27ar — 45 
x=(r2 + 9) 

8jr’ - 4x2 - 8z - 20 




x2(4r2 4- 4x + 10) 
5x2 _j_ o^x + 108 , 
x=+4r+20 
9x3 - 12x2 + .27 x - 5 
x^’u2 - 2x+ 5) 

7x3 _ 2x2 + 4x - 8 




dx. 


x^(x2 + 4) 


dx. 


dx 


,4 _ 


I 


x" + 10j2 ~ 4x 4- 9 
x(x^ + 9) 


dx. 


8 


10 


12 


•/ 

/‘ 
■/ 
“7‘ 

f x^- 

y (X- 

■/ 


18x2 4- 9x-h 1 


(x4- l)(9x2+ 6x+ 2) 


(2x. 


2x3 _|_ _ 9 

(x + + 25) 

2x3 + x2 - 18x + 39 


2^(x2 - Gx + 13) 
2x2 -j- I8x + 44 


dx. 


x2 4- 8x + 17 


dx. 


16 


- 12x2 - 9x + 45 ^ 

ZT dx. 


18 


20 


22 


2)2(x2 + 2x + 5) 
3x3 + 5x2 - X + 5 


(x2- l)(x2 4- 1) 
dx 


dx. 


+ 1 

2x< 4- 5x2 _ 16 

X2(x2 + 4) 


dx. 


173. Tables of integrals. The methods of formal integration so 
far presented by no means exhaust the standard methods of integration 
applicable to large classes of functions, but what we have shown will 
be adequate for the purposes of this book. In addition we mention 
tables of integrals. There are tables that give directly the integrals 
of a much greater number of forms than the table in our standard list. 
Such tables serve to shorten the labor of finding integrals and in some 
cases cover forms that would require methods that we have not dis¬ 
cussed. 

Table III, at the end of this book, is a brief table of integrals. Also, 
other tables of integrals are available containing many more forms 
than this.f 

t For instance, .4Ilen, Six-place Tables, McGraw-Hill Book Company, Inc.; Buring- 
ton. Handbook of Mathematical Tables and Formulas, Handbook Publishing Co.; 
Dwight, Tables of Integrals and Other Mathematical Data, The Macmillan Company; 
Larsen, Matliematical Tables, Rinehart & Company, Inc.; Mathematical Tables from 
Handbook of Chemistry and Physics, Chemical Rubber Publishing Co.; Peirce, A Short 
Table of Integrals, Ginn & Company. 
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174. The Fundamental Theorem of integral calculus; DuhameVs 
theorem. In Sec. 81 we derived and stated the Fundamental Theorem 
of integral calculus as follows: 

^ rh 

Urn y/(xi)Aa: = / f{x) dx [12-9] 

n^flo Ja 

As there obtained. Ax was one of n equal subdivisions of the interval 
from a to b along the x-axis, placed end to end to fill the interval, and 
Xi was the abscissa of the beginning of the rth interval. In the paragraph 
immediately following the statement of the theorem we pointed out 
that some of the restrictions in our deduction are unnecessary. In 
particular it is unnecessary that the curve rise or fall throughout the 
interval; it is unnecessary that the subdivisions be all equal provided 
that the longest (and hence all) approach zero as n —> go ; and it is un¬ 
necessary that Xi in/(Xi) be taken at the beginning of the subdivisions 
provided that each Xi falls in a corresponding subdivision, AXi. For 
later use we shall restate the theorem symbolically in general form. 
For brevity let y = the longest Axi (called the norm) and we under¬ 
stand that 7 0 as n 00 , Let «i (^ is Greek xi) be any x within AXi. 

Then 

/(x) dx [26-1] 


where Axi = Xi+i - Xi. Xi = a, x„+i - 6, and x* ^ ^ x^+i. 

For a proof of the general theorem and a discussion of the conditions 

under which the limit exists, the reader should consult a text on ad¬ 
vanced calculus or the theory of functions. It is enough for our purposes 
to say that it is valid for such functions as we shall consider. 

Since in formula [26-1] the limit of the sum is the same with any 
point in Ax,, we may take at a point of subdivision, x, (or x,+,). 

and it is often convenient to do so. 

In our geometric approach in Secs. 80 and 81 we assumed tl.e con- 

»43 
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ception of an area and the measure of an area. However, since areas 
are measured in square units, the measure of an area, one or more of 
whose boundaries is a curve, must be defined as the limit of the sum of 
areas bounded by straight lines. For such an area under a curve as was 
described in Secs. 80 and 81 we take the left member of [26-1] as the 
definition of the measure of the area. 

Although [26-1] is more convenient than [12-9] to the extent that f,* 
is more flexible than which is a point of division, it is still inadequate 
for some of the applications to be discussed later in this chapter. The 
necessary extension will be made by a theorem credited to Duhamel. 
We shall state it without proof. 

DuhameVa Theorem: Let 

«! + 0-2 + a3 + • • • 4- ttn 

be a sum of positive infinitesimals which approaches a limit as n —> co ; 
and let 

+ /32 + /Sj -f • ■ • + /Sn 

be a second sum such that ^3,- differs from a; by an infinitesimal of higher 
order; i.e., 

lim — = 1 or = (1 -h ei)a< 

n —►oo OCi 

Ofi*—*0 

where « is infinitesimal. Then 


n 



This is the point of the theorem. In setting up sums of elements to 
represent physical quantities it may be possible only to make the sum 
conform approximately to the summation in [26-1]. Suppose the ith 
element of a certain summation is an infinitesimal which has a principal 
part plus an infinitesimal of higher order, and suppose further that 
[26-1] is applicable for the summing of the principal parts. Duhamel’s 
theorem says that it is permissible to ignore the infinitesimals of higher 
order and perform the summation as if only the principal parts exist. 
Expressed as a formula 


[/(I.) + €i] AXi = 



[26-21 




provided that is an infinitesimal. 
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We shall supply one more formula to provide for a certain type of 
summation to be made later in the chapter. Sometimes in formulating 
a sum of terms to represent a physical quantity we may require the 
product of two factors associated with different functions of x; i.e., 
the ith term of the sum may appear as 

where /(x) and ^(x) arc different functions of x and and ^7 are dif¬ 
ferent points in the interval Ax;. It is provable that 




/(x) ^(x) dx 


[26-3] 


17S. Review of areas; mean value of a function. At this point we 
shall review the calculation of some areas both in rectangular and polar 

coordinates. 

Figure 216 is a typical figure for an area bounded by the x-axis» 
ordinates at x = a and x = 6, and a curve y = /(x) that is continuous 
in the interval a ^ x ^ 6 (Sec. 80). The associated formula is 




[ 12 - 8 ] 







Standard variations include problems where (a) part of the area is 
below the X-axis (Sec. 80), (6) the area lies between two curves (Sec. 
82, Fig. 105), and (c) areas are found by using elements perpcndicu ar 

to the 2 /-axis (Sec. 82, Fig. 106). ... i 

Figure 217 is typical for problems where polar coordinates arc used. 

Such an area is described as bounded by two fixed radii vectores. 9 - a 
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and 9 = /3, and the arc of a curve r = f($) continuous in the interval 
a ^ 9 ^ The associated formula is 

V [18-5] 




Illustrative examples may be found by reviewing Sec. 128. 

Next, let us consider a curve y = /(x), single-valued and continuous 
from a to h, and let us divide the interval of the x-axis from a to 6 into n 

subintervals, each equal to Ax. Erect ordinates,/(xi),/(x2),/(x3), . . . , 

at the left-hand end of each subinterval. Then the average or 
mean of these ordinates is n 

i = l 


n 


Multiply numerator and denominator by Ax, getting 


n 


n 




Ax 




Ax 


t=i 


»=i 


Take the limit as n 


n Ax 

00 and Ax 


b — a 


0 . 


lim y 

n^co 


Ax 


h — a 


j{x) dx 


Y 

i 


This gives the mean of all the ordinates equally spaced along the x-axis 

from a to h. 

As shown in Fig. 218, somewhere 
in the interval a to 6 there is a least 
ordinate, and somewhere there 

is a greatest ordinate,/fe)- The area 
of rectangle KLSR = (6 — a)/(^i)> 
and the area of KLNM = {b — a) 

If A is the area under the curve, it 
is geometrically evident that 

{h - a)/(|i) < A <(h - 

FIG. 218. 

Since /(x) is continuous, if x goes 
from to I 2 it will pass through at least one value, that makes 

(6 — a) /(^) = A = Then 

I 



M 





N 


1/ 



W 

Q 


V 

R 






1 1 

1 


0 


K 

1 




L 

0 

c 

1 ! 



b 


m = 


b — a 


fix) dx 


[26-4] 
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The expression in [26-4] is called the mean value of the function f{x) 
in the interval a to 6. 

Geometrically the equation means that there is at least one point 
on the curve in the interval whose ordinate is the altitude of a rectangle, 
base 6 — a> with area equal to the area y 
under the curve. 

Example. Find the mean value of *he 
ordinates of the parabola y~ = 8:r erected 

in the first quadrant on the segment of the 

ar-axis from (0,0) to (2,0) (Fig. 210). 

Solution. Applying [26-4] to this ex¬ 
ample, 

1 /“i - _ 

2 \'^2 V^x dx 


m - 


2-0 




T = ? 

Jo “ 3 





The required mean value is 
Notice that it differs from the arith¬ 
metical average (i.e., 2) of the shortest ordinate, which is 0, and the 
longest ordinate, which is 4. Of course, the geometrical interpretation 
of the answer is that a rectangle w]Ui 2 for base and H for altitude 
equals the area bounded by y = 2\/2x, y = 0, and x = 2. 

EXERCISE 98 

1. Find the area in the 6rst quadrant bounded by J/ = 4 - 4x>, integrating first 

with respec t to x and second with respec t to y. , , a o _ n 

2. Find the area in the first quadrant bounded by the curve xi/+ x + ^ - o, 

integrating first with respect to x and second with respect to y. 

TTX 

3. Find the area of one arch of the curve y = 4 sin — • 

4. Find the area of one arch of the curve y = 3 cos 2x. 

6. Find the area of the loop of the curve y* = 4x^ - x^. 

6. Find the area of the loop of the strophoid y® = x* („ - x) 

first rationalize the numerator.) 

7. Find the area of the ellipse ^ + '• 

8. Find the bounded area between the curves y = 4 - x> and y = 2 - x. ^ 

9. Find the bounded area in the first quadrant between the curves y = ^ x - x 


(Hint: To integrate, 


and y = 2 ' 

10. Find the area bounded by the curve y = 5x^ - and the 

11. Find the bounded area between the curves y = x* and x + y - 

12. Find the area bounded by the curve wliose parametric equations arc x - M. 
y = r*, the x-axis, and the ordinates at x = 3 and x = 9. 
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13. Find the area bounded by the curve whose parametric equations are * = 
y = Vt-{- \, the x-axis, and the ordinates at x = 0 and i = 6. 

14. Find the area bounded by the curve whose parametric equations are x = 5U 
y = e*, the x-axis and the ordinates at x = 0 and x = 10. 

16. Find the area boimded by the curve x =* sin y = / and the y-axis, between 
I = 0 and i — V. 

16. Find the area enclosed by the three-cusped hypocycloid x = 8 cos < + 4 cos 
y — 8 sin ( — 4 sin It. 

17. Find the area of the circle r = 8 sin 6. 

18. Find the area of the curve r ^ 5 cos* 6. 

19. Find the area enclosed by the outer boundary of r = a sin 

20. Find the area of the triangle bounded by the x-axis, the line r = 6 sec 6, and d = r/S. 

21. Find the area bounded by the curve r = sec 0 tan 6 and the lines 6—0 and 6 =-K/i. 

22. Find the area bounded by the curve r = 4 tan 25 and the lines 5=0 and 6 — tr/S. 

23. Referring to the example in this section, 6nd the mean value of the ordinates in 
the 6rst quadrant in the interval from x = 0 to x = 4. 

24. Find the mean value of the ordinates of x* + y^ “ i** 6rst quadrant. 

26. Find the mean value of the ordinates in the first quadrant of the following functions 
in the stated interval: 

(a) y = sin x; X = 0 to X = |- (6) y = 4 cos 2x; x = 0 to x = -• 

(c) y* = 4 - x; X = 0 to X = 4. (d) 4x* + 9y^ = 144; x = 0 to x = 0. 

(e) y = X = 0 to I = 2. U) V = log 1 to x = e. 


176. Improper integrals. In all the definite integrals that have 
arisen thus far both limits have been finite, and the integrand has been 
finite in the interval between and including the limits of integration. 
The name improper integral is applied to any definite integral in which 
either limit (or both limits) is infinite, or the integrand becomes infinite 
at one (or both) of the limits of integration, or is discontinuous between 
the limits of integration. 

An improper integral need not necessarily be interpreted by means 
of an area, but it is easiest to choose examples from this source, and we 


Y 



FIG. 220. 


shall do so. 

Example 1. Find the area in the 
second quadrant between the curve 
y = e^ and its asymptote, the x-axis. 

Solution. The curve and its 
asymptote are shown in Fig. 220. 
In a sense the area in the second 
quadrant between the curve and 
the x-axis is not bounded; however, 
we may erect an ordinate at (xi,0), 


and the area bounded by the curve, the x-axis, and the ordinates at 


X = Xi and x = 0 is bounded in the usual way. 


It is represented by 
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We next allow the point (xi,0) to recede to the left without limit and 
agree that, if the value of the integral in the right-hand member of (1) 
approaches a limit, we shall call this limit the area required; on the other 
hand, if the integral increases without limit, we shall say that the term 
“area” is meaningless or void. Making the test. 


lim 


e* dx 


Xi 


J«l 


lim 
—► — 00 


= 1 — 0=1 square unit 


To make the notation more compact we may represent the area by 

•0 

A — I e* dx 


00 


and understand that this means 



dx 


00 



e* dx 


It is natural to generalize the foregoing ideas and make the following 
definitions: 

Case I. Each of the following improper integrals has the value given 
by the right-hand member provided the limit exists. 



f{x) dx = lim 

* 1—^00 


/(x) dx 


[ /W dx = lim f f{x) dx 
7—® n—*—» 7*1 


'oo 


/(x) dx 


oo 



/(x) dx 


Xl— 


Y 

k 


When a limit does not exist, the improper integral is said to be 

meaningless^ or void. 

A different type of improper inte¬ 
gral arises when the integrand becomes 
infinite at one (or both) of the limits 
of integration but is continuous at all 
points between the limits. 

Figure 221 suggests in terms of area 
what happens when/(x) increases with¬ 
out limit as X 6. The area bounded 
by 2 / = /(:r), the x-axis, and the or¬ 
dinates at X = a and x = Xj may or 
may not approach a limit as Xi » b. 

The following are definitions: , . i / 

Case II. Each of the following improper integrals has the value of 

the right-hand member provided the limit exists. We have seen that 





(a.o) 

FIG. 221. 
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the notation x^b' means **x approaches b through values less than 
6” and a+ means x “approaches a through values greater than a.” 
If lim /(x) = CO, 

;r—^6“ 

/(x) dx = lim f /(x) dx 

J a 

If lim /(x) = CO, 

[ /(x) dx = lim [ f(x) dx 
J a J XI 



If lim /(x) = lim /(x) = co, 

a*— 


Example 2. 
Solution. 


f(x) dx 



f(x) dx 


*r— 


Evaluate 


dx 



dx 


dx 


3 — X 



lim 

n-»S- 


] lim 

^3 


Void 


limit we notice that as X 2 —>3 , 
without limit, and hence the required integral 


In finding the value at the upper 
— log (3 — x) increases 

y 



is void. 

A third kind of improper inte¬ 
gral occurs when the integrand is 
discontinuous at a point between 
the limits of integration. Such dis¬ 
continuities are not always ob¬ 
vious, and every integral should be 
examined carefully to see if any 
discontinuity is present. 

Such cases as arise are covered 
by the following definition: 

Case III. WTien the integrand 

ff> 

/(x) of a definite integral, / /(x)dx. 


FIG. 222. 


is discontinuous at a point between the limits a and 6, say at x = c, 
the integral must be expressed as the sum of two integrals. 
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( 2 ) 


f(x) dx 


f{x) dx-\- f(x) dx 


The integrals in the right-hand member are treated by the definitions 
of Case II. Evidently if there are several points of discontinuity, the 
procedure of Case III must be applied with respect to each point of 
discontinuity. 


/, 


continuous at ar = 2. 
Solution. By (2), 



2 ) 


2 ) 


+ 


2 ) 


Using the definitions of Case II, we easily verify that 


hence. 


p dx 

ji \^{x - 


2) 


= 3 


and 


dx 

jt \^{x - 


2) 


= 6 


Ji v/(a: - 


2) 


= 3 + 6^9 


EXERCISE 99 

Evaluate the following integrals. A figure may be drawn to represent any inUgral 
if desired. 

1. (<•) \dx: (6) Idx. 

/ 3 1 

-3 ? 

1 . 


2. (a) 


ir?-- 


(b) 


r-.>- 




- (<■) i: 


4’ 


ic) 


'« x*(x - 1) 

, n _^ 

•jo (X - 


p dx 
Jo X — 4 

-/o 


dx 


0 X* + 4 


2 )» 
e~* dx. 
dx 


/. 

- /:. T 

i: 


+ X* 

dx 


8 

Js X^ - «x 

■ /* 
r* dx 

• io 4 - 


12 
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16. 

r . 

16. 

p dx 

J-3 (9 _ 

ys xV^x* — 25 

17. 

r 

J-8 

18. 

/ tan* X dx. 

Jo 

19. 

r ^ . 

20. 

n X dx 


Jo (x* - 1)% 


177. Volumes of solids of revolution. When a plane curve revolves 
about an axis in its plane, it generates a surface of revolution (Sec. 154). 
A solid bounded by a surface of revolution and two planes perpendicular 
to the axis of revolution is called a solid of revolution. 

In general, to find the volume of such a solid, it is necessary to choose 
suitable elements of known volume and thereafter to define the limit 
of their sum to be the required volume. The standard types of elements 
are the disk, the shell, and the w’asher. The type to be used in any 
particular instance depends on the nature of the problem. 

As element we first consider the disk. Suppose the volume is generated 
by revolving about the x-axis the area bounded by the ar-axis, the 
ordinates x = a and x = b, and the curve y ~ f{x) continuous in the 




FIG, 223. 


interval a ^ x ^ h. Such a volume and one of the disk elements is 
shown in Fig. 223(a). The plane area revolved is shown in Fig. 223(6). 
We divide the segment of the x-axis from x = a to x = 6 into n segments 
of norm y and erect ordinates at the points of division. L#et Ax< = Xj+i 
— X, be a typical segment. If the area is revolved about the x-axis, 
the rectangle with Ax, for base and the ordinate/(x,) for altitude gener¬ 
ates a cylinder or disk. The sum of all such disks in the interval from 
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a to 6 gives approximately the required volume. The radius of the 
cylinder is/(xj), and its altitude is Ax»; hence its volume is 

(1) 7r[/(Xi)P AXi 

Now we define the volume V of the whole solid to be the limit as 
n —♦ 00 and y —► 0 of the sum of all the disks like (1). By [26-1], 


n 


i 



dx 


[26-5] 


y 

i 


0 


k 





FIG. 224. 


In this definition of the volume of the solid we have taken the ordinate 
that forms the radius of the disk at x^, 
the left-hand end of Ax,. This is un¬ 
necessary. [26-1] shows that the limit of 
the sum of disks would be the same for 
any choice of x in AXi. 

In solving a problem it is enough to 
show one typical disk in the figure and, 
using differentials, to write its volume 
as dK = TT?/^ dx. 

Example \. Find the volume generated i 
by revolving the area bounded by the 
hyperbola x^ — ^ 4, the x-axis, and 

the line x = 6 about the x-axis. 

Sohdion. The area described is shown in Fig. 224. Using a disk 
element and [26-5], 

V = ir - 4) dx 

= ^ ^ _ 24 - I + s] = ^ cubic units 

The use of a disk element is not restrietod to volumes of revolution 
about the X-axis. By suitable changes in the letters, volumes may be 
found if the axis of revolution is the (/-axis or some other honzonta or 
vertical line. Cenerally speaking, to express a volume using a disk 
element we try to set up an integral of the form 


V = 


TT 


dh 


[2()-6l 


hi 


where r and dh, the radius and altitude of the disk, and the hinils are 
expressed in terms of the coordinate system employed. 
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In words, the pattern of the integral is 

rki 

V — T j (radius of element)*(altitude of element) 

Jh, 

Sometimes the volume of a solid of revolution is found more easily 
by using a different type of element called a cylindrical shell. In Fig. 

225 we see a solid of revolution, ob¬ 
tained by revolving the plane area 
ABCD about the y-axis. ABCD is 
described as a plane area bounded 
by the x-axis, the ordinates x — a 
and X = by and a curve y = f{x) 
continuous in the interval a ^ x ^b. 

Divide the segment AB into n in¬ 
tervals of norm 7 , and erect ordi¬ 
nates at the points of division. On 
the base Axi = Xi+i — Xi construct 
the rectangle KLSR with altitude 
f{xi). The rectangle itXSK by rota¬ 
tion about OV generates a solid, a 
cylindrical shell, whose volume is the 
difference in volume of the two cyl¬ 
inders whose common altitude is 
f{xi) and whose radii are Xi and ar,+i = Xi -h AXi. Denote the volume of 
the shell by then, by formulas of solid geometry, 

AVi = 7rf(xi)l{xi H- Axiy - (a:.)2] 

= TT/(x,-)K + Axi -b Ax\ - 
(2) = 7r/(xi)(2xi + AXi) Ax,- 



Although we have previously defined volume as the limit of a sum of 
disk elements, it is equally valid to define it as the limit of the sum of 
elements of the type in ( 2 ) as n increases without limit and 7 tends to 
zero. In performing the summation of the right-hand members, the 
Axi within parentheses may be dropped by virtue of Duhamel’s theorem, 
[26-2], and, applying [26-3], 

V = yx dx [26-7] 


Using differentials, the volume of a shell element is written thus: 

dV ^ 9,iryx dx. 

The use of shell elements is not restricted to solids of revolution whose 
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axis is OY. In general the integral which expresses the volume of a solid 
obtained from shell elements is 

V — 9,ir j rhdr [26-8] 


where r, h, dr, and the limits must be adapted to the coordinate system. 
In words, the pattern for [26-8] is K = 2ir j (radius of shell) (altitude 
of shell) (thickness of shell) 

Example 2. Find the volume generated by revolving about the 


2 /-axis the area in the first quadrant 

X® 

bounded by y = 4 — —- 

Solution. The solid and the appro¬ 
priate shell element are shown in Fig. 
226. The volume of the shell element is 

dV = 2irxy dx 


and since y is defined by the equation 





27rx 





Z 

FIG. 226. 


Shell elements extending through¬ 
out the whole volume have radii 
going from x = 0 to x = 2; hence 
these numbers are the limits of 
integration. 



Example 3. Find the volume 
generated by revolving about OY 
the area bounded by y = x% x = 2, 
and y = 0. 

Solution. The area is shown in 
Fig. 227. The steps are as follows: 


y 



FIG. 227. 
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First Step. Choose for an element of volume the solid generated 
by a rectangle of width dy and having two sides parallel to OX, and 
extending from the parabola to the line x = 2. 

Second Step. The element of volume dV may be regarded as the 
volume of a disk of radius 2 minus the volume of a disk of variable 
radius x, the abscissa of P{x,y) in the curve y - a?. The thickness of 
each disk is dy. Hence, 

dV = 7r(2^ — x^) dy where x^ = y 

An element which consists of the difference of two disks is often called 
a washer element. 

Third Step. Washer elements throughout the whole volume go from 
2 / = 0 to y = 4; hence, 


V = IT (4! - y) dy 



7r(16 — 8] = Stt 


cubic units 


In general for a volume found by washer elements 




- r2) dh 


[26-9] 


where R and r are the outer and inner radii, respectively, of the washer 
and dh is its thickness; R, r, dh, and the limits must be expressed in 
terms of the coordinates employed. 


EXERCISE 100 

1. Given an area bounded by the lines x = a and x = b and two curves y = F{x) 
and y = /(x), both continuous in the interval a ^ x ^ 6, and F{x) > f{x) > 0 throughout 
the interval. Using washer elements, derive a formula for the volume of the solid gener¬ 
ated by revolving the area about the x-axis. 

2. Solve Example 2 in the preceding section, using disk elements. 

3. Solve Example 1 in the preceding section, using shell elements. 

4. Solve Example 3 in the preceding section, using shell elements. 

6. Find the volume of the sphere obtained by revolving x^ -f y* = a* about one of 

the coordinate axes. Set up integrals for the volume, using disk and shell elements about 
each axis. Integrate one of them. 

6. Find the volume of a cone if its altitude is h and the radius of its base is r. Set 
up a variety of integrals, and integrate one of them. 

7. Find the volume of a sphere, using the parametric equations of the circle x = a cos 6, 
y = a sin 6. 

8. Find the volume obtained by revolving about OX the area bounded by y = e*, 
X = 1, X = 0, and y = 0. 

9. Find the volume obtained by revolving about OF the area described in Prob. 8. 
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10. Find the volume obtaine<l by revolving about the line i = 1 the area described 
in Prob. 8. 

11. Find the volume obtained by revolving about OX the area bounded by y = 
and j/ = 8, 

12. Find the volume generated by revolving about OV the area describc<l in Prob. 11. 

13. Find the volume of the prolate spheroid generated by revolving about its major 

axis the ellipse ^ “H ^ ” 1* 

14. Find the volume of the oblate spheroid generated by revolving about its minor 
axis the ellipse ^ d" ^ 

16. Solve Prob. 18, using the parametric equations of the ellipse x = n cos 0, y — b sin 0. 

16. Find the volume generated by revolving about OX the area enclosc<l by the curve 
X* + y* — Sox = 0. 

17. Find the volume generated by revolving about OX the area boun<lc<l by the 
z-axis and the arch of y = sin x from z = 0 to z = tt. 

18. Find the volume generated by revolving about OY the area described in Prob. 17. 

19. Find the volun>e obtained by revolving the area bounded by the parabola y^ = P2x 
and its lalus rectum about (a) the z-axis; (6) the y-axis. 

20. Find the volume obtained by revolving the area describee! in Prob. 19 about the 

latus rectum. 

21. Find the volume generated by revolving about OX the area bouneled by xy = 1, 
y s 0, z = 1, and x = 5. 

22. Find the volume generated by revolving about OY the area bouneled by the y-axis, 
the arc of x = tan^, y = 4 cot 5 taken between the values 0 = tt/O and 0 ~ 7r/4. and the 

lines through the ends of the arc perpendicular to OY. 

23. Find the volume generated by revolving about OY the area boumhMi by the z-axis, 

the y-axis, and the arc of y = cos x from x = 0 to x = ir/2. 

24. Find the volume generated by revolving about the line x = Tr/2 the area described 

in Prob. 23. 

26. Find the volume generated by revolving about OX the area boun<le<l by the x-axis 

and one arch of the cycloid x = a(0 — sind), y = a(l — cosO). 

26. Find the volume generated by revolving about 01' the area l)oun.lc<l by the co¬ 
ordinate axes and x*- H- y - “ « . v r 

27. Find the volume generated by revolving about O.Y the area enclosed by the four- 

cusped hypocycloid x^ + y^ = , • i .i • i 

28. Find the volume generated by revolving about OA the area bounded bv the c in le 

4- = 16 and the line x + y = 4. (Use the smaller seginciil.) , , v 

29. Find the volume generated by revolving about OA the area bounded b^ the 

parabola y^ = 4 -- x and the line x + 2y = 4. , , , i _ •» 

30. Find the volume generated by revolving the area huunded by y - x and y 

about the line y=l- .,ii i-._n 

31. Find the volume generated l.y revolving the are:, hounded hy y - l..g r. !/ 

and X = e about the line x = e. _ n o _ 

32. Find the volume generated by revolving the area bounded by x - ». iy x . an 1 

^ F^nd\heVo"unfe generated by revolving about O.V the c^rea bct^^cen the l.ypcrbola 

ry = 1 and its asymptote and lyin^ to the right of llu uu x • hot worn 

34. Find the volume generated hy revolving the area .n the hrst ..uadraul hetae.n 

y = e”* and its asymptote about the asymptote. 
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36. The area in the first quadrant between the curve y = - -and its asymptote is 

M SC 

revolved about OX. Find the volume generated. 

36. The area standing on the segment of the x-axis from x = 0 to x = ir/2 and between 
the curve y — tan x and its asymptote is revolved about OX. Find the volume generated. 

37. The area in the first quadrant between y = , and its asymptote is revolved 

1 “T a? 

about the asymptote. Find the volume generated. 

38. The area in the first quadrant between y = ^ ^ and its asymptote is revolved 

about the asymptote. Find the volume generated. 

39. Find the volume of the segment of the paraboloid y* + 2 * = 4ax cut off by the 
plane x = a. 

40. Find the volume of the segment of the hyperboloid x® + y* “ 2 * — 16 between 
the planes z = ±3. 

41. Find the volume in front of the JYZ-plane inside the cylinder x® + 2 * = a* and 
outside the paraboloid x* 2 ’ = ay. 

42. Find the volume outside the cone X* + y* = 2 * and inside the cylinder x* + y* = 100. 

43. Find the volume outside the hyperboloid 2 * — y* — x* = 4 and inside the cylinder 
x“ + y^ = 64. 

44. Find the volume generated by revolving the circle with radius r and center at 
(a.O), o > r, about the y-axis. The solid thus generated is called a iorus^ or anchor ring. 

46. Find the volume of a spherical segment of one base. Take R as the radius of the 
sphere and h as the altitude of the segment. 


178. Other solids. By a process similar to the disk method for solids 
of revolution the volumes of certain other solids can be found, pro¬ 
vided they can be made up as the limit of the sum of elements, each 
clement being a solid whose volume is known from solid geometry. 


Z 



Y 

FIG. 228. 


The element is usually a prism 
whose altitude is infinitesimal and 
whose sections by planes perpen¬ 
dicular to the altitude are simple 
geometrical shapes such as triangles, 
squares, and trapezoids. We shall 
illustrate by examples. 

Example 1. Find the volume of 
the solid in the first octant bounded 
by the coordinate planes and a cy¬ 
lindrical surface whose elements are 
parallel to the XK-plane and meet 
circles of radius a, with centers at 
0, in the XZ- and FZ-planes. 

Solution. The solid is shown in 


Fig. 228. Divide the segment of the x-axis from ( 0 , 0 , 0 ) to ( 0 , 0 ,a) into n 
intervals of norm 7 , and at the points of division pass planes perpendic- 
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ular to the z-axis. The sections made by the planes are triangles, and 
the slice between two planes is approximately a triangular prism. 

Through Zi pass a plane perpendicular to OZ, and construct a tri¬ 
angular prism of altitude Az,- and having as a cross section the triangular 
section of the solid through Zi. Denote the volume of the prism by 
A7i. Then 


( 1 ) 


AVi = -x,yiAzi 


X 


. =: \/a2 — ^ == 2/i 


AVi = i (a2 - Azi 

The limit of the sum of the volumes AVi as n increases without limit 
and 7 tends to zero is defined to be the required volume and is denoted 
by V. V can be calculated by the Fundamental Theorem [26-1]; i.e,. 



AV 



(a^ — dz 


= i fa’z — —1 = ^ cubic units 

2 L 3 Jo 3 


In equation (1) the quantity ^x,-yi is evidently the area of the section 
of the solid through z.. The area of the typical section vanes as z< 
traverses the segment of the z-axis from 0 to a. or the area of the section 

is a function of z. We may rewrite (1) as 

^Vi = ^l(zi) Azi 

A{z) dz 

In a problem of this kinil we must look for a series of parallel sections 
perpendicular to a coordinate axis (x- or y- or z-axis) such that the area 
of the section is expressible as a function of its distance along the axis^ 
The limits must be chosen appropriately in each case. As a general 

pattern for such volumes we may write 

V = ''\\{h)dh 1^6-101 




Exa^vle 2- Find the volume of the .soli.l in the first octant bounded 

hv the nlane 2 « - z = 0 and the cylinder y- - 4 x. 

SolJor, 'Hie solid is sketched in Fig. 229. Planes perpendicu ar 

to the y-axis cut the solid in rectangular sections. In a manner .siinih 



360 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 178 


to that used in Example 1 the volume of a representative element of 

the solid is 

f (2) lsyi = XiZiAyi 


2y-z = 0 


dy 


tii- 


( 0 . 2 . 0 ) 




FIG. 229. 


(4.0.0) 


( 2 ) 6yi = XiZi^yi 

From the equations of the 
traces in which they appear, 

Xi = - y\ Zi = %yi 

Substituting these values of Xi 
and Zi in (2), 

AVi = (4 - y?) 2y< Ayi 

Applying [26-1] and integrating, 

F = j (4 “ y^)2y dy 

= |^4y2 — |-J = 8 cubic units 


We may introduce differential notation at equation ( 2 ) and, dropping 

subscripts, write j 

dV = xz dy 


EXERCISE 101 


1. In Example 2 in the preceding section planes perpendicular to the x-axis cut 
triangular sections through the solid. Find the volume, using triangular prisms as 
elements. 

3? iA 

2. Find the volume of the ellipsoid ^ ^ “b ^ ~ (Hint: Use the answer to 

Exercise 98, Prob. 7.) 

3. Find by integration the volume of a tetrahedron having three edges of lengths 


a, 6, and c on the x-, y-, and z-axes, respectively. 

4. Find by integration the volume of a 
pyramid whose base is a rectangle of dimen¬ 
sions a and h and whose vertex is h units ver¬ 
tically above one corner of the base. 

6. Find by integration the volume of a 
regular hexagonal pyramid if the altitude is A 
and an edge of the base is a. 

6. Given a right-circular cylinder of ra¬ 
dius r and altitude h. A plane is passed 
through a diameter of the low’er base and tan¬ 
gent to the upper base. Find the volume of 
the (smaller) portion of the cylinder that is cut 
from the cylinder by the plane (see Fig. 230). 

7. Find the volume common to two right- 
circular cylinders of radius 6 in. whose axes 


Z 



Y 

FIG. 230. 


intersect at right angles. 

8. A square hole 8 cm. on a side is cut through a solid 


brass rod 16 cm. in diameter, 
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FIG. 231. 


the axis of the hole meeting the axis of the rod at right angles, and two sides of the hole 
being parallel to the axis of the rod. How many cubic centimeters of brass are removed? 

9. Find the volume of the solid in the first ^ 

octant bounded by the coordinate planes and a 
surface generated by a straight line which moves 
parallel to the XZ^plane and which constantly 
meets the parabola j/*=4 — z, z=0 and the 
line 2 = 5, z = 0 (see Fig. 231). 

10. Solve Prob. 9 if the generating line meets 
the line y + 2 = 2 (instead of z = 5) in the YZ- 
plane, other conditions being the same. 

11. Find the volume in the first octant 
bounded by the coordinate planes and the sur¬ 
faces y* = 4 — X and x + 2 “ 4 = 0. 

12. Find the volume in the first octant 
bounded by the planes x=0, 2=0, y = 4 and 
a surface generated by a line which moves parallel 
to the ^Z-plane and constantly meets the line 
X = 0, 2 = 4 and the parabola y* = 8x, z = 0. 

13. Find the volume standing on the circle 
X* -|- y* = o*, 2 = 0 as base and bounded by the 

surface generated by a line which moves parallel to the I'Z-plane an<l which constantly 
meets the given circle and the straight line y = 0, 2 = A. (The surface described is culled 
a conoid.) 

14. Find the volume in the first octant bounded by the coordinate planes and the 
surface generated by a line which moves parallel to the A’l -plane and which constantly 

meets the lines x+z— 5=0, y=0 and y = 4. x = 0. 

16. Find by integration the volume bounded by the cylinder + y® — 8x = 0 aiul 

the planes 2 = 0, 2 = x. 

16. Find the volume in the first octant bounded by the coordinate planes and the 
surface generated by a line moving parallel to the } Z-plane and constantly meeting the 
curves y = sin x, z = 0 and 2 = sin x, y = 0 from x = 0 to x = tt. 

17. Find the volume in the first octant bounde<l by the coordinate planes and the 

cylinders y* = 6 — 2 an<l x* = 6 — 2 . 

18. Find the volume in the first octant bounded by the planes x = 0, z = 0. and y = 5 
and the surface generated by a line which moves parallel to the ,YZ-plane and w hich con¬ 
stantly meets the straight lines 2 — 2y = 0 , x = 0 ainl x = 0, 2 = 0. 

19. Find the volume bounded by the cylinders y^ = 4x and x^ = 4y and by the planes 

2 = 0 and y -f- 2 = 4. 

20. Find the volume bounded by the cylinder y* = x and by the plums z = 0, y = x, 

and 2y+2— 4 = 0. , 

21. Find the volume inside the hyperboloid ^ “ V* + j, = * between 

the planes y = ±5. ,11 o 

22. Find the volume bounded by llie paraboloid tf + - x and the plane x 

23. Find by inleKrution tin- volunu- nf lb.- wbo«- v. rt.is (O.n.lO) ..nd «l...si- 
is the circle x* -)- y* — 4x = 0, 2 = 0. 

179 Length of a plane curve. In this section we shall fornnilatc* a 
definite integral to represent the length of a plane curve joining two 

fixed points. 
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Let y = f{x) be a continuous single-valued function of x in the 
interval a ^ x ^ b, and let Pi and Pn+i be the points in the curve whose 

abscissas are a and 6 , respectively. 
^ p Divide the segment of OX from a 

to h into n segments of norm 7 , 
and erect ordinates at the points of 
1 division as shown in Fig. 232. Let 

■—I Pi and Pi+i denote two consecutive 

points of division of the arc. Let 
ol ( 0 , 0 ) ^2 5 - ^^i+i denote the length of the chord 

FIG 232 PiPi+i. Denote the length of the 

arc of the curve from Pi to Pn+i by 

The value of s is defined to be the limit of the sum of the lengths of the 
chords Pi (1 ^ ^ n) as n increases without limit and 7 tends to zero; i.e., 




ol (0,0) X2 5. a:^+i (6,0) 

FIG. 232. 


s — lim > pi 

n-»oo ^ 

.,—0 « = 1 

By the Pythagorean theorem let us write 
(1) p\ = Ax- -1- ^ where Ay,- = /(x.+i) - /(x.) 

Multiplying the numerator and denominator of the right member of 

(1) by Ax-, 


( 2 ) 


^ ^ (gjj 


is the slope of the chord pi. By the law of the mean (Sec. 136), 

AXi 

at some point ^i of the interval Ax,, the derivative of the function 
equals the slope of the chord; i.e., 


Aj/j 

Ax, 


= fUi) Xi ^ ^i ^ Xi 


Substituting f'(^i) for the fraction in (2) and extracting the square 
root. 

Pi = |1 + 

Applying the Fundamental Theorem [26-1], 


s = lim y jl + [/'a.)P}^^ Ax.- 

n — 


0 


b _ fb __ 

^/l + LfT^)]^ dx = J Vl + 2 /'^ dx 


[26-11] 
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In a similar manner by multiplying the numerator and denominator 
of (1) by At/i, one may obtain 




+ 1 d*/ 


[26-1 la] 


and if x and y are functions of a parameter t. 


s = 



1 + m 


dt 


[26-116] 


We note that the expressions under the integral signs in these formulas 
are exactly the formulas for ds as given in Sec. 129, so that we have here 


/. 


without definition. Here it has been defined. 

In obtaining the above formulas we assuine<l that the equation of the 
curve was a single-valued function; if it is not single-valued, but the 
curve can be divided into a fixed number of arcs for which the as¬ 
sumption is satisfied, the formulas may be applied to the shorter ares 

Find the length of the curve 8y = x^ from (0,0) to (3,9/8) 
Solution. The curve may be recognized as a parabola open upward, 
and [26-11] is immediately applicable. 


8y' = 2x 


y 


, _ f 


s = 



^ = I / ^1*5 + x= dx 

16 •* Jo 


= 1 • - f-rN/ie - 1 - x^ + 16 log (x -I- Via -b x=)1 

4 2 L 


= - [3 • 5 -b 16 (log 8 - log 4)1 
8 


15 

'8 


+ 2 log 2 = 3.261 units (linear) 


180 Area of a surface of revolution. When an arc of a plane curve 
is revolved about an axis in its plane, it gn-nerates a 

Consider arc in Fig. 233 and the .surface S which it gene . 

by revolution about OX. We .shall derive an in egral o r, 

it is quite closely connected with the integra for the length of ^ 

Let 1 / =/(x) be a continuous .single-valued function of x in tlu 

. . ^ I \ U.t r -ind P M be llic points in the curve whose 

interval a ^ X ^ o, and let i i au<i i rv+i ^ » . 

interval a ^ x _ , o'k,. ..re /^/\ 4 l bv rotation about 

abscissas are a and 6, respectively. 
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n+l 


OX generates a surface whose area S we seek. Divide the segment of 
OX from a to 6 into n intervals of norm y, and erect ordinates at the 

points of division. Let Pi and 
Pi+i be two consecutive points of 
division in the arc and p< their 
chord. 

The series of chords pi, p 2 > . • • > 
pn by rotation about OX gener¬ 
ate frusta of cones, and the limit 
of the sum of their lateral areas 
is defined to be the area S. Con¬ 
sider the area of the frustum gen¬ 
erated by Pi. Call this area AAi. 

233 The area of the frustum of a cone 

of revolution by solid geometry is 

Stt times half the sum of the radii of the bases times the slant height of 

the frustum; i.e., 





( 1 ) 


A^li = 2ir • ^Ifixi) 


The quantity H +/(a:,+i)] is the arithmetic mean of the ordi¬ 

nates at the extremities of Ax,-; since /(x) is continuous, at least one 
ordinate in the interval must have this particular value; i.e.. 


I [/(xi) + /(x,+,)i = m 

From the work in the preceding section, 


Xi ^ ^ x^i 


Pi = Vl Aa;.- X.- ^ ^ 


Hence, 


AAi = 27r/«;)Vl ^fi^iYAXi 


This is of the form [26-3]; hence, 


^ rb 

S = lim yAAi = / f(x)Vl +f’{xydx 

n —Ja 

Formula [26-12] may be written more compactly as 

S — 27 r /* y ds = ^TT J yy/l + y' 


[26-12] 


2 dx 


These formulas may be varied as to details by expressing ds in terms 
of dy or some parameter instead of dx. 
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Example, Write an integral for the area generated by rotating about 
OX the arc of the curve from (0,0) to (3,9/8). 

Solution. This is the arc whose length was obtained in the example 
of the preceding section; using that solution for details, and applying 
[26-12], we find as the required area 



T 

16 




1 + 


16 


dx 



X"\/l6 + X’ dx 


The details of the solution are left for a problem in the next exercise. 


EXERCISE 102 


1. Find the length of y = x*/2 from (0.0) to (1,^). 

2. Find the length of V = from (0.0) to (6.4Vs). 

3. Find the length of y = log x from x = 1 to x = 7. 

4. Find by integration the circumference of the circle x* + y* = a*. 

6. Use the parametric equations z = a cos 6, y = a sin 0 to solve Prob. 4. 

6. Find the length of the curve whose parametric equations are x = y = iO 

from ( = 0 to ( = 3. 

7. Find the length of y = log cos x from x = 0 to x = x/3. 

8. Find the length of y = log sin x from x = x/4 to x = x/2. 

9. Find the length of y * Jxh - x^ from x = 1 to x = 4. 

10. Find the length of the parabola y = 4x - x^ from the origin to the vertex. ^ 

11. Find the length of the curve whose parametric eqviations are x ~ f, y - It ^ 


from t = 0 to < = 5. _ _ . 

12. Find the length of the curve whose parametnc equations are x - r/4. y /» 

from t = 0 to t = Sty/i. ^ 

13. Find the length of y = log (1 - x») from x = 0 to x = /-z- 

14. Find the length of one arch of the cycloid x = - sin 0), y a(l cos ). 

16. Find the length of the four-cusped hypocycloid x*^ + y*^ - 

16. Find the length of the four-cusped hypocycloid, u-sing the equations x - a cos 0. 
y = a sin^ 0. 

17. Find the length of y = from x = 0 to x = 2- 

18. Complete the integration of the Example in Sec. 180. 

19. By integration derive the forn.ula for the lateral area of a rone. I se the ™ne 

generated by revolving al)OUl the j-aixis the segiiieiit of rx ly > 

20. Find by integration tl.e area of the .sphere generate.! I.y revolv.ng ala.ut th. r-ax., 

‘'7/Knd i!yfnt7“ati„n the area of the sphere generaPsl hy revolving about the r-axis 

the circle whose panunetne equations are r — a <os 0, y u . t ^ _ 4 . 

22 . Find the area generated by revolving about the x-ax.s the ar< of y^ - 4x 

23. Find the area generated by revolving about the x-axis the .in of y 4x 

(0,0) to (3.9). 
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In each of the following find the area generated by revolving about the Jt-axis the arc 
described: 

24. The arc in Prob. 9. 26. The arc in Prob. 17. 

26. The arc in Prob. 14. 27. The arc in Prob. 15. 

28. The arc in Prob. 16. 29. The arc in Prob. 2. 

181. Homogeneous masses; heterogeneous masses. Broadly speak¬ 
ings mass is the measure of the quantity of matter in a body; a thorough 
discussion of its measurement belongs to the domain of physics. Practi¬ 
cally, the mass of a body is proportional to its weight. A body is said 
to be homogeneous if any portion of the body has the same weight as 
any other portion of equal volume; otherwise the body is heterogeneous. 
Denoting mass by m and volume by F, for a homogeneous mass 

(1) m = SV 5 = a constant 

The ratio of the mass of a homogeneous body to its volume is called 
the density of the body; in (1) 5 denotes density. 

There are various units of mass in use. We shall use the engineer's 
unit of mass, or slug. The weight of a body is the force by which it is 
attracted by the earth, in this system measured in pounds. A slug 
is a mass that has a weight equal to the value of g at any place. For 
example, at a place where g = 32,2 ft./sec.^, a mass of one slug weighs 

11 X 1 -1 weight in lb. 

32.2 lb. In general, mass m slugs = — . ^ • 

® ® ^ in ft./sec,^ 

Obviously the integrals used in preceding sections to obtain volumes 
of solids may be used to find the masses of the solids by multiplying them 
by a density factor 5 if they are homogeneous. Also, the mass of a 
homogeneous body which is a plate, or lamina, of uniform thickness 
is etiual to a constant times the area of the plate, and in such an instance 
any of the several integrals for finding areas, multiplied by a density 
factor, may be used to find the mass as well. Lastly, the mass of a 
homogeneous wire of uniform cross section may be found by multiplying 
an integral which represents its length by the proper density factor. 

In general it is possible to write an integral which represents the mass 
of a heterogeneous solid if the density, although different at different 
points, follows some law so that it is a function of the coordinates of 
any point of the body. As a type formula we may write that the element 
of mass dm is 

(2) dm = 6(x,y,z) dV 

We are not prepared at the moment to consider heterogeneous masses 
of the most general type, although w’e shall do so in a later chapter. 
However, we may find the masses of a large variety of solids if they are 
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composed of elements which are homogeneous and belong to one of the 
types which we have already studied; each element must be multiplied 
by the appropriate density factor. In summary we may write 

Mass = 2 [(density factor) (homogeneous element)] which may be 
further condensed to 

m = /dm = /5 dV (or Js dA, or /§ ds) 

where 5 is a variable factor which must be expressed in terms of the 
coordinates employed. 

Example 1. Find the mass of a sphere (solid) if the density at any 
point varies as the distance of the point from a fixed diametral plane. 

Solution. Let the radius of the sphere ^ 

be a, and let the fixed diametral plane be 
made to coincide with the -YK-plane with 
the center of the sphere at O. Figure 234 
shows the first octant. 

A disk parallel to the XK-plane is a 
homogeneous element, because, if the disk 
is sufficiently thin, every point in it is 
practically equidistant from the plane of 
reference. Without repetition of the pre¬ 
vious discussion of disks, 

dV = -kx? dz = 7r(a" — 2 ") dz 

The distance of each point in the ele¬ 
ment from the fixed diametral plane is measured by its 2 -coordinate, 
which is common to all the points. The statement “the density at any 
point varies as the distance from a fixe<l diametral plane is eciuivalent 

to saying 

b = kz 

Assembling the factors, we write 

dm = ikz)[ir{d' — z-) dz\ 

whence 

%(«= - z'^) dz 






The student may verify that m = Tr/ai'Ai mass units. 

Example 2. Find the mass of a circular plate of radius a if the density 
at any point varies as the distance of the point from the center. 

Solution. The plate is .shown in Fig. 235. The locus of points of the 
specified density is a circle concentric with the origin This does not 
suggest any element that we have studied before, and therefore we must 
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develop one to fit the problem. Let us use a ring-shaped strip concentric 

with the origin. 

Let the radius from (0,0) to (a,0) 
be divided into n segments of norm 
7 , and draw circles concentric with 0 
through each point of division. 

The area AAi of the ith ring differs 
by infinitesimals of higher order from 
gxr,* Ar,* (the details are exactly 
like those for the base of the shell 
element of volume, page 354), and 
the ring is a homogeneous element 
because if the ring is sufficiently nar¬ 
row every point in it is practically 
equidistant from the center. Hence, 

h = kr 

dm = kr • 27rr dr = ^irkr^ dr 

m ~ Zirk I r^ dr = ^ irka^ 

Jo 

The ring-shaped element is also called an annular element. In the 
problems of the next exercise it may occasionally be desirable to devise 
new types of elements to fit particular problems. 

EXERCISE 103 

In the answers to the problems in this exercise the letters a for radius of circle or sphere 
and h for altitude of cylinder or cone, etc., are used in the ordinary way without identifica¬ 
tion in each instance. 

1. Find the mass of a circular plate if the density varies as the distance from a fixed 
diameter. 

2. Find the mass of a rod if the density varies as the square of the distance from one 
end. 

3. Find the mass of a cylinder if the density varies as the square of the distance from 
the base. 

4. Find the mass of a cylinder if the density varies as the distance from the axis of 
the cylinder. 

6. Find the mass of a cone of revolution if the density varies as the distance from the 
base of the cone. 

6. h'ind the mass of a cone of revolution if the density varies inversely as the distance 
from the axis of the cone. 

7. Find the mass of a circular plate if the density varies as the distance from the 
tangent at a fixed point in the circumference. 

8. Find the mass of a cone of revolution if the density varies as the square of the 
distance from the plane through the vertex parallel to the base of the cone. 
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9. Find the mass of a circular arc if the density varies as the distance from a fixed 
diameter. 

10. Find the mass of a sphere (solid) if the density varies inversely as the distance from 
a fixed diameter of the sphere. 

11. Find the mass of a sphere (solid) if the density varies as the square of the distance 
from the center of the sphere. 

12. Find the mass of a triangular plate if the triangle is equilateral and the density 
varies as the distance from one side. 

13. Find the mass of a tetrahedron with three mutually perpendicular faces if the 
density varies as the square of the distance from one of these faces. 

14. Find the mass of a regular pyramid with a square base of edge 2a if the density 
varies as the distance from the base. 

16. Find the mass of the area bounded by the parabola y* = 4ax and its lalus rectum 
if the density varies inversely as the square root of the distance from the axis of the 
parabola. 

16. Find the mass of the area described in Prob. 15 if the density varies as the distance 
from the latus rectum. 

17. Find the mass of the solid bounded by the ellipsoid density 

varies as the distance from the plane i = 0. 

18. Find the mass of the solid bounded by the paraboloid x* + = 4a2 and the plane 

8 = a if the density varies inversely as the distance from the Xl’-plane. 

19. Finil the mass of the solid described in Prob. 18 if the density is proportional to 
the distance from the axis of the paraboloid. 

20. Kind the mass of an arch (arc) of the cycloid x == a(0 - sin d), y = a(l - cos 0) 
if the density at any point varies as the y-coordinate of the point. 

21. Find the mass of the arch described in Prob. 20 if the density at any point varies 

as the x-coordinate of the point. 


182, Force exerted by a fluid. Another physical problem which leads 
to a definite integral is that of finding the total force exerted by a fluid 
on a plane surface immersed in the 


0 Surface of fluid 


(a.o) 


♦y 


x=a 


% 

k = x,- 


^x- 


4 


A A. 


y =/(x) 


fluid. 

The force exerted by a fluid on a 
horizontal area is equal to the weight 
of the column of fluid supported by 
the area; i.e., a horizontal area A 
at a depth h below the surface of 
a fluid of density* w Ib./cu. ft. is 
subject to a force wh.i. Also, the 
pressure at any point is the same in 
every direction. 

Now consider the foree on a sub¬ 
merged vertical plane area, ^^e 
choose coordinate axes as shown in 
Fig. 236, with the origin in the 

.. I ‘>.h.T^vLiv” for weiiihl Per cul)ic foot as well as for 

* It is customary to use the word t!ensit> lor wtij,ni pt 

mass per cubic foot as tlefined in Sec. 181- 


x-b 




FIG. 236. 
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surface of the fluid and the x-axis positive downward. Let the area 
be bounded by the curve y = /(x), the lines x = a and x = &, and the 
x-axis. Divide the area into n horizontal strips by lines x = X 2 , X 3 , . . . , 
x„, and let Axi = Xi+i - Xi with norm 7 , and let the area of the iih 

strip be AAi. 

Approximately AAi = pi Ax*, and the force against AAi is approxi¬ 
mately wxi AAi. Then the total force on the whole area is 

wXtpi AXi = w r xy dx [26-13] 



It can be shown that the approximations used here in the expression 
for the force against a strip differ by infinitesimals of higher order from 
the actual force on it, so that the limit of the sum in [26-13] is unaffected 
by the approximations. 

The pattern for [26-13] may be written 



or, in words, 

rhi 

F = (density of fluid) j (depth of element) (area of element) 

it being understood that the element 
is parallel to the surface. 

Example. Find the force on one 
side of a semicircular area of diameter 
8 ft. immersed vertically in water 
with its bounding diameter lying in 
the surface (see Fig. 237). Take 
w - 62.4 Ib./cu. ft. 

Solution. Following the procedure 
which led to [26-13], we choose an 

element of area parallel to the surface, viz., 

dA = 9.y dx - 2^16 — x- dx 



FIG. 237. 


Since the 2 /-axis lies in the surface, the depth h and the abscissa x 
have the same meaning. Then 



dF - (w>)(x)(2Vl6 -~lc^dx) 
p = 124.8 j x \716 — x^ dx 
= 124.8 (16 - x'^f- 


2.660 lb. 
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183. Work. In physics, work is said to be done against a force when 
a body is moved through a fixed distance in opposition to the force; 
e.g., work is done when a body is raised from one level to a higher one 
against the force of gravity. Quantitatively, w'ork is defined as the 
'product of the magnitude of the force times the distance through which the 
displacement takes place. In the English system the force is measured in 

pounds, the distance in feet, and the work in foot-pounds. 

When a rigid body is displaced against a constant force, the simple 
product mentioned above is enough to calculate the work. If the force 
is variable, or if different parts of the body are displaced by varying 
amounts, it may be necessary to calculate the work by integration. 

Consider the displacement of a body on the x-axis from x = a to 
X = 6 against a force whose magnitude F varies so that F = g(x), a 

continuous function of x in the in¬ 
terval a ^ X ^ 6. 1 he action is . 

indicated in Fig. 238. O (a,o) 

Divide the segment of OA' from 
X = a to X = 6 into n segments of 
norm 7 . Let the interval from x* 


F=g(i) 

^ . U 


I ■! 


Xi Xi^ 1 




FIG. 238. 


to X.+, be- taken as tlic typical ith interval, Aj-j, and denote by AWi 
the work done in moving the body from Xi to Xi+j. 

Then approximately 

Afl'i = g{xi) Axi 

and 

TI/ _ V n(rA AXi = i: g{x) dx [26-14] 


>0 


i= i 


Example 1. In a setup like the one shown .n F.g. 238 a bo, y .s move, 
from a point 18 in. from O to a point 36 in. from O agamst the foree of 
a spring. The force varies so that F = 4x in pounds. Find the work 

done. , . , 

Solution. The foree function here takes the form 

(j{x) = 4x 


a = 18 in. 


.3 


ft. 


^ = 36 in. = 3 ft. 


ir = 



4x dx 


•• 


- -I 




^ IH _ 4.5 = 13.5 ft.-lb. 

Example 2. A water tank is in the shape of a box 8 by 6 by 3 ft. 
with the 3 -ft. dimension vertical. It is full of water winch .s pu.nped 
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to a height of 4 ft. above the top of the tank and discharged into a pipe. 
Find the work done in pumping out the water. Use 62.4 Ib./cu. ft. 

as the density of water. 

Solution. Take the point of dis¬ 
charge as origin above one corner 
^ of the tank, and take the down¬ 
ward direction from that point as 
the positive direction of the x-axis. 
Place the tank on the coordinate 
system as indicated in Fig. 239. 
Consider as an element of volume 
a slab of water of thickness dx. Its 
volume is (8)(6) dx cu. ft., and its 
weight is (62.4) (48) dx = 3,000. dx 
lb. Since the water is pumped 
against the force of gravity, the 
force on this element of volume is its weight, viz., 3,000. dx lb. The 
clement must be raised x ft.; 4 ^ x ^7. 

Hence, the work done is 

W = 3,000. xdx 

= l.SOO.z^j^ = 49,500 ft.-lb. (approximate) 

EXERCISE 104 

In Probs. 1 to 12 use 62.4 Ib./cu. ft. as the density of water. 

1. A metal plate is immersed vertically in water. Find the force on one side of the 
plate if it is 5 by 8 ft. and if (a) the 5-fl. edge is in the surface; (6) the 8-ft. edge is in the 
surface; (c) the 8-ft. edge is parallel to the surface and 3 ft. below it. 

2. A plate in the shape of a right triangle is immersed vertically in water. The vertex 
of the right angle is at C, and one leg CA = 5 ft.; the other. CB = 10 ft. Find the force 
on one side of the plate if (a) the edge CB is in the surface; (6) the edge CB is paralle to 
the surface and vertex A is in the surface; (c) the edge CB is parallel to and 3 ft. below 

the surface and vertex /I is 5 ft. below CB. io f. 

3. The area described in Fig. 237 is lowered until the bounding diameter is 12 tt. 

below the surface. Find the force on one side of it in the latter position. 

4. A circular plate 10 ft. in diameter is immersed vertically in water and placed so 
that the circle is tangent to the surface. Find the force on one side of the plate. 

6. The plate in Prob. 4 is lowered so that the center is 8 ft. below the surface. Find the 

force on one side of the plate. 

6. A plate that is an equilateral triangle 8 ft. on a side is immersed vertically in water. 

and one edge lies in the surface. Find the force on one side of the plate. 

7. The plate in Prob. 6 is lowered vertically until the upper edge lies 5 ft. below the 

surface. Find the force on one side of the plate. 
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8. A plate is shaped like a segment of a parabola. The latus rectum is 4 ft. long. The 
plate is immersed vertically, verle.x downward, in water, with the latus rectum lying in the 
surface. Find the force on one side of the plate. 

9. A plate shaped like a segment of a parabola is immersed vertically in water with 
the vertex downward, and the axis of the parabola is perpendicular to the surface of the 
water. The vertex of the parabola is 4 ft. below the surface, and the bounding chord 
(not necessarily the latus rectum) is 8 ft. long and lies in the surface. Find the force on 
one side of the plate. 

10. A semielliptical plate is immersed in water. The major axis Is 12 ft. long and lies 
in the surface. The minor axis is 4 ft. long and extends vertically downward. Find the 
force on one side of the plate. 

11. The keel of a certain boat lies parallel to and 3 ft. below the surface of the water. 
A triangular centerboard has edge CA^ 4 ft. long, coincident with the keel, and edge 
CB, ft. long, extends vertically downward from C. Find the force on one side of the 
centerboard. 

12. An oil tank 16 ft. long lies on the ground so that the ends of the tank are vertical. 
Each end is a circle 4 ft. in diameter. The oil stored in the tank has a density eight- 
tenths that of water. Find the force of the oil against one end of the tank if the oil is 
(a) I ft. deep; (6) 2 ft. deep; (c) 3 ft. deep; (d) 4 ft. deep. 

In Probs. 13 to 19 a spring 0.4 lies on the ar-axis. A body attached at A is moved to a 
point B against the force of the spring. No other force acts on the body. Find the work 
done in moving the body from ^ to B if the force (in pounds) exerted by the spring obeys 
the law F = g(.x) as stated. 

13. 0.4 = 5 ft.. OB = 8 ft.; gix) = z*. 

14. OA = 30 in.. OB = 54 in.; g(x) = j 

16. 0.4 = 2 ft., OB = 4 ft.; g(x) = 

16. 0.4 = 4 ft.. OB = 7 ft.; gix) = 10e<--«^». 

17. OA = 12 in., OB = 18 in.; j^(x) = 25 sin (r - 1). 

18. 0.4 = 10 ft., OB = 12 ft.; (/(i) = 8 log (x - 9). 

19. 0^1 = TT ft., OB = Y f* - (| “ i)* 


In Probs. 20 to 24 use 62.4 Ib./cu. ft. as the density of water. 

20. Find the work done in pumping out a tank full of water if the water is discharged 
over the edge of the tank and the tank is 9 ft. long. 7 ft. wide, and 5 ft. <leep. 

21. Find the work done in pumping out the tank described in Prob. 20 if the water is 

raised to u point 10 ft. above the edge of the tank. , . 

22. Find the work done in pumping out a cylindrical tank full of water, 12 ft. in diameter 

and 8 ft. deep, if the water is ilischarged over the e<lge of the tank. 

23. Find the work done in pumping out the lank described in Prob. 22 if it is half full 


of water. 

24. Find the work done in pumping out a reservoir 
hemisphere 5 ft. in radius and the water is raised to a 


full of water if the reservoir is a 
height 2 ft. above the edge of the 


reservoir* 
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184. Introduction. The several integrals that we have studied so 
far have one common characteristic, viz., they involve only a single 
differential, dx, dy, dr, d6, dt, etc. In more complicated situations than 
those which we have studied it may be necessary to form a sum of 
elements which involve the differentials of more than one independent 
variable. In such cases we are led to double and triple integrals. 

185. Definition of a double integral. As an introduction to a double 

integral consider an area A bounded by a closed curve like LMRS in 

Fig. 240. L and R are the points in 

the boundary having the least and 
greatest abscissas, respectively; M 
and S, those having the least and 
greatest ordinates, respectively. The 
curve is evidently of a simple type. 
It can be described by saying that 
every vertical line between those 
through L/ and R intersects the curve 
in just two points, as does every hori¬ 
zontal line between those through 3/ 
and S. The areas to be considered in 
this chapter are of this type or can be 
broken up into a fixed number of smaller areas of this type. Let the pro¬ 
jections of L and R on OX be (a, 0 ) and (6,0), respectively, and those of M 
and S on OK be (0,c) and (0,d). Let the segment ah be divided into m 
equal parts of length Ax and segment cd be divided into 7 equal parts of 
length Ay. By drawing vertical and horizontal lines through the points 
of division, A is covered, approximately, by rectangles of sides Ax and 
Ay. The rectangle AAvy, whose sides are Ax, and Ayy, is a typical rec¬ 
tangle. Its area is 


Y 



*-X 


A.-l ij = Axi Ay; 


By increasing without limit the number of divisions of both segments 
ab and cd, Ax^O, Ay—>0, and .1 is the limit of the sum of the areas of 
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the rectangles which lie wholly within A (the broken rectangles along 
the boundary may be ignored); i.e., 

A = lim 2 Ayli,- 

Next consider the possibility that A is divided not into rectangles 
but into subareas of any shape such that, as the number of subdivisions, 
n, is increased without limit, the longest diameter (or line segment) that 
can be drawn in any subarea approaches zero in length. Then if 
denotes a typical subarea. 


n 


A = lim y AA 


n—>Q0 

" lc = l 


Finally let/(a-,;/) be defined at every point of A. Form the product 
f(x,j/)k AAk, where (x.2/)jt is any point of AAk. Then 

n 

lim y /(x,^)* A^fc 

is defined to be the double integral off(x,y) extended over A and is denoted 
by 


( 1 ) 


// 


It is not necessary that the area be a plane area over which the double 
integral is extended, but in this chapter we shall consider only plane 

Iterated integrals. The .louble integral defined by (1) in the 
preceding section is an expression for the limit of the sum of the terms 

involved without any specification 
as to the method by which the sum¬ 
mation is to be carried out. Practi¬ 
cally, double integrals are evaluated 
by a process called iteratedy or re- 

peatedy integration. 

To illustrate the method consider 
an area .1 bounded by two curves 
y = /i(x) and y = /-(x) as shown in 
Fig. 241. Let /(x,(/) be defined at 
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Ax apart on the or-axis and Ay on the ?/-axis cover the area approximately 
with rectangles. The area of a typical rectangle is 

= Ay,Axi 


Since in the definition of a double integral each element AA^ is 
multiplied by the value of some function/(x,7/) taken at any point (xi^y,) 
of the element, we have to evaluate 

lim SS /(xi^yj) Ayj Ax< 


the limit being taken as the number of subdivisions on the x-axis and on 
the 2 /-axis increase indefinitely so that Ax —*0 and Ay—*0. 

As the first step we may add the terms which compose a vertical 
strip, e.g., the shaded strip in Fig. 241. In this summation x< remains 
unchanged, and we take the limit of the sum as Ay approaches zero. 
This is a single integration with respect to y between the limits y = fi{x) 
and y = fiix). In symbols 



lim ) fixi.yi) Ayi 




X being treated as a constant during the integration with respect to y. 

AVhen this integration has been performed and the limits substituted 
for ?/, the result is entirely in terms of x. This expression is then in¬ 
tegrated with respect to x between the limits a and 6. It may be written 

f(x,y) dy dx 

-/i(*) J 


Returning to Fig. 241, expression (2) represents a summation from left 
to right across the figure of entire strips of the type represented by 
equation (1). For brevity, (2) is usually written 

(3) f f /(x, 2 /) dy dx 

Jyx 

it being kept in mind that the limits of the inner integral are associated 
with the inner differential, that this integration is performed first, 
and that throughout this integration the other variable is treated as a 
constant. 

By analogy the integrals 

rd r rz=ffi(u) '1 

(4) / / /(a^»2/) dx\dy or / / /(x,?/) dx dy 

Jc LJx=9\iv) J Jc 

indicate that the first (inner) integration is to be performed with respect 
to X, y being held constant, and the second integration is then performed 
with respect to y. In practice, no very strict distinction is made between 
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the general form of the double integral [i.e., equation (1) in Sec. 185] 
and forms (3) and (4). The latter are often called double integrals in 
rectangular coordinates. 

In general an integration extended over 
an area A can be performed either in the 
order (3) or in the order (4); often, how¬ 
ever, one order is preferable to the other. 

As remarked in the preceding section, the 
area shown in Fig. 241 is made especially 
simple to introduce the idea; areas of more 
irregular shapes may need to be broken 
up into several parts of the type dis¬ 
cussed with a separate integral set up for 

each. . 1 i_i 

Example 1. Find the area of the circle = a » using a double 

integral. , . *1 

Solution. Figure 242 shows the area in the first quadrant with the 

conventional representation of the element of area, il l = ih/ die. Cor- 

responding to (3), __ 

J fa f\ a^-x^ 

i- L . 





Corresponding to (4) the integral may be written as 


(5) 


i - fjr"^ 


dy 


Continuing the integration of (5), 


=/: 


y/a- ~ y^dij 


This is now an ordinary single integral, and we may verify that it 

Yields the known formula for tlu' area of the circle. -.i 1 11 

' Example 1 raises the <,uestion why one shoul.l bother w.th don , e 
integrals when the area of the circle e<,nl<l have been found more d.reetlj 
bv other means. To an.swer this, consider the following exam|.le 
' Fxiimnie 2 Find the mass of a circular plate of radius a if the density 
at any point varies as the sum of the distances from two diameters at 

The figure of Example 1 may be used by taking the .r- and 
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t/-axes as the diameters at right angles. Using the type formula in 
(2) of Sec. 181, 

= (density factor) (homogeneous element) 

it is evident that dy dx is a homogeneous clement for the plate described 
but that none of the elements of area in rectangular coordinates which 
leads to a single integral is homogeneous. The density factor is k{x -b y), 
and the double integral for the mass m is 


m 



n Va*-r* 

{x + y) dy dx 




x\/a} — + 2 {a} 


-x^) 



Completing this integration, we find 



mass units 


187. Iterated integration using polar coordinates. Double integrals 
may also be evaluated by iterated integration, using polar coordinates. 

Consider the double integral 





( 1 ) 



f{r,d) d.l 


^ 0=0 




where J is bounded by n = fi{0)y 
Ti = B = a, and 0 = as shown 

in Fig. 243. Divide the angular in¬ 
terval from 0 = CL \.o 0 = & into n 
equal parts Also, with the origin 
as center draw a series of concen¬ 
tric circles such that the radii of 
any two successive circles differ by 
Ar. The radial lines and concentric 
circles cover A with curvilinear 
quadrilaterals of which A. 1 = LMRS 
is typical. A.-I is a subarea of .1 within the requirements of the gen¬ 
eral definition of a double integral; i.e., as Ar and A0 approach zero 
simultaneously, the length of the longest segment that can be drawn 
in AA approaches zero. 


FIG. 243. 
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The area of AA is in the same proportion to C, the area of the complete 
circular ring, as Ad is to Stt. Notice that 


A^l 

C 


Slir 


C = 7r(r + ArY — irr 

Ad 


AA = — [7r(r + A7*)2 — 
= r Ar A0 + i Ar^ Ad 

X 


r Ar Ad is the principal part of A^l and is denoted by 

dA = r dr dd 


(1) may now be written as 



yd)r dr dd 


and by steps analogous to those in rectangular coordinates an integration 
with respect to r between the limits n and r 2 , d being held constant, 
represents the limit of a summation along a sectorlike strip, e.g.. the 
strip GIIJK in Fig. 243. Next an integration with respect to d between 
the limits a and /3 sums the contribution of every strip to the required 

integral. In symbols, 




r dr dd 


0 rri=/i(0) 


a. 


f{r,d)r dr dd 


ri=/i(0) 


0 being held constant during the integration with respect to r. 

Equation (2) is called a double integral in polar coordinates. 

Example Find the mass of the circle r = 2a cos 6 if the density at 

any point varies as the product of its 


TT 


in 


distances from the 0- and --lines. 

Solution. The figure is shown 
Fig. 244. The density factor is 

5 = kr' sin d cos 0 
and half of the mass m is 


rx/a riacosO 

T:=k / {r-s\udcos0){rdrd0) 

2 Jo Jo 


=‘ n. 


x/« ria cos 0 


r^ sin 0 cos 0 dr dd 



FIG. 244 
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The first integration yields 


m r-*”!*** ® 

-^r = k I -7 sin 6 cos 6 d$ 

2 Jo 4jo 

s= —r— / COS® 6 sin 6 d$ 

4 Jo 


Completing the integration gives 



mass units 


EXERCISE 105 

1. In each of the following, sketch the area bounded by the given curves, and compute 
its area, using a double integral in rectangular coordinates. Consider whether dy dx or 
dx dy gives the better order of integration. 

(a) y^ = ix,y = 2x. 

(b) + ?/2 = 2o, r 4- y = 5 (smaller segment). 

(c) y = 3 ^, y = 0, X = i. 

(d) = 4 — X, I 4- 2y — 4 = 0. 

(e) = 8x — X = 0, y = 4. 

(/) x2 = 2 — y, y = I, 

(g) y2 = 1 + X, X + y — 1 = 0. 

(A) y = 1 — x^ y = 1, X = 1. 

(0 y* = 4x, X® -h y^ = 5 (smaller area). 

(;) y - 3^,y = % - 3 ?. 

{k) y = 2x, 2y = x^, 

2. In each of the following, sketch the area bounded by the given curves, and compute 
the area, using a double integral in polar coordinates: 

(o) r = a,$ = 0,9 = 

(6) r = a sec 0,0 = 0,0 = tan”* \/3. 

(c) r sin 0 = a, 9 = 0 = —• 

(d) r = 2a sin 0 , 0 = 7 (smaller segment). 

4 

(e) r = a(l + cos 0), 0 = ^ 

(/) The area inside r ~ 2a cos 0 and to the left of r = a sec 0. 

( 0 ) r = -—;-and its latus rectum. 

1 + cos 0 

(A) r = 4 tan 0 sec 0, 0 = tan”* 2. 

(i) r = a sin 20. 

4 

(j) The area inside r *= 4(1 + cos 0) and outside r = —;-- 

^ 1 + cos 0 

(k) T = cot 0 CSC 0, r = sec 0. 

3. Find the mass of the triangular plate bounded by x = 0, y = 0, and x + y =® 4 
if the density at any point is proportional (a) to its distance from the x-axis; (6) to its 
distance from the y-axis; (c) to the product of its distances from the axes. 
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4. Find the mass of a plate having the shape of the area bounded by y* = 4 — x, 
X 4 , y = 2 if its density at any point is proportional to the sum of its distances from the 
X- and y-axes. 

6 . Find the mass of a circular plate of radius o if the density at any point is proportional 
to the square of its distance from the center. Use rectangular coordinates. 

6 . Solve Prob. 5, using polar coordinates. 

7. Find the mass of a circular plate, using the equation r = 2a sin 6 if the density at any 
point is proportional (a) to its distance from the O-Une; (fc) to its distance from the — -line; 
(c) to the sum of its distances from the lines in (a) and (6). 


188, Volumes by double integration. Thus far we have used double 
integrals to find plane areas and masses involving plane areas. These 
applications were chosen chiefly „ 


R 


ij]- 


"AX.- 


to obtain practice in determining i 

the limits. A double integral may -- 

be interpreted geometrically as a I A ^ I \ 

solid whose base is a plane area / ]rr^ | ] 1 

in one of the coordinate planes» j 

whose lateral surface is a cylinder 

having the boundary of the base 'I'll 1 

as directrix and elements perpen- |l 1 i | .;:*i 

dicular to the base, and whose I i i i I 

remaining boundary is a surface Ij ]_ 1 ' ^ _ J_►x 

cutting all the elements. /q 1 

Let a solid be bounded by the / - ~\^y-~ ^''1 

area A enclosed by F{x,y) = 0 in /--— 

the AT-plane, the cylinder with ^ V j^/ 

elements parallel to the z-axis and y = Q 

standing on the above curve as piQ 245. 

directrix, and capped by the sur¬ 
face z - f{x,y). Such a solid is shown in Fig. 245. 

Pass planes perpendicular to the a:-axis at intervals of wi<lth Ax and 
planes perpendicular to the ?/-axis at intervals of width A,y. this 
divides the given volume into columnnr elements, or simply columns. 
The volume of a typical column is approximately 

where denotes the ^-coordinate of any point 

rectangle Axi Ay,. The reciuired volume 1 is the limit of the sum of tlu 
volumes of the eolunms as Ax and Ay tend toward zero, and this limit 
by definition is expressed by a double integral, i.e.. 


F(x,y) = 0 
FIG. 245. 


(1) 


// 
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Equation (1) should be regarded as a typical equation which must 
be adapted to the requirements of particular problems. The base area 

may lie in any of the coordinate 
planes; one order of integration 
may be better than another; etc. 
The limits of integration to cover 
the base are chosen in the same 
way as those for the plane areas 
found in the problems of Exercise 
105. 

Example. Find the volume in 
the first octant bounded by the co¬ 
ordinate planes, the plane 

a: + 2 / + 2 = 2, 

and the cylinder y- = \ — z. 

Solution. A sketch of the solid 
is shown in Fig. 246. Its base lies 
in the FZ-plane. x denotes the altitude of a columnar element whose 
base is the rectangle dy dz in the FZ-plane. To perform the integration 
X must be expressed in terms of y and 2 ; from the equation of the plane 

X = 2 — y — z 


Z 



FIG. 246. 


Setting up the integral in the order dy dzy 
(2) V = ^ " {2 - y - z) dydz 

Setting up the integral in the other order dz rfy, 

(2 - 2 / - 2 ) dz dy 

The student should evaluate both (2) and (3) to check the answer: 
T' = 49 60 cubic units. 

As another illustration let us modify Example 1 by finding the mass 
of the solid if the densil\' at any point varies as its distance from tiie 
A'}'-plane. Since the element shown in Fig. 246 is parallel to the 
A'l'-plane, the clement is homogeneous and the density factor is 5 = kz. 
Modifying e(|uation (3) to represent the mass 7?i, 

(4) m = k z{2 - y - z) dzdy 

The value of m is left as a problem. 
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Question 1. Can you write an integral for the same mass by modifying 
equation (2)? 

Question 2. Can you write an integral for the mass of the solid if the 
density at any point varies as its distance from the XZ-plane? 

Question 3. Can you write an integral for the mass of the solid if its 
density at any point varies as its distance from the KZ-plane? 

EXERCISE 106 

Find the volume of the solid in the first octant* bounded by the given surfaces in 
Probs. 1 to 13. Sketch each solid. 

I. = 4x, 2 = 1 - 2. y* = 4af, X = 4. 2 = X + y. 

3^ ^ = 9, y = I + z. 4. y* = 4x, y = 2, 2 = xy. 

6 . y* = 42. y = 22, X + y + 2 = 3. 6. z = 4 — xy, y = x, x = 2. 

7. The cylinder y* — x — z = 0 and x + y = 2. 

8. X + y = a. 

9. Inside the cylinder z* = 4y and cut off by the plane x + 2y + 2 = 4. 

10. Outside the cylinder z* = 4y and cut off by the plane x + 2y + z = 4. 

II. y = xz and x^ + z* = 100. 12. z = xy. x* = 9y. y = x. 

13. x^ — y — z = 0, y+z = 1- 

14. Find the volume of the solid in the first octant (containing the origin) and bounded 

by the surfaces y* -h x + * = 4 and x 4- y = 1. 

15. Find the volume of the other solid in the first octant bounded by the surfaces in 

16. Find the mass of the solid in Prob. 1 if the density at any point vanes as its distance 

from the A'Z-plane. •. i- . 

17. Find the mass of the solid in Prob. 1 if the density at any point varies as its distance 

from the FZ-plane. 

18. Find the mass of the solid in Proh. i if tlic .lensity at any pomt vanes as the square 

of its distance from the A'Z-plane. •. i- . 

19. Find the mass of the solid in Prob. 4 if the density at any point vanes as Us d.stam e 

from the I'Z-plane. , 

20. Find the mass of the solid in Proh. 11 if the density at any pent varies inversely 

as its distance from the A'}’-plane. . 

21. Find the mass of the solid in Proh. li if the density at any point varies as the 
product of its distances from the XZ~ and 1 Z-pIanes. 

189. Cylindrical coordinates. A .system of coor.limttes that i.s some¬ 
times very helpful consists of a eombiiiatioii of reetanf;ular and polar 
coordinates. In Fij?. ‘2-17(o) the point P{x,y.z) may (dso he Kv 

retaining its z-coordinate anil using polar coordinates r and instead 
of I and y in the x;/-plane. The coordinates r. 6. and 2 constitute the 

Passage from rectangular coordinates to eyhndrical is made, m general, 
by retaining 2 unchanged and replacing x and y by the.r polar equivalents 

(see Sec. 124), 

X = r cos d y ~ ^ ^ 

. The phr..e " in the 6r.t oete.a ■ le.pl.e. the u.e ..1 eoordinale l-h.i.e. h-und.i.g surlec... 
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Suppose a volume under a surface z — /(r,0) stands on an area in the 
ATF-pIane whose boundaries are given in polar coordinates r, $, We 
seek the volume F, using cylindrical coordinates. 


Z 



FIG. 247. 


Such a solid is shown in Fig. 247(6), together with an element of 
volume, dV. It is a column whose altitude is z and whose base is the 

polar element of area, r dr dd. Then 


Z 



Y 


FIG. 248. 


(2) dV = zr dr dd 

and f$ frt 

F = / J zr dr do 

where z = /(r,0) and the limits are 
chosen to cover the whole area. 
Compare equation (2) in Sec. 187. 

Example 1. Find the equations 
in cylindrical coordinates of (a) the 
plane x 4- y + z = 1; (6) the cone 


x2 + y2 



Solution. In the equations in (a) 


and (6) leave z, and substitute for 


X and y their values from (1), 


(а) r cos 6 r sin 6 -\r z — 1 

(б) r^Ccos* 6 + sin^ 0) = /^ = z* 


Example 2. Find the volume of the sphere x* + y* 4- z^ — a*, 
Using cylindrical coordinates. 

Solution. One-eighth of the sphere is shown in Fig. 248. From the 
equation of the sphere, using equations (1), 
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dV = w a? ^ 7^ r dr dB 

The limits of integration must be chosen to cover the first quadrant 
of the circle; hence, 

» /:7: y/a^ — r dr dB 

fw/t 1 “|a 

= 8 / - ^ 

/*»/* rt* 4 

-= 8 I _ * - ira* cubic units 

7o 3 d 


EXERCISE 107 

Solve the problems in this exercise, using double integrals in cylindrical coordinates. 

1. Find the volume inside the cylinder x* + !/* - 1 and also inside the sphere 

l^rrlnd the volume in the first ocUnt bounded by the planes a =*+!/, x = y, 

* “s"; Find the volume of the eylinder + y* - 4x = 0 between the planes . = a 

*”'*l7ind the volume in the first octant bounded by the surfaces 1 = = 1 - 2 . i = y. 

B Find the volume in the first octant bounded by z = + y. x = ^ “ *_ 

I Find the volume in the first octant bounded by the surfaces ^ + y» = a* and 

' “ 7. Fi!d the volume in the first octant bounded by the surfaces *» + y’ = oz. z: = y. 

^ I' Find the volume in the first octant bounded by the surfaces rf + y> + z’ = o’. 

** YF^mrthe volume in the first octant bounded by the surfaces rf + y* = oz. rf + y= 

^ Find the volume in the first ocUnt bounded by tbe surfaces + y^ = z«. rf + y* 

“ ir Find the volume in the first ocUnt inside rf + y= + z> = «* sUnding on half a 

tTJZ volume inside the cylinder rf + y* = 4 and between the sheets of the 

‘■Tf Find fh^volume U Z L octant bounded by the surfaces rf + y= - z- = a- 


iL Find the mass of the solid described in 

as its distance from the FZ-plane. 

16. Find the mass of the solid described in 

as its distance from the z-axis. • 

16. Find the mass of the solid described in 

as its distance from the XZ-plane. 

17. Find the mass of the solid described in 

as the square of its disUnce from the z-axis. 


Prob. 2 if the density at any point varies 
Prob. 3 if the density at any point vanes 
Prob. 5 if the density at any point varies 
Prob. U if the density at any point varies 



386 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 190 


18. Find the mass of the solid described in Prob. 13 if the density at any point varies 
inversely as the square of its distance from the z-axis. 

19. Find the mass of the solid in the 6rst octant bounded by z = xyy y = Vsir, and 
X ~ i if the density at any point varies as its distance from the FZ-plane. 

20. Find the mass of the solid in the first octant bounded by z = xy, x = y, and y = 4, 
if the density at any point varies as its distance from the XZ-plane. 


190, Inverting the order of integration. It has been pointed out 
several times that in setting up a double integral in rectangular co¬ 
ordinates one should consider the possible orders of integration and 
choose the simpler. If one encounters a double integral which is dif¬ 
ficult or impossible to integrate as given, one may analyze the limits 
to find the area over which the summation of the elements takes place 
and then set the integral up in the other order. This operation is 
called inverting the order of integration. The new integral may be pref¬ 
erable to the original, although, of course, this is not guaranteed. 


Example. Evaluate 



yy/\ — dx dy. 


Solution. We cannot perform the inner integration. Knowing that 
the inner limits of integration are associated with the variable in the 

inner differential, it follows that x — y/9. and 
X = 1 are the boundaries of the field of in¬ 
tegration. These lines are marked in Fig. 
249. The outer limits, associated with y, 
show that y varies from the x-axis {y = 0 ) 
to the apex of the triangle in Fig. 249, 
where ?/ = 2 . 

The integrand remains unchanged. By 
studying the figure we discover that the limits 
which cover the field of integration in the 
order dy dx lead to the double integral 



FIG. 249. 



yy/\ — X® dy dx 


The student may carry out this integration and find that the value 
of the given integral is ^ 9 . 

191. Double integrals evaluated by changing to a different system 
of coordinates. If it does not seem feasible to evaluate a double integral 
in rectangular coordinates, it may be expedient to set up the integral 
in polar or cylindrical coordinates. 


Example. 



\/x^ + dy dx. 


Solution. 


By studying the limits of integration as in the preceding 
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section, we find the field of integration to be the first quadrant of a circle 
of radius a as shown in Fig. 250. 

Obviously inversion of order offers no 
advantages. 

Let us try to cover the field of integra¬ 
tion using polar coordinates. We express 
the integrand in terms of r and $ by 
means of the equations x — r cos 
y = r sin 6; hence, 

x~ y- = r- 





Also, we replace the rectangular ele¬ 
ment of area dy dx by the polar element 
of area r dr dO. 

Also, the limits of integration are chosen to cover the field of integra¬ 
tion in polar coordinates. Hence, 



Vx^ + y^ dy dx 



(r)(r dr d6) 


a* Tra 


EXERCISE 108 


Evaluate integrals 1 to 4 by inverting the order of integration. 



« /■« f* liydydx 

jo js. i iv'ioo - y3 

, r[\ dy 

Jo X y 

4. [ / - 0 sin z* dx dy. 
Jo V 


Evaluate integrals 5 to 8. using polar coordinates. 


5. 

r^fl 

1 \ ■* / \ 4-05 (x 2 ~j- y^) dy dx. 

/O Jo 

6. 


* '"e^'-^v^dydx. 

7. 

_ I V V 

jo jo ^ + S'* 

8. 


X^ dx dy 

Solve Probs. 9 to 16 by any suitable method. 



9. 

( f e*'* dy dx. 

Jo Jix 

10. 

/:/: 

t-'* dx dy. 
y 

11. 

fl f^x^dxdy 
jo ]v + y^ 

12. 

n: 


13. 

f* f\ lO — x‘f dy dx 

jo jo + y^) > 

14. 


dx dy 

i (4 + 

16. 

fi fi dydx 

jo X (84 — 

16. 

n: 

y dy dx 

V V + y^ 
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192. Triple integrals. Broadly speaking, triple integrals bear the 
same relation to volumes that double integrals bear to areas. Let a 
function f{x,y,z) be continuous throughout a volume V and on its 
bounding surface as shown in Fig. 251. Let V be subdivided into 
elements of volume AF in a systematic manner such that as AF ap¬ 
proaches zero the length of the longest line segment that can be drawn 
in AF also approaches zero. Let AF* be a typical element, and let 
{x,y^z)i be a point of AF,; then 


lim y /(x.2/,3), AFi = j j jf(x,y,z)dV 


n—*00 

AV.—0 


defines the triple integral of /(ar,t/, 2 ) extended throughout the volume F. 



We shall consider two systems of dividing up a volume by a system 
of coordinates so that a triple integral in that system can be evaluated 
by iterated integration in a manner similar to that employed for 
double integrals, viz., rectangular coordinates in three dimensions, 
and cylindrical coordinates. Each method will be explained by an 
example. 

Example 1. Find by triple integration the volume bounded by 
2 = a; 4- t/, = a:, x = 2, 1 / = 0, and 2 = 0. 

Solution. The solid is sketched in Fig. 252. Three sets of parallel 
planes, one set perpendicular to the x-axis at intervals of length Ax, 
and similar sets perpendicular to the y- and 2 -axes at intervals of Ay 
and Az, respectively, will cut the solid up into cells which are rectangular 
parallelepipeds of which the dimensions are Ax, Ay, and Az. The volume 
of a typical cell, like the one marked in the figure, is denoted by 

A F = Az Ay Ax 
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In the usual way as the several increments approach zero they are 
replaced by their differentials, i.e., 

dV — dz dy dx 

In the summation of the elements we may suppose that the cells in 
a typical column are added first; this is performed by an integration 
with respect to 2 between the value of 2 at the base of the column (m 
this example, z = 0) and the value of 2 at the top of the column (in 
this example, z = a: + y). Then we must sum the columns over the 
base; this operation is performed by a double integration like those 
considered earlier in this chapter. The result is 

J dz dy dx. 


After the first integration. 


after the second, 


and, finally. 


n 

/:(• 


(x -h y) dydx 


_ + 1 = 3-26 cubic units 


Of course, the order of integration may be varied to suit the problem; 
however, when the integral is finally arranged, it is understood that the 
limits of the inner integral sign are associated 
with the inner differential, the limits of the mid¬ 
dle integral sign are associated with the middle 
differential, and the limits of the outer integral 
sign are associated with the outer differential. 

Example 2. Find by triple integration the 
mass of the portion of the paraboloid of revo¬ 
lution + y' = 4 - 2 standing above the 
plane 2 - 0 if the density at any point vanes 
as the square of its distance from the origin. 

Solution. One-fourth of the soli<l is shown 
in Fig. 253. We may set up columns for cy¬ 
lindrical coordinates as in Sec. 189. There¬ 
after a series of planes perpemlicular to the z- 
axis at intervals Az will cut the columns 
into six-faced cells. Hence the element of 
volume, i.e., the volume of one of the s.x-face<l cells, is 

dV = irdrde) dz 
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This is usually integrated in the order indicated by 

dV = r dzdr d9 


Returning to the problem of finding the mass of the solid, any cel l 
is a homogeneous element, and its distance from the origin is Vr* + 2*; 
hence, 5 = k{r^ + z^). The required mass is given by 


Then 


fx/i rt /* 4 -r* 

— = j I I 1c{t^ + z^) (r dz dr dO) 
^ Jo Jo jo 


m 




+ |(4 


- 


dr do 


V/2 


= 64^1: I dd — mass units 

0 


EXERCISE 109 


Evaluate the integrals in Probs. 1 to 4. 


1 . 


2 . 


3. 


/. 7 ;-£ 


X dz dy dx. 


xy dxdz dy. 
/4 fa fr coa 0 


ir i:i: 

fw/^ fin fr$\aiO ^ • 

4. / / / sin 25 dz dr dd. 


T sec^ 6 dz dr dJB. 
0 to 


6. Set up a triple integral in rectangular coordinates for the volume of a sphere of 
radius a. 

6. The same as Prob. 5, using cylindrical coordinates. 

7. Find the mass of a cube of edge a if the density at any point varies as the sum of 
its distances from three faces which meet at a vertex. 

8. Find the mass of the solid in the first octant bounded by = ar + y, “ 4x, 
and z = 1 if the density at any point varies as the product of its distances from the co¬ 


ordinate planes. 

9. Find the mass of a sphere of radius o if the density at any point varies as the 
square of its distance from the center. (Use cylindrical coordinates.) 

10. Find the mass of the tetrahedron bounded by the coordinate planes and the plane 


-4-^-}.? = lif the density at any point varies as the product of its distances from the 
a b c 

three coordinate planes. 

11. Find the mass of the solid bounded by z* = r, ** = y, x = 1, y = 0, z = 0 if the 
density at any point varies as the product of its distances from the three coordinate planes. 

12. Find the mass of the cylinder in the first octant whose base is the circle 
r = 2a cos 0 in the plane z = 0, whose elements are parallel to the z-axis, and whose top 
lies in the surface z = xy if the density at any point varies as the square of its distance 
from the plane z = 0. 

13. Find the mass of the cylinder in the first octant whose base is the circle 



Sec. 192] 


MULTIPLE INTEGRALS 


391 


r a sin 6 in the plane z — 0, whose elements are parallel to the z-axis, and whose top lies 
in the plane z = y if the density at any point varies as the square of its distance from the 
origin. 

14. Find the mass of the solid in the first octant under the surface z* = 4 — 2x — y 

if the density at any point varies as the product of its distances from the three coordinate 
planes. 

15. Find the mass of the solid in the first octant inside the cylinder = ax and 

under the sphere if the density at any point varies as the distance from 

the ^I'-plane. (Use cylindrical coordinates.) 

16. Find the mass of the solid in the first octant bounded by the surfaces + y*. 

X = y. X = 2 if the density at any point varies inversely as the square of its distance 
from the origin. (Use cylindrical coordinates.) 



Chapter 28 


CENTROID. MOMENT OF INERTIA 


193. First moment; centroid. If a mass m which may be regarded 
as concentrated at a point is at a distance R from a point, line, or plane 
of reference, the first moment, M, of the mass with respect to the object 
of reference is given by 

M — mR 


It is also called the moment of first order, or simply moment. R is 
called the moment arm of the mass. 

In a qualitative way it is familiar that if two equal masses are con¬ 
nected by a rod, whose weight may be ignored, the whole system may 
be balanced over a knife-edge placed at the mid-point of the rod. If 
the masses are unequal, the knife-edge must be placed nearer the larger 
mass to preserve the balance. It has been found by experiment that 
the knife-edge must be placed so that the product of one mass times its 
distance from the knife-edge equals the product of the other mass times 

its distance. That is, the moments 
of the two masses with respect to 
the knife-edge must be numerically 
equal. 

In Fig. 254 we see masses of 20 lb. 
and 80 lb. joined by a weightless 

FIG. 254. units long. To find the 

point where the system balances, set 
up axes at any convenient point, say the mid-point of the rod, which 
serves as the x-axis. The coordinates of the 80-lb. mass are (5,0) and 
of the 20-lb. mass ( — 5,0). Let x denote the (unknown) distance from 
the origin to the point of balance. By the principle stated above. 




20(x - (-5)1 = 80(5 - x) 


(80)(5) -b (2Q)(-5) 
80 -H 20 


= 3 units 
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X = 3 locates the knife-edge 2 units from the 80-lb. mass, and 8 
units from the 20-lb. mass. By inspection the moment 2 times 80 
equals the moment 8 times 20, 

Generalizing the above procedure for a system of n masses, mi, 
Tm, . . . , mn located at points (xi,0), (x 2 , 0 ), ...» (x„,0). 


Ximi + X2irvi 4- • • • + Xnrrin 

mi 4- m^ 4- • • • 4- mn 


For the system described above, the point (x,0) is called the centroid 
of the system. If the masses are not distributed along a single axis but 
are spread over a plane or throughout a three-dimensional space, the 
centroid of the system will have two or three coordinates, say (x,y) or 
(i,y, 2 ), such that 

n 

^ yx'rrii 
1*1 


I 

The numerators give the total moments of the system, while the 
denominators give the total mass m. If the equations are cleared of 
fractions, we have 'trix = total moment about the K^-plane, etc. The 
centroid may therefore be described as the point at which the mass 
should be concentrated to give moments equal to those of the system. 
It may easily be shown that the location of the centroid in the system 
is independent of the positions of the coordinate planes. 

The centroid is sometimes called the center of gravity and sometimes 

the center of mass, ^ v -.u 

The next more general step is to suppose that, instead of dealing with 

a system of distinct masses, we have a continuous distribution of matter 

such as a wire (one dimension), a plate (two dimensions), or a solid 

(three dimensions). Such objects may be broken up into elements of 

mass of any of the types studied— disks, shells, columns, etc. In any 

particular case the element must be chosen so that the coordinates of 

its own centroid may be written down by inspection. These coordinates 

become the moment arms of the element. Equations (1) now take the 

form 




n 


Z 

i=\ 


xitrii 


n 


y mi 
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where the subscript m indicates that the integrals are to be taken to 
cover the whole mass. 

It is very important to emphasize that the x, y, and z in the numerators 
of equations (2) are the coordinates of the centroid of the element, or 
the moment arms of the element with respect to an axis or plane of 
reference. The pattern of the integrals may be written 



(moment arm of the element of mass) (element of mass) 


m 


f (element of mass) 


Y 



J m 

with similar formulas for y and 5. 

Example 1. Find the centroid of a homo¬ 
geneous plate in the first quadrant bounded 
by = 4ax and a: — a. 

Solution. The plate is shown in Fig. 
255(a). P{Xyy) is a general point in the 
curve, and a vertical rectangular strip of 
width dx inscribed at P is a suitable ele¬ 
ment of area, or mass; dm — 8y dx. By in¬ 
spection the centroid of the element is at 
the geometrical center of the strip, i.e., at 
(ar,///2). Applying (2), 


a 


S (x)(^\'^ax) dx 


X - 


0 


S I dx 

0 


<2 


d^'>/axdx ^\/a5j x^^ dx 
d (^/2)(2\/^) dx Qa 5 f X dx 


3 

5 « 


y = 


8 2\/^ dx 


2 '\/a 8 I x^^ dx 


3 

4® 


The centroid is denoted by C(3a/5,3a/4). 


0 
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This example may also be done by double integration. Using an 
element of area dy dx, dm = 5 d?/ dx, and its centroid is at P(x,j/) [Fig. 
255(6)]. Note that now (x,i/) are the coordinates of a general point 
of the plate, not of a point of the bounding 
curve; tlie equation y = 2%/^ is to be used 
in the inner limits of the integrals only. We 
have 


X = 



«vor 


6 X dy dx 


2/ = 



2 Vox 


5 dy dx 


3 

= 5“ 


2Vax 


8 y dydx 



CX 


8 dy dx 


3 

5“ 



*-X 


Example 2. Find the centroid of the solid generated by revolving 

the area in Example 1 about the x-axis. 

Sohdion. Using Fig. 256(a). by rotation the vertical strip generates 
a circular disk whose centroid is at its geometrical center. Accordingly 
Ave may denote the centroid of the disk by (x,0,0). Ihc setup for x is 

47ra 8 f x^ dx 

Jo ^ ^ 

/’« 3 

47ra SI X dx 

Jo 



Z 



(a) Single integration. Take 
angular slice perpendicular to 


By inspection the centroid of the 
soli<l must lie on its axis of .symmetry 
which is the.r-axis; i.e., the centroid is 
r(2a 3,0,0). We take a<lvantage of 
symiiH'try whenever possible. If avc 
tried to find y and z by formulas, the 
results would be zero because the 
moment-arm factors in the numera¬ 
tors would be zero. 

Example 3. Find the centroid of 
the homogeneous .solid in the first 
octant bounded by the cylinder 
= 4 — ?/ and the plane x = 2 . 
Solufhn. We shall show three 
methods of solving this problem, 
as element of volume or mass a tri- 
Ihe y-uxls [Fig. 256(a)l. The point 
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P{x,y,z) is a general point in the intersection of the plane and cyl 
inder. 

dm = h-xzdy 
% 

We assume as known that the centroid of a triangle is at the inter¬ 
section of its medians. In terms of P{xyy,z) the centroid of the ele¬ 
ment is (% 2 ). Hence, 


J1 


(4 - y)^dy 


S (2x/3) }4xzdy dy dj 

j h^ixzdy j ^^dy M (4 — ?/) dy 


5 3^ X2 dy 


16 

15 


.4 


dy^xzdy }4^J y(4i ~ y) dy ^ 
b}4xzdy ” 2 /) dy 


z = 


i: 


5 (2/3)M ^zdy " 2/)^ dy ^ 

7 * "" "" 15 

B^ixzdy M ^ / (4 “ 2/) dy 


(6) Double integration. Take as element of volume or mass a column 
perpendicular to the .STT-plane [Fig. 256(6)]. Now P(x,y, 2 ) is a general 


Z 



Y 

FIG. 256(b). 


point in the bounding plane, dm = hzdy dx, and the centroid of the 
element is (x,y, 2 / 2 ). Hence, 
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* r4-x* 


0 Jo 


5 xz dy dx S 


ii: 


—X* 


6 z dy dx 


rr * 16 

15 


dy dx 


6 yz dy dx 6 


i r*-x* 



hzdydx 


ri r*-x> 

Jo jo ^ 

fof! 4 

n A-x^ 3 

X dy dx 


h-zdydx y^b 


f:r^ 


dy dx 


ar 


b zdy dx 


n 4-x* 

X dy dx 

' 


8 

15 


(c) Triple integration. Take as element of volume or mass a cell 
[Fig. 256(c)]. dm = bdz dy dx. Now the point P(x,y,z) is any point 


in the volume. The centroid of this 
element is at (x, 2 /, 2 ). Hence, 

'« r*-x* Cx 

b X dzdy dx 

Jo Jo Jo 
X 


'« r*—x* rz 

I b dzdy dx 
I Jo 


16 

15 


. LTL 

y ~ /•« /*4-z» 


/:/:7. 


■< /•4-r* r* 


b dz dy dx 


b z dz dy dx 


4 

3 


2 = 


0 Jo 


0 


■< rA-x- rx 


b dz dy dx 


8 

15 



FIG. 256(c). 


0^0 JO 

This method requires no knowledge of the location within tlie element 
of its centroid. 

Example 4. Find the centroid of a homogeneous wire in the shape 

of a quadrant of a circle with radius a. 

Solution, The arc of the wire is shown in Fig. 257. ds, an element of 
arc. is a suitable element of mass. If an arc is suflicienlly short, its 
entire mass may he regarded as concentrated at a point in the curve 
which becomes the centroid of the element. Ix-t this point be denoted 
by {x,y) in rectangular coordinates or by (a cos 0, a sin 6) in polar co¬ 
ordinates. Using j)olar coordinates. 
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/* 


6 (a cos 0) a d6 5 


sin 6 

_ 0 


/2 


72 


5 a 


6a^ 



/2 



Tra 

T 


Za 

IT 





FIG. 258. 


By symmetry y = So/tt also. The centroid may be checked using 

rectangular coordinates; this is left as a problem. 

Note that the centroid C(2a/7r,2a/7r) is not a point in the arc, but 
it is the point where the entire mass of the arc would have to be con¬ 
centrated to possess the same moments with respect to the axes that 

the arc possesses. 

Example 5. Find the centroid of a heterogeneous mass in the first 
octant bounded by 2 /" = 4x, x - 1, and s = x if the density at any point 
varies as the product of its distances from the coordinate planes. 

Solution. The solid is sketched in Fig. 258. Here, in order to have 
an element that is homogeneous with this law of density, we must use 
a cell dV = dz dy dx; its centroid is C(x,y,z), any point in the cell. 



The integration 
left as a problem. 



{kxyz) dz dy dx 


{kxyz) dz dy dx 


5 

6 


is left as a problem; the calculation of y and 5 is also 


EXERCISE no 


Find the centroids of the following m.nsses, all of which are understood to be homogeneous 
wires, plates, or solids as the context indicates. Sketch each mass. Mark clearly the ele¬ 
ment which you use and the coordinates of its centroid. 

' 1. The triangular area bounded by y = 0, j = a, and ay = bx. 

2- A semicircular area bounded b.v x = 0 and x* y* = fl** 
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3. The area bountlod by ij- = ICx, x = 0, and i/ — 4. 

4. The area bet\Yccn y = sin x and y = 0 from x = 0 to x = ir. 

6. The area in the first quadrant bounded ^ “F “ '• 

6. The area boundecl by 2y = 8 — x’, x = 2, and y = 4. 

7. The area bouiuled l>y x^ = 4y and x — 2y = 0. 

8. Tlie area in the first quadrant between y = x and y = x^ 

9. The sraallcr segment bounded by x^ + y^ = 100 and x + y = 10. 

10. The area between xy = 4 and x + y — 5 = 0. 

11. The area in the first quadrant bounded by y — e' and the line x = 1. 

12. The area in the second quadrant between y = e* and llie x-axis. 

13. The area bounded by y = log x, y = 0, an<l x = e. 

14. The area of a seinicir<Ic using the parametric equations x = a cos 0. y = a sin $. 

15. The area between the x-axis and the arch of the cycloid x ~ a{6 — sin0), 
y = a(l — COS0) from 0 = 0 to 0 = 27r. 

16. The area in the first qua<lrant bounded by the four-cusped hypocycloid x - a cos* 0. 
y — a sin* 0. 

17. Fin<l the <cntroid of the solid generated by revolving the area tlcscribcd in Fig. 
2.')5 about OY. 

18. Find the centroid of the solid generated by revolving the area in Fig. 255 about the 

line X = . I 1 « . .u 

19. The area in the first quadrant bounded by y = e* and x = 1 is revolved about the 

line X = 1. Find the centroul of the so!i<l generated. 

20. Fiiul the centroid of a hemisphere (solid) of radius a. 

21. Find the centroid of a cone (solul) of revolution. 

22. The area boumled by x= = 2 - y and y = 0 is revolved about OY . Find the cen¬ 
troid of the solid generated. 

23. The area in the first quadrant bounded by y = cos x, y - 0, x - 0 is revolved 
about OX. Find the centroid of the solid generated. 


24. The area in the fir.st quadrant bounded by y = sin and lying to the left of the 

line X = 1 is revolve, 1 sl.out OY . Fin<l the .entroi.l of the soli,! genen,le,l. 

26. Tl>e area in the first <|ua.lrant between y = e- an,l the x-axis is revolve,I ahont OX 

Find the ecntrohl of the vohnne j-enerate,!. 

26. Tlie area hoinnle.l hy y = log x, J, = 0, an.l x = e is revolve,! ahont OX . 1 .n,l the 

centroid of the volume generated. 

27. The area dc.scrlbe<l in ITob. 2(! is revolved about the line x - e. hmd the (cntr. 
of the volume generati-d. 

28. Find the cenlroifl of the volume described in Fig. 2111. 

29. Verify the , entroi,l of the soli.l ,les. ril„.,l in Fig. nsing single inU-grahon. taking 

as an element a slice perpendieular to the x-a\is. . , i , ,i,^ 

30. Filal the eentroi,! of the tetrahe,lron in the first ctaiit honiale.l hy the phinc 

“ 31. Find the centroid of the volume in the first octant that is common to the cyhmlers 
— ;U)» //" 

32 Find the centroid of the volume described in lig. 2:h). • 

33 Find the centn>id of the solul in the fir., octant bounded by the eonoui whu h is 

generated l,v a s.raiglit line whi.h moves parallel to the l /-ph,i.e ..mil .onslaiilly 

meets both ibe circle x^ + y* = i/ " 
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34. Find the centroid of the volume in [the first octant bounded by the cylinders 
7/2 = 9 — z and x- — 9 ^ z. 

36. Find the centroid of the arc described in Fig. 257, using rectangular coordinates. 

36. (a) Find x for the arc described in the example. Sec. 179. (b) Find y for the same 

arc. 

37. Find x for the arc in the first quadrant of the four-cusped hypocycloid x = o cos^ 6, 

y = a sin^ 6. 

38. Using polar coordinates, find the centroid of the semicircular area in the first 
quadrant bounded by r = 2a cos 6. 

39. Find the centroid of the area bounded by tbe cardioid r = a(l + cos0). 

40. Find the centroid of the area in the first quadrant bounded by r = a sin 2fl. 

41. Find the centroid of the area bounded by r = 2o sin 0, r = 2a esc 6,6 = t/4i. 

42. Prob. 2, Exercise 106, find (a) y; (6) z. 

43. Prob. 4, Exercise 106, find (a) x; (b) y. 

44. Find the centroid of the eighth of the sphere shown in Fig. 248, using cylindrical 
coordinates. 

46. Find the centroid of tbe volume in Prob. 3, Exercise 107, using cylindrical co¬ 
ordinates. 

46. Find z for the volume in Prob. 5, Exercise 107, using cylindrical coordinates. 

Notice that the following problems involve heterogeneous masses. Give consideration 
as to the best system of coordinates to employ. 

47. Find the centroid of a semicircular plate if the density at any point varies as its 
distance from the bounding diameter. 

48. Find the centroid of a plate in the shape of a quadrant of a circle if the density at 
any point varies as its distance from the center of the circle. 

49. Find z for the mass described in Prob. 17, Exercise 106. 

60. Find (a) x, (b) z for the mass described in Prob. 14, Exercise 107. 

61. Find the centroid of a cube of edge 9 units if the density at any point varies as the 

sum of its distances from three faces which meet at a vertex. 

62. Find the centroid of a cube of edge a units if the density at any point varies as the 
product of its distances from three faces which meet at a vertex. 

63. Find z for the mass in Fig. 253. 

64. Find (a) x. (6) z for the mass described in Prob. 11. Exercise 109. 

66. Find (a) y, (6) 5 for the mass described in Prob. 13, Exercise 109. 


194. Moment of inertia. Suppose a mass m, considered as con¬ 
centrated at a point, is attached by a weightless rod of length R to 
a line U the rod being perpendicular to the line, and suppose the mass 
and rod rotate about the line as an axis. Then the motion of the system 
has kinetic energy. If the rod rotates through an angle 0, it has angular 

velocity — = w. If f is the linear velocity of the mass, its kinetic 

energy is Since the arc s through which m travels equals RB, 

= ^ = R— = Rco. Then the kinetic energy equals - mR^w^. The 
dt dt * 

expression mR-, which occurs here, is called the moment of inertia of m 
with respect to the axis. It is also called the second moment, or moment 
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of the second order^ and it is sometimes called rotational inertia. It is 
commonly denoted by 1. R is called the radius of gyration of m about 1. 

If there is a system of masses twi, ...» m„ concentrated at 
distances Ru • - • » respectively, from the axis, then the moment 
of inertia of the system is 

n 

7 = ^R\mi 

tal 


Next, as in the discussion of the centroid in Sec. 193, we consider a 
continuous distribution of matter as in a line, plate, or solid. Wc have 


ft ^ 

I = lim y R'i Ami = I R^ dm 

n—»oo Jm 


The definite integral may be single, double, or triple, as needed, just 
as in finding centroids, and the integration is extended over the mass 
involved. In words, the pattern of the integral is 


L 


dm =6 dx 


O 


(x.o) 

FIG. 259. 


(a,o) 


A similar expression is sometimes encountered in an application other 
than rotation, particularly in connection with an area. In such a case 
the name “moment of inertia” is ^ 
also used for it (but not rota¬ 
tional inertia”). 

Example 1. Find the moment — 

of inertia of a homogeneous rod 

of uniform cross section and a 
units long about an axis perpendicular to the rod at one end. 

Solution. The rod is shown in Fig. 259. From the stated properties 
of the rod an clement of length dx is a suitable element of mass; i.e., 

dm = hdx 5 = constant density factor 

By inspection tl.e mass of tl.e element .nay I.e taken as loeate.l at 
(x,0), any point in the element; i.e., 


R = 


( 1 ) 


7 = 5 / x-dx 
0 


X 

5a® 

3 


units* 


•The engineering uni, of nunnen, of iner.in is enlle.l ..,e ^.en.,on uf the 

unit is often omitte,!. espceinlly in formulas uliere m ni.|..ars, ns .n (i). 
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For reasons of convenience it is customary to transform an answer 
like (1) to the form I = To do this, calculate 



a 

m = I dm = j 8 dx = 5 a 

0 


Multiply the numerator of (1) by m and the denominator by 5a. Then 


( 2 ) 


I = 


5 a 


m 


a 


- • - =771 — 

S 5 a 3 


a 


Comparing m ^ with mR^y R"^ = aV3, or 7^ = a/V3. a/Vs is 

•A 

called the radius of gyration of the rod. This means that a mass equal 
to the mass of the rod concentrated at a point a /\/3 units distant from 
0 possesses the same moment of inertia as the given rod with respect 
to the axis mentioned. 

There is here some similarity to the location of the centroid by first 
moments. However, note carefully, first, that this concentration point 

is not the centroid; second, that, unlike the 
centroid, its location in the system depends 
on what axis the moment is taken about. 

Example 2. Find the moment of inertia 
of the homogeneous plate bounded by 
2/2 = 4ax, a: = a, 2 / - 0 with respect to tlie 
ar-axis. 

Solution. Denote the required moment 
of inertia by /*. (.\ suitable subscript on I 

is often used to show the axis of reference.) 
Let P{xyy) be a general point of the plate, as 
shown in Fig. 260, and take a rectangle of 
area dy dx as clement. Then the element 
of mass is dm = 8 dy dx, and the radius of gyration of the element is y. 
Hence, 

h = i f If8dydx = b 



P(x,y) 


0 (a,o) 

FIG. 260 



dx 


8 . n/i 

= -5a 


0 


X ax = — 8 a^ 

Id 


.\lso. 


m = 


so that 



i'’ ax 4 

8 dy dx = o 5 a2 


7 4 


m 4 ^ 

■‘ 5 ^ """ 

-5a- 




Sec. 194] 


CENTROID. MOMENT OF INERTIA 


403 


Example 3. Find the inoinent of inertia of a homogeneous circular 
plate of radius a about an axis perpendicular to the plate at its center. 

Solution. The plate is shown in Fig. 2C1. Denote by 7o the required 
moment of inertia. Clioose an annular element of radius r; since all 
points of the element are at the dis¬ 
tance r from the axis, the radius of 
gyration is r by insi)eetion. The ele¬ 
ment of mass is 

5 '•2Trr dr 

Jq = f r~{8 'iirr dr) = 2ir 8 f dr 


IT 8 

2 


units 


The mass of the plate \s m = 8 tto^; 
hence 


h = 


TT 


8 a 


m 


8 TTG- 


Q” 

= m- 





This example can also he solved by a double integral. In rectangular 
coordinates llie equation of the circle is x- y~ = a-. At any point of 
the plate, the element of mass is dm = 8dydx, and its radius 

of gyration is its distance from 0, 


(x,o,z) 



Vx- H- y-. Hence, 


h 

4 


tl 




{x- -{- if) 8 dy dx 


0 yo 


This leads lo the same result as be¬ 
fore, hut the integrals are easier in 
polar coordinates; thus: 


/o = 



r- 8 r dr d9 


This gives the same result again. 

Example 4. Find the moment of 
inertia with respect to the z-axis of 
the homogt'iieous solid hounded by 
^2 _|_ ^2 + 2 = 4 and the plane 

2 = 0 . 

Solution. The .soli<l is sl.own it. Fig. Since the boundary is 

a surface of revolution, \vc may us<- a cylindrical shell for element, 
dm = 5 2xr/i dr. The curve in the TZ-plane revolve.l to generate the 


FIG. 262(a). 
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surface is + z = 4; hence we have r ~ x, h = z. Since the shell is 
practically at a distance t ~ x from the z-axis about which the moment 
is taken, the radius of gyration of the element is x. Hence, 


L 

m 


ft fi 

5 2irxz dx^^wd - x^) dx 

0 Jo 



n /** 

8 ^TTXz dx = ix S I x(4 — X®) dx = Stt 5 
0 Jo 



This example may also be solved in an indirect way by use of the 
result of Example 3. If we choose a disk as element of the solid of 

revolution [Fig. 262(6)], we have 


Z 



Y 

FIG. 262(b). 


as element of mass dm - 5 Trr® dh, 
but this mass is not all at distance 
r from the axis. However, from 
Example 3 the moment of inertia 
of such a disk of radius r about an 
axis perpendicular to it at its center 
is so that the moment of 

inertia of the element is ^ * 8x7^ dh. 

In the coordinates of the problem 

this is :r 5 ttx^ dz. Hence 
2 



as before. 

This method is sometimes more convenient than the solution by shell 
elements (e.g., Exercise 111, Prob. 16). 

Note. The shell element used in the first solution of Example 4 xs 
the annular element of Example 3 multiplied by k. This enables us 
to extend the result of Example 3 to the moment of inertia / of a right- 
circular cylinder about its axis. For, in such a cylinder, h of the shell 
element is constant, so I = x 8 a^k/2 by steps like those of Example 3, 
but now 5 is mass per cubic unit instead of mass per square unit. 
Also, m ^ 8 xa^h, so I = ma^/^ just as for h in Example 3. 

Example 5. Given a heterogeneous plate in the shape of a quadrant 
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of the circle = a} whose density at any point varies as its distance 

from the origin. Write integrals for /o, /*, and ly. 

Solution. The plate is shown in Fig. 263. Choose as the element 
of area the polar element, 

dA = r dr dd Y 

Then, since 5 = 

dm = kr^ dr dO 

The student may verify the integrals 
= fc dr do 

= k J J ® 263. 

Calculation of these integrals is left as a problem. 

Example 6. Given the volume in the first octant bounded by the 
cylinder x^ ^ y and the plane x = 2, write integrals for /^, /„. 

and It. 

Solution. A general method for finding the moment of inertia of a 
solid is to use a triple integral. P(x,i/, 2 ) is any point within the solid 


Z 



Y 

FIG. 264 



(Fig. 264). The element of mass is dm = 
of P from the x-, and 2 -axes are, respee 
and Vx2 + y^. The trace of the surface x- 


5 dz dff dx. "Fhc 
lively, \ y -\- 2'> 
= ^ 22 in the 


distances 
\/x- -i- 2^, 
X }'-plane 
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is = y, which furnishes the upper limit for the integration with respect 
to y. Hence 

{y"^ H- 2 ^) dz dy dx 
{x^ + 2 ^) dz dy dx 
(x^ 4- 2/^) dz dy dx 

Calculation of these integrals is left as a problem. 



EXERCISE 111 

All of the masses described in this section are to be regarded as homogeneous, unless 
otheru'ise specified. In each case a sketch should be drawn, the element of mass clearly 
marked, and the radius of gyration expressly stated. For brevity the required moments 
of inertia are indicated by subscripts. Answers are given in the form I = mIO. 

1. Find the moment of inertia of a rod of length a about an axis perpendicular to the 
rod at its mid-point. 

2. A rectangular plate is bounded by x = 0, z = a, t/ = 0, and y ~ b', find 7y. 

3. A plate in the shape of a right triangle is bounded by x = 0, y = 0, and bx + ay 
* a6; find ly. 

4. A heterogeneous rod lies on the x-axis from (0,0) to (a,0); find 7o if the density at 
any point is proportional to its distance (a) from (0,0); (6) from (o,0). 

6. Referring to the plate described in Fig. 260, find ly. 

6. Find the moment of inertia with respect to the latus rectum of the plate mentioned 
in Prob. 5. 

7. Compute the integrals in Example 5 in the preceding section. 

8. Compute the integrals in Example 6 in the preceding section. E.\press results in 

terms of the mass. 

9. Find 7y for the circular plate bounded by r = 2o cos 9. 

10. A plate in the first quadrant is bounded by y = and x = 1; find 7,. 

11. Find ly for the plate in Prob. 10. 

12. A plate is in the shape of the area between y = sin x and y = 0 and extending from 
X = 0 to I = x/2; find 7,. 

13. Find 7o for the plate mentioned in Prob. 9. 

14. Find ly for the plate mentioned in Prob. 12. 

16. The area described in Prob. 10 is revolved about OY ; find ly for the solid generated. 

16. The area described in Prob. 12 is revolved about OX; find Ix for the solid generated. 

17. Given the sphere x^ + y* + 2^ = or; find ly. 

18. The segment of x^ — y* = a* bounded by x = 2a is revolved about OX; find Ix 
for the solid generated. 

19. A cone is generated by revolving about OX the triangle bounded by y — 0, x A, 
and rx — hy ~ 0; find 7*. 

20. Find 7o for the lemniscate (plate) r* = a* sin 2^. 

21. Find 7o for a plate bounded by r* = o* cos 9. 

22. Given a circular wire of radius a; find Iq. 

23. Find h for the wire in Prob. 22. 

24. Find 7q for the mass described in Fig. 244. 
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26. Find ly for the mass described in Fig. 244. 

26. Given a heterogeneous cube of edge a with three faces in the coordinate planes; 
find /a if the density at any point varies as the product of its distances from the coordinate 

planes. 

19S. Theorems concerning moments of inertia. 

Theorem 1: The sum of the moments of inertia of an area about two 
perpendicular lines in the plane of the area is equal to its moment of inertia 
about a line perpendicular to the two lines at their intersection. 

Take the area in the coordinate plane A'OF, the first two lines as 
OX and OK, and the third as OZ. Then 

lo ~ J + y^) dA = J dA + j dA = ly •¥ Ix 

Example 1. In Example 5, Sec. 194, the expressions given for /o, 
and may be used to illustrate this theorem. 

Theorem 2: If Ic denotes the moment of inertia of a mass m about 
an axis that passes through its centroid^ then the moment of inertia^ Ih, 
about an axis parallel to the first one and h units from it is given by 

Ic + h^^. 

Z 




FIG. 265. 


For proof take the centroidal 
other axis as the line x = hy z 


axis as the coonlinale axis O) and the 
= 0 (Fig. 205). Choose an element of 


mass dm at P(Xyy,z). Then 
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and 


Ic= + 2^) dm 


m 


(1) Ih - [{h — xy + 2^] dm = (k^ — 2kx + + z^) dm 


m 


m 


h} dm — 2h I X dm + / (x^ + z^) dm 

_ m J m J m 

Now / h- dm = /i-m, and / x dm = 0 because x dm is the first moment 
J m J m 

of dm about YOZ, and since YOZ is a plane through the centroid of m, 
the summation of all such moments over m is zero. 

If the mass is an area in the plane of the two axes named in the 
theorem, the same proof applies on setting z = 0. 

Example 2. Find the moment of inertia of a right-circular cylinder 
of radius R and altitude a about (a) a generatrix in the surface of the 
cylinder; (6) a diameter of the base; (c) a diameter of the central cross 
section; (d) a line tangent to a cross section one-fourth the way up the 
altitude. 

Solution, (a) We saw in the note on page 404 that I ol a circular 

cylinder about its axis is tti — • The axis is a line through the centroid, 

and a generatrix is parallel to it and R units distant; hence, by Theorem 

R} 3 

2, 7 about the generatrix is equal to m — -f mR^ — - mR^. 

!v 4 

(6) Place the cylinder on a system of coordinates with its axis on the 
2 -axis and its base in the JYF-plane, with OX as the required diameter 
of the base. As element consider a disk at height z from the base, 
dm = 6 tR} dz. By Example 3, Sec. 194, I, of the disk is equal to 

R^ 

dz. By symmetry 7 of the disk about each of two perpendicu- 


TT 


2 


lar diameters in the XZ- and FZ-planes are equal, and by Theorem 1 
the sum of these moments is equal to It. Hence 7 of the disk about a 

.It R* 

diameter in the .YZ-plane is = 8 tt — dz. This diameter is parallel to 

2 4 

ox and z units from it; hence, by Theorem 2, 7* of the disk is equal to 


R* 

8 TT — dz 8 ttR-z- dz 


and for the cylinder 


7, = 



= S ivir-a = m{^ + I 


0 
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since w = 5 TrB}a. Of course this result could also have been found 
directly by triple integration. 

(c) The centroid of the eylinder is at (0,0,a/2): hence by Theorem 2 
the moment of the cylinder about a diameter of the central cross section, 
using the result of {b), is 



(rf) The distance from the centroidal <liamcter in (c) to a t angent to 

the cross section one-fourth the way up the altitude is 
hence, by Theorem 2 and result (c), I about this tangent is 



EXERCISE 112 

1. Referring to Prob. 2, Exercise Hi, find by a theorem the moment of inertia of the 

plate with respect to the line x — a/2. • -.i . 

2. Referring to Prob. 3. Exercise 111, (a) find the moment of incrlm with respect to 

the line through the centroid of the triangle and parallel to 05 ; (b) find the moment o 

inertia with respect to the line x = a. , i i , • i / 

3 Referring to Prob. 5. Exercise 111, from answers alreaily obtained find /«. 

4. i:sins the answers to l>robs. 0 and 13 in Exercise 111, tin.l h hy means of a tlu-orem. 

Eiiul'theMmmenl of inertia of a sphere with respeet to a line tangent to the sphere 

'h’inrthen.o.nentoVinertia of a etll.e of edge a al.ont a line in a faec of the cube 

“'^“r’E:;;d : pS‘ n.;’:;.:nl’a .me throng,, the eenter 

" t ‘f^nd r „ and radios of ..ase «, respeet 

to a diameter of the l.ase. ^ 

aho^ :: its axis. ahont a ime throogh the 

vertex perpendicular to its axis. 

10. Find /. for the solal descrihe.1 it. J Exa.opio 

11. From Prob. 10 find the moment o imrti.i <> » 

Sec. 193, about a line parallel to 01' through the centron . 
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196. Infinite series; the nth term. An infinite series of constant 
terms consists of the sum of terms of the form 

CO 

Oi + 02 + as -f • ■ • -f- a„ + ■ ■ • , denoted by ^ a„ 

n»l 


such that each term of the series is determined by a definite law. The 
a’s may be either positive or negative numbers, but frequently we shall 
restrict them to positive numbers. The law which determines the terms 
of a series, sometimes called the formula for the nth term, may be given 
directly, but usually a few terms are given, and it is left to the reader to 
discover a law of formation. It is true that a few terms do not determine 
uniquely a law of formation and an nth term. In fact, theoretically there 
are an infinite number of formulas for an nth term that will give any 
definite number of assigned terms. In practical cases, however, some 
fairly simple law of formation is usually indicated by several successive 
terms, and we can write an nth term which follows this apparent law 
and which wdll check in the terms given. In what follows, when only 
a few terms of a series are giv'en, we shall understand that the rest of 
the series and the nth term are formed according to the obvious pattern. 

Example 1, Find an nth term of each of the following series, (a) and 

(a) 2 + 5 + 8 + n + ■ ■ • 


Solution. By inspection the denominators increase by 3 from one 
term to the next; hence 3n may be tried as the denominator of the nth 
term; this formula gives 3, 6, 9, 12, and so on, for the denominators, 

which are in each case too large by 1. Hence, ^—- is the desired 
formula for the 7ith term. 

For some purposes, omitting a finite number of terms at the beginning 
of a series is a convenience that does not affect certain properties of the 
series. This is illustrated by 
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(b) ^ + ® + l + l + + 

Solution. Omitting 3 + 2, the numerators 1 . 2, 3. 4. . . . may be 
denoted by n. The denominators increase faster and faster; perhaps 
is involved. By trial, 3 = 2 + 1 =, 6 = 2 + 2 =. 11 = 2 + 3=. 
jg — 2 _|_ 42 Evidently the nth denominator is 2 + 7 i=. The entire 

series may be expressed by 

n* 1 


Example 2. Write the first four terms of the series 




Z TT^* _ 

2 .4 • 6 • • • (- 


n = 1 


( 2 n) 


Solution. Selling n = 1 , 2, 3. 4 in lurn, we have 


22-4 2*4-6 


+ 


TT 


2 - 4 • 6 • 8 

For brevity it is possible to write the given denominator thus: 

2 . 4 - 6 - • • ( 2 n) = (2 • 1)(2 • 2)(2 ■ 3 ) ■ • • (2 • n) = 2 '*n ! 
The longer form however is equally convenient for many purposes 
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Write the first four terms of the following series: 




n = 1 
02 


1 


n * I 


1 

n = I 

cc 

3. £ (3n“ - 2). 

n—\ 

Y {2rO ! 

Zt 

n—l 

Write an nth term for each of the following senes; 
6. 1 + 3+ 5+ 7+ -- -- 


+ 5n 


U-l 


+ 1 


2-' 


7- i + 1 + 0 + i + HI + 


®' (i^ n ^ 10 ^ 21 ^ 

1 2 3 . •* 

^ ^ ^10 ^ Vl3 


+ 


+ 10 + 
3 + if + « + «i + ■ ■ 

13. 1 + ^‘,+ 3\ + 4!+ ■ ■ 
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A l^a.36 , 64 . 


• • 


15 ^ t ^ I 1 I 

2 * 4 ^ 2 - 4 - 6 ^ 2 - 4 - 6 - 8 ^ 


16 ^4- * ^ 

i + rr3“^i.3-5 


+ 


1 • 3 • 5 • 7 


+ 


17 l + llj+LlLJ. 1-3-5-7 

22'42*4*62'4-6-8 


• « • 


18. 


+ 


+ 


1 


+ 


1 • 2•3 2!•4 • 5 3!•8 • 7 4!•16- 9 


+ 


• » 


197. Convergence and divergence. In the preceding section we 
wrote as a standard form for any infinite series of constant terms 


CO 

fll + 02 + * * * + On + * * * = ^ 

n=l 


On = S, iS a constant, series ( 1 ) is said to be convergent; 

otherwise series ( 1 ) is divergent. S is called the sum of the series. For 
some purposes the exact value of 5, even if it exists, is relatively un¬ 
important; the important thing is to determine its existence or non¬ 
existence, i.e., to determine the convergence or divergence of the series. 
Accordingly we shall consider only a few cases where S may be de¬ 
termined directly and shall devote most of the chapter to methods 
of determining convergence or divergence irrespective of the value of S. 
Let us examine for convergence or divergence 




^ +1 + 5 + 5 + 


n 


• • 


Group the terms as follows: 


1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 4. 
^+2+3+4+5+6+7+8+ 


• » 


.1 


B 


In the group marked H hence, A > (34 + /4)> or A > }4. 

Continuing, H, M iire all greater than Vs ; hence, 

+ 8 + 8 + 5) ^^2 

The next similar group C would include + • • • + Me* ^^d it 5 
value also exceeds 34 - continually adding together groups exceeding 
\'2 in value, the sum of n terms increases without limit as n increases 
without limit. Hence, ( 2 ) is a divergent series. 

Grouping, or rearranging, the terms of an infinite series requires 
justification. It is a fact, although we shall omit the proof, that group- 
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ing in any manner the terms of an infinite series is permissible when all 
the terms are positive, but a special investigation is necessary if some 
terms are negative. 

Series (2) is called the harmonic series; the series and the fact that it 
diverges should be remembered. A harmonic progression is one that 
is composed of the reciprocals of numbers that are in arithmetical 
progression; i.e., it is of the form 

1 1 

.r .1 + ^ + 2D. A + {n - 1)D 

Extending the idea of a progression to that of an infinite series, we 
shall call any series a series of the harmonic type if it is of the form 


A ^ A D 


+ 


+ 


• ■ 


+ 


+ 


X+ 2D ' ■ .1 + (n - 1)D 

By proper grouping of terms all series of the harmonic type may be 
shown to be divergent. This fact may be remembered for later reference. 
An infinite series of the form 

(4) a + ar + ar^ + or’ + • • • + ar"-' + ■ ■ ■ a, r ^ 0 

is called a geometric series. 

Example, Test for convergence or divergence 




+ • • • + ^. + • • • 


Solution. This is a geometric series with r = Vz- By means of Fig. 
266 it is geometrically evident that the sum of segments 1, /2. Xi. 
approaehes 2 units of length as a limit. The algebraic formula for the 

sum of the lengths of n segments is ^ 

S„ = 2 - ' 


hence 


1 


S = liin S„ = 2 


1 11 /16 

2 4 8,1 


I 


0 


FIG. 266, 


and the iriven series is convergent. ... *11 

Returnim. to the geometric series defined by (4). it is shown in a gebra 

i,, u»”, ..r a.. .!.<■ .S. „t ,1... e,.l n .1 (4).. 


(5) 


= 


a — ar 


n 


1 - r 

.Mlowing n to increase without limit, the sum of the geometric .senes 

W - .. ,• « - - hml' " 

= It"' Y-—r ,1 .«\1 - 

r' 


S = liin N 


n—*oo 


n— 9 Xt 

a 


liin 

.n 


ar'' 
T- r 


-- n Urn _ 

1 — r « i ^ 
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For I r I < 1, lim - - = 0, since r" tends toward zero as n in- 

n—»« 1 ^ 

creases without limit. For | r | ^ 1 we shall show that lim Sn does 

not exist. First, if | r | > 1, | r" | increases without limit as n increases 
and then (5) shows that Sn also increases numerically without limit. 
Second, if r — 1, (4) becomes 

a + a + a + a+ ♦ • • 

A series whose Sn obviously increases without limit. Third, if r =* —1, 
(4) becomes 

(6) a — a + a — 

a series whose Sn oscillates between a and zero and approaches no 
constant limit S. 

Summing up these results, the geometric series converges when 
I r I < 1 and diverges when | r | ^ 1. 

AYe note that (6) illustrates a slightly different form of divergence 
from that of a series of all positive terms. In the latter S„ increases 
indefinitely wdth n and hence lim Sn does not exist. In (6), however, 

n—►CO 

Sn takes on a sequence of finite values without approaching any con¬ 
stant limit S. This sort of divergence is possible only in a series with 
part positive and part negative terras. 

Lastly, we note a necessary condition for convergence, viz,, the limit 
of the nth term is zero. In symbols, 

(7) lim a„ = 0 

n—+ 0 O 


n 

Let Sn denote ^ Cn, where a„ is the nth term of a series all of whose 

terms are positive. If the series converges, by definition of a limit, for 
n suflBciently large, S — Sn < € = a positive constant arbitrarily 

small. Also, jS„ < Sn+i < S; hence Sn+i — S„ = On+i < e. That is, 
lim a„+i = 0; or, changing the subscript, lim = 0. 

The condition expressed in (7) is also a necessary condition for con¬ 
vergence for series some of whose terms are negative. 

The condition expressed by (7), w’hile necessary, is not a sufficient 
condition for convergence. To see this, notice that for the harmonic 
series (2) 

lim - = 0 

n^cc Tl 

but the series diverges. 
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198. Integral test for convergence or divergence. One direct test 

for convergence or divergence is known as the integral test.* 

00 

The Integral Test. Given a series ^ a„ of constant terms all having 

n«X 

the same sign (say positive). Then a„ = /(«). which is defined for 

7 i = 1, 3. If f{x) is defined for all values of a: ^ 1 and if, 

after a definite value of x. /(x) never increases numerically, the given 

r 

series converges or diverges according as / 


, » 

The integral / /(x) dx, as specified above, is an improper integral 



(Case 1. Sec. 176). 

To understand the test let /(x) be represented by the curve in Fig. 
267. As indicated, ordinates are drawn at X = 1, 2, 3, . . . . By defini¬ 
tion /(I) = Oi. and the area of the rectangle inscribed on this ordinate 
and having unit base is Oi square units. Similarly, the rectangles with 
unit bases inscribed on the ordinates at x = 2, 3, . . . are numerically 
equal to the terms 02 , 03 , . • of 

the given series. Hence, numeri¬ 
cally, the sum of the areas of the 
rectangles equals the sura of the 

series. Beginning at x = l.theim- 

0 

/(x) dx repre¬ 




proper Integra 

sents the area between the curve 
y = /(x) and the x-axis. If this 
integral exists, then the sum of 
the areas of the rectangles which 
lie below the curve must also exist 

ami the scries being tested is convergent. Of course, the value of the in¬ 
tegral is not the sum of the scries, as the difference between the areas in- 

volved is obviously not zero. 

If JffM discussion based on Fig. 267 leaves 

the tester in doubt as to the convergence or divergence of a given series 
because of the magnitude of the areas ignored. However, a series of 
circumscribed rectangles, as in Fig. 208, may also be constructed which 
shows that, if the improper integral does not exist, the sum of the series 
cannot exist. ^I'he details are left as a problem. 

• This test is usually known as Cauchy’s integral test, but it is sometimes credited to 
Muclaurin. 
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Example 1. Test for convergence or divergence 

3 3 3. .3 


1 + 1 


+ 


1+4 

Y 


+ 


1 +9 


+ 


« • 


+ 


1 + n* 


+ 


• • 



Solution. Applying the integral test, 



3t 

4 


The integral is finite, and therefore the series converges. 
Example 2. Test for convergence or divergence 



Solution. This is an important series called the p-series, or hyper¬ 
harmonic series. Form the integral 


If p > 1, 






x'~p 
1 - p 


lim 


1 

(1 — p)x^~^ 



hence, the value of the integral is - -and the series converges. 

If p = 1, the integral above does not hold but by inspection the given 
series becomes the harmonic series and is known to be divergent. 

If p < 1, lim -is not finite and the series is divergent. 

2-^00 1 

The stated conclusions concerning the p-series should be remembered 
for future reference. 
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EXERCISE 114 


1, Write out the details of the integral test to show that a series is divergent in the 
case that the integral is not finite. 

2. Prove the divergence of scries (3), Sec. 197, by the integral test. 

Test the following series for convergence or divergence. If a series is recognized as 
belonging to a type already studied, identify the series by name or by an accurate de¬ 
scription. 




A 1 U. 1 ^ ^ -1- 


• • 


■ 4 


6. l + -^+4=+4f + 

V2 V3 V4 


7. 1 H-^ H-H- j= -!--••• 

2\/i 3v3 4V4 

1.2.3, 4 , 5 _L 

m “‘“H-4“^1 + 9"^1+16“^1 + 25"^ 

2^5^ 10 ^ 17 ^ 26 ^ 


11. - ! - + •:—+ 


+ 


4 + s‘^4 + 2-3^4+3-3^4 + 4- 3 


+ 


12. 1 + p + ^ + • • • ■ 

13 I 4 -A + I+ ..- + - 

^ «0 ^ 85 ^ ^ n* 


n 


-1- 4 


4- 


(Hint: Examine the nth term.) 


• • 


10 -I-—+.... 

5 ^ 8 ^ 13 ^ 20 ^ 29 ^ 


1.2^3-4^5-6^7-8^ 

.R _L . + J^+ _ 

l-2“’“3-4^5-6^7-8^ 

16 4- +- 

17 

xi* ^ “ jj ^ ~ 5 • 7 ' 7*0 * 

18. Show by means of integrals and a graph that in a convergent p-series 

(p - ^ Tp - 

where S and S„ have the meanings used in See. 197. 

J99. Comparison tests. CerUiin important tests for convergence 

and divergence are called the comparison tests. 

Comparison Test for Convergence. If n. is the general term of a series 
of positive terms to be tested, if a„ is the general term of a known con¬ 
vergent series of positive terms, and if for a fixed value of n, and for all 
larger values of n, i/„ g a„, then the u-scries is convergent. 

Comparison Test for Divergence. If «„ is the general term of a series 
of positive terms to be tested, if a. is the general term of a known dt- 
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vergent series of positive terms, and if for a fixed value of n, and for all 
larger values of n, w„ ^ a„, then the w-series is divergent. 

The comparison tests imply that one has at command known con¬ 
vergent and divergent series as standards of comparison. Practically, 
there are a few such series which are used repeatedly, and we shall 
summarize them for convenient reference. 

1 . Arithmetic series: 

A \A D\ [A 2Z)] + • • * + [yl -f (n — 1)2)] -f- • • • 

Any series of this type is divergent 

2. Series of the harmonic type: 

^ ^ — -i- --^--f- • • • -f--- ^ • • • 

Any series of this type is divergent 

3. Geometric series: 

a ar + ar'^ ar^ ■ • • + + * ■ ■ 

Convergent if | r | < 1, divergent if | r | ^1. 

4. The p-series: 

1 + ^. + ^ + • • • + i + • • • (p > 

Convergent if p > 1, divergent if p ^ 1. 

Example 1. Test for convergence or divergence by comparison 


2 9 28 


+ zri—i, + 
1 + n® 


Solution. Since convergence (or divergence) may be proved only by 
comparison with a known convergent (or divergent) series, we must 
make a preliminary guess about the answer. The linear numerator 
and third-degree denominator of the nth term is about equivalent to 
1 /n^, which is the nth term of a standard p-series known to be convergent 
for p =s 2 . 

Question. Is , ” 3 < —2 ^ Notice that l/n^ = n/n*. 

^ 1 H- n® n^ 


n^ 


1 + n> n^ * 

Yes. Both members have equal numerators, but the denominator 
of the left-hand member is the larger for all positive values of n; hence, 
the left member is the smaller. This proves that the given series is 


convergent. 

Two useful devices in making comparison tests are as follows: 

1 . We may drop a definite number of terms from the beginning of 
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either the series to be tested or the standard series, since to do so changes 
the sum by a fixed amount and this will not affect the question of con¬ 
vergence. 

2. We may multiply or divide by a constant all terms of either the 
series to be tested or the standard series, since this merely multiplies 
the sum by a fixed factor and this will not affect the question of con¬ 
Example 2. Test for convergence or divergence ^ j 

n“l 

Solution, When n is large, the 1 in the denominator is relatively 
small; hence this resembles the series ^ ^^7^* which is the p-series 

n = I 

1 -1- vn vn 


with p = which is known to be divergent. But 

« 1 

which proves nothing. However. ^ is also divergent 

II 


and 


:= > 


—_ i for this inequality is equivalent to 2\/n > 1 + Vn> 


1 -h Vn 2Vn 
or Vn > 1. which is true. Hence, the given .series is divergent. 

200. A ratio test. There are several tests which involve ratios; 

the one about to be considered is important not only as an additional 

method to those already developed but also as preparation for the next 

chapter. Let 

(1) l/l + U2 + W 3 + * • * 4- + 

be a series of positive terms to be tested. We shall first state the ratio 

test and then consider its proof. # .1 

Ratio Test. To test a .series of the form (1). express the raUo of the 

(„ 4. i)th term to the nth term, and denote by L the limit of this 
ratio as n increases without limit; i.e.. 


( 2 ) 


lim 

n—♦CC 


Ufi-fl 

Un 


= L 


If X < 1, the series is convergent. 

If i > 1 or if ' increasos willioul limit, tlu' M-ries is divergent. 

If X = 1, the Jails. , . 

Case I X < 1 K(iuation (2) means that Ix-gmning with a sufficiently 

large value of «, an<i for all values of « thereafter, the .lifference between 


u 


n+1 


U 


and L is less than any preassigned positive <piantity e however 


n 


small; i.e.. 
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0) <L + € or u^i < Un{L + c) 


Next, by taking e small enough, say half the difference between L and 
1, there can be found some number R such that (Z + e) < /I < 1. 

Let n = m be the smallest value of n for which equation (3) holds. 
We may write 

XLn+l < limR {R < 1 ) 

Thereafter, for n = m + 1, wi + 2 , . . . , 

^^ 71+2 ^ ^ UrrJR^ 

Um+Z < Itm+iR < ItmR^ 

and so on. 

Hence the sum 


Z^TO+l + Um+2 + Wm+3 + * * * < Um{R + + • • • ) 


The series /? + i?* + + • • • is a convergent geometric series. 

It 

Its sum is —Hence, the sum of series (1) is finite; i.e., the series 
is convergent. 

Ctwe II. Z > 1. In a similar way, if Z > 1, the sum of terms begin¬ 
ning with some term exceeds that of a corresponding geometric 
series with i? > 1. The details are left as a problem. 

Case HI, Z = 1. If Z = 1, the test fails. Consider the p-series 
tested in Example 2, Sec. 198. The p-series is 


1 



1 

(n + 1)'' 



Form the test ratio, and consider its limit as n increases without limit. 



n —>00 


l/(n + 1)P 
1/nP 



= 1 (irrespective of p) 


But the series is known to converge for p > 1 and to diverge for 
p ^ 1; hence, the ratio test is not conclusive for Z = 1. 

Example. Test for convergence or divergence 


1 
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Solution, To obtain from substitute n + 1 for n. 

n + 1 

The test ratio is 

i™. n/ 2 ^"-^ il* I n A 2^" ) 2^ 4 

Since L *= y^y which is less than 1, the series converges. 


EXERCISE 115 

1. Write out the details of the ratio test for Case II in the preceding section. 
Test the series in Probs. 2 to 7 for convergence or divergence by a comparison test 
111 1 


2 . 


3. 


1 + 1 
1 


+ 


+ 


l-H 2* 1 + 3® 


1 + 42 
1 


+ 


r+2 1 + 2 * 1 + 2 * 1 + 2* 


+ 


. Vi. Vs , V 4 , 

4 . i+g + 5 + 7 + 


6. 




+ 


7. 


Vi — 1 ' V 4 — 1 
1 


+ 


+ 


1 


+ At + 


Ve - 1 ‘ Vs — 1 
1 


2 • 4 


' +^_+ 


3*5 4-6 5*7 


+ 


log 2 log 3 ' log 4 ’ log 5 
Test the series in Probs. 8 to 12 for convergence or divergence by the ratio test. 

8.1 + A + A + A+ '" 


2! ‘ 3! 4! 

2 4 8 16 32 

TT ^ 7r» ^ ^ 7r< ^ 


4 . 9 , IG , 

9. l + 

11. ? + ^ + -J + ^ + • ■ - • 

e e* 


Test the following scries for convergence or divergence by any method: 



1 

+ 

2 

+ 

3 u..-* 

- 4- • 

X3« 

2 • 3 

4 • 3* 

6 • 3* 8 -3* 

14. 

5 

1 - 3 

+ 

5 

3 ■ 5 

4- 

5 5 

6-7 ' 7-9 

+ ■ • 

IB. 

1 + 

2! 

2* 

+ — 

+ 

_i. 

42 ^ 


16. 

±4.11 + 
10 ^ 100 ^ 

3! 4! 

1000 ‘ 10.000 

+ * - 

17. 

1 

1 • 2 

+ 

1 

2 ■ 3 

+ 

‘ + 

3.4 4 • 6 

+ • • 

18. 


1 

8 


+ 

1+ . . .. 
24 



. - Vs , V 4 Vs 




?r 
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20 . + . . . . 

l + 31 + 3» l + 33^1 + 3< 

21 ^ I 1 I 1 I _L_ 

* 10 + 5^ 10+ 2- 5^ 10 + 3- 5^ 10 + 4 

•ir -ir 3 —4 

22. - + — + — + JL_4. . . .. 

9 ^ 27 ^ 81 ^ 243 ^ 


201. Alternating series. In this section we shall study series whose 
terms are alternately positive and negative; from this property they 
derive their name of alternating series. 

There are two important special theorems concerning alternating 
series. 

Theorem 1: In an alternating series 

( 1 ) — W 2 + W3 — W 4 + Us — Mfi -t- • • • 

if Un+i ^ Un, and if lim u„ = 0, the series (1) converges. 

n—^30 

To establish Theorem 1, let jS„ denote the sum of the first n terms 
of (1). If n is an even number, say n = we may group the terms 
of (1) as follows: 

(2) S2m = (Ui — U 2 ) + (U3 — Ui) + • • • + ~ + • • ■ 

Since by hypothesis u„+i ^ u„, every binomial in parentheses in 

(2) is positive or zero and increases steadily or remains unchanged 
as n increases by even numbers. 

Series (2) may also be grouped differently as 

( 3 ) S2m = Ui - (U2 - U3) — • • • — (W2^2 “ Ihm-l) “ MZm 

As before, each binomial in parentheses is positive or zero, and 
Sim < Ui. Since Sim increases but does not exceed Ui, it possesses a limit 
which we may denote by 5. This assertion is based on a theorem about 
limits which we shall state but of which we shall omit the proof. 

Theorem: If Sn is a variable which always increases but whichy as n 
increases xvithout limit, never exceeds some fixed number A, then Sn ap¬ 
proaches a limit L not greater than A. 

Returning to series (1), if n is an odd number, say n = 2w + 1, 


' 32 » t »+1 — Sim + Uim+1 

lim S 2 „,+i = lim Sim + lim Uim+i = S 

n —>00 n^op R—>00 


Hence, whether n is even or odd, the sum of n terms approaches the 
same limit. 

Also, having reference to scries (1), 

(4) <3 — Sn = ( — l)'*'*'^Un+l + ( — l)'*'*'"Wn+2 + - • • 
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By grouping (4) as in (3), the sum of the series in the right-hand 
member of (4) is less numerically than its own first term. Hence, we 
have the following theorem: 

Theorem 2: The difference between the sum of an alternating series 
and the sum of the first n terms is numerically less than the (n + l)//^ term. 

Theorem 2 is important in computing with Jiltcriiating series as it 
gives a measure of the error caused by using only n terms of a series. 



FIG. 269 



The information contained in Theorems 1 anfl 2 is exhibited graphi¬ 
cally in Fig. 269. The terms Ui, — ivo. ■ • • Jire plotted as ordinates 

at unit intervals on the x-axis. Using the principle of addition of 
ordinates, the course of the sum may be plotte<l as indicated by the 
dotted line. Notice that is alternately above and below S. 

Example. Test for conv'ergence or divergence 




-h (- 1)"^'' + 

n 


Solution. The conditions of Theorem 1 are satisfi(‘d; it is an alternat¬ 
ing series, and i/n = “ ; —^ thendore, the series 

converges. 

202. Absolute and conditional convergence. ( onvergent series 
having some negative terms are further cla.ssified as absolutely or e(»n- 
ditionally convergent. A series is said to be uhsolutcly convergent if 
the series formed from the absolute values of its terms converges, a 
convergent series having some negative terms is eonditionolly cotnergent 
if the series formed from the absolute values of its terms diverges. 
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Example 1. 
section, viz., 


The convergent series in the example in the preceding 





is conditionally convergent; but it is not absolutely convergent, because 
if the negative terms are replaced by their absolute values, the series 
which is thus formed, viz.. 


‘+i+i+i+l+ 


is the known divergent harmonic series. 

Example 2. Given the series 

1 -L-f- . . . 

2 4 8 ^ 16 32 ^ 

By Theorem 1 this is convergent. Since the series formed from the 
absolute values of the terms, viz., 

^ 2 ^ 4 ^ 8 ^ 16 ^ 32 ^ 


is a known convergent geometric series, we say that the given series 
is absolutely convergent. 

We shall next consider another theorem, which has an important ap¬ 
plication. 

Theorem: If a series having some negative terms is absolutely convergenU 
then it is convergent. 

Let the series 

Ui + U2 4- W3 + + • * * 

be a series having some negative terms which is absolutely convergent; 
i.e., the series of positive terms 

(1) fll + 02 + Q3 + + • • * 


where ai = | Ui , An — | Wn | is convergent. 

We shall omit formal proof of the theorem; it seems reasonable, 
however, because it merely asserts that, if the series (1) has a finite 
sum (converges), it will still have a sum even though diminished by 
replacing some of the terms by their negatives. 

An application of the above theorem is that it permits the ratio test 
presented in Sec. 200 to be used with series some of whose terms are 


negative provided that we use 
restate the ratio test. 


Qn+l 

On 


in place of 


Wn+l 

Un 


Accordingly we 
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Ratio Test, Given 


some of whose terms 


If lim 

Mn+l 

n —>00 


If lim 

Un+l 

n—>00 


If lim 

Un+l 

n—>00 



< 1 , 


> 1 . 


- 1 . 


the series 

Wi + 1^2 + W3 + W4 + * * • 

are negative. 

the series converges. 

or increases without limit, the series diverges, 
the test fails. 


EXERCISE 116 

Test the following series for convergence or divergence by any method. If some of 
the terms in any series are negative, state whether or not the series is absolutely 
convergent. 


1.+ • 

3 . - 


7. 


+ 


3 


2.8 3-4 4-5 5-6 


+ 


^ 21 + 41 6! "*" 


0 , 1 . i _ 1 4. 

3 * 52 V 


4. 1 - 


J- +J_L + 

Va ^ V5 V? 


2 5 ^ 10 17 ^ 

®- ^ " I-! + J! “ ^ ‘ ■ 

10 1 — — 4- — — — 


... x+l . 2ir+2 , 37r + 3 , 47r + 4 


12. 


13. 


V 4 + 1 
1 


\/4 + 4 ^4 4- 9 V'4 4 - 10 


-h 


13 4- 1 ■ 2» 4- 1 




■K 

2 


2 

1 

3 


2 

3j 

2 


3 * 

-A- — 

42 

4- 

33 4 - i 

+ 43 

+ 

1 ^ 

1 

a TV 

, 1 

• 

47r 

3 2 

+ 4 

Sin 

T 

1 . 

5 TT 

1 


7ir 

“ Sin — 
5 i 

7 

sin 

2 


+ 


16. 


100 


10,000 

3 


+ 


17 O- -j- ^ 

9 ^ ^ 243 


1 . 000,000 

4 


+ 


+ • 


100,000,000 

18. 1-14-1-1-1-1-1 + 


.- 3 4,6 0,7 
^^*2 4 6 8 10 


log 2 h^g 3 _ log 5 

^ 2 ’’ 3 4 5 


20. 
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203. Power series. A series of the form 

Oo + aiX + + • • • + a^x” + • . . 

is called a power series. The a represents constants; x is a variable. 
The name power series is employed also when the letters represent 
imaginary quantities, but in this chapter unless exceptions are spe¬ 
cifically noted both the variable x and its coefficients are restricted 
to real values. 

204. Interval of convergence. If in the series 

(^) flo 4- OxX -h a^x^ azx^ + • * - + a^x" -f- • • . 

a particular value is assigned to x, the series becomes a series of constant 
terms which may possess any of the properties of such series as discussed 
in the preceding chapter. For particular values of x series (1) may be 
either convergent or divergent. At least for the value x = 0 it will 
converge, for then the sum of the series reduces to Go, which is a constant. 
If there is a range of values of x for all of which the resulting series 
converge, the range of values is said to constitute the interval of con¬ 
vergence of series (1), 

1 he procedure followed in most cases to find the interval of con¬ 
vergence of a given power series is to apply the ratio test. Thereafter, 

1. All values of x for which the limit of the test ratio is less than 
1 belong to the interval of convergence. 

2. The values of x for which the limit of the test ratio is 1 may belong 
to the interval; such values of x give the so-called end points of the 
interval; the series which they yield must be tested by other methods, 
integral test, comparison test, etc.; the end points which yield con¬ 
vergent series are included in the interval of convergence. 

3. The values of x for which the limit of the test ratio exceeds 1 and 
those end points which yield divergent series do not belong to the interval 
of convergence. 

Example. Find the interval of convergence of the series, 
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Solution. The general term of the series is 


1 


- 1 


The test ratio is 


+ 1 2n — 1 

lim -;— = Inn 7;-:—7 • -r 

„_*oo x'‘ ^ 2n + 1 x'*~^ 


n—I 


n—♦50 


2/1-1 


= lim 


n—*00 


2-1 

n 

2 + i 

n 


When |x|<l, —1<X<1. The values of x in this range certainly 
belong to the interval of convergence. 

When \ x \ = 1, x = ±1. These values of x are the end points of 
the interval. They must be tested individually. 

X — 1 yields the series 

^ 3 ^ 5 ^ 7 

This is a scries of the harmonic t^'pc discuss(‘<l in Sec. 197 an<l is 
recognized as divergent. Therefore, x = 1 does not belong to the 
interval of convergence. 

X = — 1 yields the series 

1 _ 1 _ 1 + . . . 

3^5 7 

This is an alternating series; the absolute value of the nth term is 

--; as n increases without limit, the absolute v'aliie of the //th 

2n — 1 

term decreases and lim',—’ , = 0. This series converges, an.l the 

end point x = -I belongs to the interval of convergence. The com- 
plete interval of convergence is written 

— 1 ^ X < 1 

Intervals of convergence an* often represented gra[>hK al!y by marking 
with a heavv line the segment of the x-axis corresponding to the interval. 


0 

FIG. 270 


If an end point is included, it is marked by a vertical bar. Figure 270 
shows the interval of convergence of the examj)le. 


t 


I 



428 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 205 


EXERCISE 117 

Find the interval of convergence of each of the following series: 


1. l + x+a:» + i3 + 


2. 1 - 2x + Sx* - 4x« + 


• • • 


3.x- 


• • « • 


^ * jgi + gj 4J + 


• • 


®->-* + 4--8- + 


6 ^ I ^ I ^ 

’ 2 1 + 3 1 + 3* 


7.1 + x + ^ + ^ + 


+ 


1 + 3 ^ 


+ 


9. x + 2!x* + 3!x*H-4!x< + 

» x« 


X* Z' 


11 - — 

* 3 3*-23 * 33.35 34.43 


4- 


• • 


a , 2V , 2V 2»x« . 

®* ^"TT+TT'-er + 

in 2! I 3! I 


12 x-1 (x-l)» (x-l)3 (x-1)^ 

* 1'3 ^ 3-5 ^ 5-7 ^ 7-9 ^ 


• • • 4 


13. 1 + 


4- 


+ 


2-10 3 • 100 4 • 1000 

(2x)3 


4- 


2 3 


4- 


• • 


16, 1 I [ 


Vl 


V2 


V3 


Vi 


• 44# 


16. 1 + 


4- 


+ 


4- 


2-3 ’ 3-9 ’ 4-27 ' 5 • 81 


4* 


• • 


,, X - 5 . 2(x - 5)* , 3(x - 5)3 , 4(x - 5)* , 

17. —+ -3-4--^-4--7-4- 

x+2 . (x+2)“ . Cx4-2)“ , (x4-2)^ . 

lo* H-—:-1--1--T * • 


• 4 # 


1 • 2 


3 • 4 


5 • 6 
x< 


7-8 


19 £_£L _|. _£!_ - 

• 7 75.3 73.5 74.7 


+ 




20. ^ + (g^- 1)^ , (g^- 1)^ , (2x- D* ^ 


1 • 2 • 3 


2 • 3 • 4 


3 • 4 • 5 


4 • 5 • 6 


21 ^ . 2!x2 . 3!x 3 4!x^ 

22 _ (x +J)^ (x + 2)» _ (x + 2)< _j_ 


Vl 


Vi 


Vs 


Vi 


23. 1 + - 4- 4- 4- 


^ ” 2^ ix> “ 


• • « 4 


205. MaclauTin's series. Thus far we have studied series and their 
properties merely as exercises in algebra. However, there are known 
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series which represent specific functions as e*, sin x, log x, etc., and it is 
by the aid of such series that tables of powers of e, sines, logarithms, 
etc., are computed and other problems are solved. We shall next attack 
the subject of representing a particular function of x by a power series 
in X. 

Let f[x) be any function of x to be represented by a power series in 
X. Let us assume that 

(1) fix) = ao H- aix + o^x^ -f OaX® + - . . + OnX" + . . . 

and let us also assume that series for/'(a;),/"(x), . . . . . . 

can be obtained by differentiating the right-hand member of (1) term 
by term. Although these assumptions are not universally true, they 
yield correct results for elementary functions. On the basis of the 
assumptions it is possible to determine the coefficients ao, Oi, Oa, . . . 
if /(O), /'(O), /"(O), . . . are all finite. 

In accordance with these assumptions, 

(2) /'(ar) = ai + SgsX + Sa^x^ + - * • + na„x"”* + • * • 

(3) f'ix) = Sag -1- 3 • 2a3X + • • • + n(n — l)a„x ”“2 _|_ . . . 

(4) f'”ix) = 3 ■ 2 ■ Ifla + * * * + n{n — l)(n — 2)ana:'‘~* + . . • 

(5) /^”*(x) = n ! a„ + • • • 


Substituting x = 0 in turn in equations (1), (2), 

f"(0) f"'(0) 

ao = /(O), oi = /'(O), 02 = 03 = 3 • • • • 

Substituting ao, ai, Oa, . . . in equation (1), 


» On = 


/<'*)(0) 


n 


no) , mo) ^3 


/(x) = m + f'io)x + x^ + 


X* + 




n : 


[30-1] 


Formula [30-1] is known as Maclaurins series for expanding, or 
developing, /(x) in powers of x. The phrases expand /(x) by IVIac- 
laurin’s series” and “develop/(x) in powers of x” mean the same thing, 
viz., apply formula [30-1] to the function in cjuestion. 

Maclaurin’s series as derived above is based on several assumptions 
as mentioned, and there are many theoretical <iue,stions to he answered 
before it can be said under what conditions a numerical value x - Xo 
substituted in the right-haiul member of [;!0-l| will converge to tlu' 
numerical value of /(r„). However, for the common elementary fuiie- 
tions it may be sai.l that within the interval of convergence Maelaurm s 

series converges to/(xo). 
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Example 1. Expand e* by Maclaurin’s series. 

Solution. Write f{x) = e*, compute the derivatives of /(a:), and 
tabulate/(0),/'(0), . . . in any systematic fashion. 

f{x) = e /(O) = 1 

f ^ /'(O) = 1 

r{x) = ^ /"(o) = 1 

y(n)(a.) ^ ^ y(«)(0) = 1 

Substitute the computed values of /(O), /'(O), ... in Maclaurin’s 
series, and obtain 

^ = i + " + ^ + ^+---+;n + --- 

The series converges for all values of x (see Exercise 117, Prob. 7). 
Example 2. Expand cos 2x in powers of x, obtaining three nonzero 
terms. 

Solution. 

f(x) = cos 2x /(O) = 1 

/'(x) = —2sin2x f(0) =0 

f'(x) = -2-2cos2x f"(0) = -22 

f''(x) - 23 sin 2x /'"(O) = 0 

(x) = 2'* cos 2x = 2* 

Substituting the computed coefficients into Maclaurin’s series, 

22 , 2^ 

cos 2x = 1 “ ^ "h ^ “ ■ ' * 

From these terms it should be possible to write as many more as 
desired. This series has been tested and found to converge for all 
values of x (see Exercise 117, Prob. 8). 


EXERCISE 118 

Expand the following functions by Maclaurin’s series. The interval of convergence 
of the series thus obtained may be found when possible if the instructor so directs. 

1. 2. e*/*. 

3. sin X. 4. cos x. 


c ^ 
0 . cos - • 

7. xe®. 


6 . sin ix. 
8 . X sin X. 



cos X. 


10 . xe^. 


11 . log (1 + x). 
13. e* sin x. 


12 . log (1 — x). 
14. e* cos X. 
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1 

1 + 


17. 



19. log (1 - 2x). 
21. sec X. 



18. 

20 . 

22. log cos X. 


23. \Miy can log x not be expanded by Maclaurin’s series.’ Think of other functions 
that cannot be expanded by Maclaurin’s series. 

24. Expand (1 + x)" by Maclaurin’s series. Notice that the result is the formula 
for the binomial theorem. 


206. Taylor'*s series. The usefulness of Maclaurin’s series is limited 
by the fact that the expansion is limited to powers of x. A more general 
series, known as Taylor’s serie.s, permits the expansion of /(x) in powers 
of (x — a). 

Beginning with the assumed series expansion for/(x), 


( 1 ) /W = flo + ai(x — a) + a^(x — a)^ + a^ix — a)® + • • • 


by substituting x = a in (1) and its derivatives, upon like 
and in a manner like that used to find the coefficients of 
series, we obtain 


«o = /(a), ai 


/'(«)» ^2 



assumptions 

Maclauriix’s 


Substituting these coefficients in (1) it becomes 

r(a) 


fix) = /(a) +/'(a)(x - a) H- 


2 ! 


(x — a)‘ 




nr d- 


[30-2] 


Formula [30-2] is known as Taylor’s seri<‘s, and a function to winch 

it is applied is said to be ex/mrif/ed, or developed, in powers of (x - n). 

or in a Taiflor's serie.'t (d)ont the point x = n. 

Of course, for a = 0 'I'aylor’s sc ries rcducc-s to Maclaiiriirs scric-s. 

'I'he techni(|ue of an expansion in d'aylor’s series is like that for .Mac¬ 
laurin’s, and no furthe r exani()les are offc-rcMi. 


EXERCISE 119 


1. Expand r* in powers of z — 1. 

2. Expand sin x in pow<Ts of x — 



3. Exparul cos x in powers of x 

4. Expand in powers tA x — 'i 

X — 1 
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6 . Expand x log x in powers of z — 1. 

6 . Expand in powers of z + 1. 

7. Expand Vz — 2 in powers of z — 3, 

8 . Expand tan z in powers of z ~ -• 


9. Expand log (z + 4) in powers of z 3. 

10. Expand Voz — 1 in powers of z — 2. 

11. Expand z^ — Sz^ -f 2z — 5 in powers of z + 1 until the series terminates. 

12. Expand z* — z’ + z^ — 4z — 20 in powers of z + 2 imtil the series terminates. 


207. Operations with power series. From the standpoint of simplicity 
one might hope that the first few terms of a power series would be so 
good an approximation for the function represented by the series that 
the polynomial consisting of the first few terms might be used in com¬ 
putation and other operations for the entire series. Within limits this 
is actually done, but such operations should be carried out only in 
accordance with established theorems. 

Proofs of the theorems that deal with permissible operations arc 
beyond the scope of this book, but some will be stated, together with 
some illustrations of their uses. 

Theorem 1: Two power series may be added (or subtracted) term by 
term for all values of x for which both series are convergent; i.e.y 

f(x) ~ ao + aix -t- a^x^ + • • ■ 
g{x) = + bix -h b 2 X^ + • • • 

/W + = flo + ?>o + (fli + bi)x -I- (02 + b 2 )x^ -f . . . 

In an interval in which both f(x) and g{x) arc convergent, the series 
obtained by adding them as indicated will converge to the value of 
f(x) + g{x). 

Theorem 2: Two series can be multiplied together like poly nominis for 
values for which both series are absolutely convergent; i.e.^ let there be an 
interval where both f{x) and ^(x), as mentioned in Theorem 1, are absolutely 
convergent^ and then in that interval 

f(x) • g(x) = ooho + (oo 6 i + aM)x + (0062 + Oifei + fl 2 &o)x 2 + • • • 

Theorem 3: The quotient of two convergent pou'er series can be developed 
in a power series by algebraic long division., provided that the constant term 
in the denominator series is not zero. 

The question of the interval of convergence is beyond the scope of 
this book. 

Theorem 4: A power series can be differentiated term by term at any 
point vnthin (but not necessarily at the end points of) its interval of con¬ 
vergence. 
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Theorem 5: A power series can be integrated term by term throughout 
any interval contained in its interval of convergence^ not including the end 
points. 

A series obtained by Theorem 5 has an added constant of integration. 

To illustrate Theorems 1 to 5 it is convenient to have a certain number 
of series memorized or otherwise available for instant use. The follow¬ 
ing list is suggested; the interval of convergence for each is also stated: 


[I] 

= 1 + X 

X’' x» 

2! 3! 

-b • • 

• 

All values of x 

III] 

sin X = X — 

x^ x^ 

7! ^ 

• • • 

All values of x 

[III] 

cos X = 1 — 

. £1 + . 
2! ^ 4! 

X® 

- — -b 
6! ^ 

• » • 

All values of x 

[IV] 

(1 + x)"* = 


771(771 - 

• 1) . 

, , 771(771 — l)(77l — 2) 

1 -h mx + 

2 ! 

- X- 

+ 3 ! 


+ ■ 

• • 

1 < X 

< 1 

([IV] is the binomial theorem) 

[V] 

log (1 + x) 

II 

H 

1 

k 

3 

4 + 

• • - -1 < X ^ 1 


Example 1. Find a series for sinh x. 
Solution. By definition (see formula [13-13]) 

sinh X = ^ (e' — e~^) 


The series for e^ and e~^ are set down, and Theorem 1 is applied. 
By ^laclaurin’s series, or by [I] above, 


X- 


= 1 + X + + 5^, + 5-, + • • • 


x^ 


x^ 




e* — e-^ 


1 

sinh ~ ^ ~ ^ + y"! "b 


+ 


Convergent, all values of x 

Example 2. Find a series for sin 2x by writing sin 2x = 2 sin x eos x. 
Solution. Arraiigi- a fi w U i i.ks of [HI aii.l 1III| as for tlu- mult iplication 

of one polvnr)mial by another. 
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^in X — X — 


4. 

3! 5 ! 


• • 


cos a; = 1 — 


X^ X* 

^.Tl 


x^ , x^ 

®”3! + ^ • • • 


+ — 

^ 4! 


2 3 2 

sm X cos a; = x — ^ar'’ + — a:*‘ • • 

o 15 

4 4 

sin 2x — ^x — - x^ — x^ ' • • 

3 15 

Check. This result agrees with that obtained by substituting 2a; for 
x directly in [II|. 

Example 3. Obtain by division a series for tan x by writing tan x 
= sin a;/cos x. 

Solution. Arrange a few terms of [II] and [III] as for long division. 

, x^ , 2x® 

X H--- • • 

3 ^15 


X 


^ 2! 4! 


X® , X® 

^ 3! 5! 


• • 


X — 


?! 4- £" 

2! 4! 


« • 


4x^ 

?T 


X' 


X' 


3-2! 


2x^ 

IE 

2x^ 

JE 


Example 4. Using series verify that -y (sin x) = cos x. 

ax 


x3 


X 


Solution, sin X = X — ^ + 

V • kJ , i I 
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Differentiating the sine series term by term, 

d , . . _ 7 


dx 


(sin x) = 1 — 


= 1 - 


= cos X 


3x2 

, 5x* 

7x« . 

3 ! 

+ 5! 

7! + 

X2 

X* 

X® 


4l “ 

_ 4- . . 
6! ^ 


• # 


E xample 5. Obtain a series for sin~^ x by integrating the series for 
1/Vi— term by term. 

Solution. By writing l/\/l — x- as (1 — it may be expanded 

by formula [IV]. 

(1 _ = 1 + 5: + Ll^ . ^ ^ . £l + . . . 

\ ^ ^ ~ ' rk rk rk t ' r% n ol” 


2-2 2 ! 


/ 


(1 - rfx = (l + f ^ 


2-2-2 3! 

1 • 3 • 5 . 


X® d- • • • 1 dx 


dx . . x^ . 1 • 3 X® . 1 • 3.5 x^ , 

y/l — 2-3 2-45 2*4*67 


+ C 


When X = 0, sin~^ 0 = 0; hence, C = 0. 


sin“‘ X = X d- 


1 • 3 X’ 


2 • 3 2 • 4 5 2 - 4 • 6 ‘ 7 


1-3-5 X 


•=• d- 


EXERCISE 120 

1. Derive a series for cosh x in powers of x. 

2 . Derive a series for lof? -- Series [\ * and the answer to Proh. 12, P^xereisc 11S, 

may he used. 

3 . P'rorn tlie series for sin x <lerive a series for sin* x. 

4. P'roni llu* series for cos x <lerive a s<Ties for eos^ x. 

6 . (’heck your answers If) Prf>»*s. 3 ami i liy a known triKonornelric identity. 

6 . Derive a seri<‘S for c' sin 2x. 

7. Derive a series for cos x. 

8 . Derive a series for -^ hy lonj* division. 

9. Check your answer to Troh. 8 i>y writing the function as e' multiply^ 

ing the series for the factors. 

* _ . . . sin X 


10. Derive a series for 


I + Jr 


11. What is the result obtained (o) hy flitTerentialing the senes f<ir t-^? (b) hy integrating 

the series for e^? , . i , 

12. Obtain a series for sec^ x from the series for Ian x. I'se the result of Kxample S 

in the precefling section. 

13. Ol.tain a «rie,s for sec x fro... tl.c series for < os x. I sc tl.e result to ci.e. k your 
answer to I*roh. 12. 




436 


ANALYTIC GEOMETRY AND CALCULUS [Sec. 208 


/ 


Can you check the result? 

16. Derive a series for the integrand, and integrate: 

16. Derive a series for the integrand, and integrate: 


/ 

/ 


sin X 

X 

1 


1 + x* 


dx. 


dx. 


What function does 


the resulting series represent? 

17. Expand e’* by series [I], and show that = cos x + i sin x. (t = V — 1.) 

18. Expand by series [I], and show that e~^ — cos x — t sin x. (t = V—1.) 

19. Using the results in Probs. 17 and 18 as definitions for and find the value 
of (fl) e*"*; (6) e~**; (c) e**"*. 


208, Computation by use of series. It has already been suggested 
that power series may be employed in computation. Their use may best 
be understood by examples, but we shall first write down a few general 
directions to serve as guides. 

1. It must first be ascertained that the value of x to be used lies in 
the interval of convergence of the series. 

2 . It is possible to use only a finite number of the terms of an infi¬ 
nite series so that at best one may obtain only an approximation to 
the quantity sought. 

3 . One must seek to measure the error that arises from the terms that 
are omitted. 

4. If a choice is possible, one tries to use the series whose terms 
diminish most rapidly in numerical value. 

Example 1. Compute log 1.02. 

Solution, Series [V] for log (1 + z) in the preceding section is directly 
applicable; x = 0.02, which lies in the interval of convergence. Hence, 


log 1.02 


0.02 


(0.02)2 (0.02)3 

2 3 



Concerning error, this is an alternating series, and the error by 
Theorem 2, Sec. 201, is less than the absolute value of the first omitted 
term; also, in such a series is greater than S if we stop after a positive 
term and less than S if we stop after a negative term. Hence, if we use 
three terms of the above series, they give a result that is greater than 
log 1.02 by an error less than (0.02)V4 — 0.000 000 04. This means 
that the first three terms as proper fractions represent log 1.02 with an 
error less than 0.000 000 04. Since answers are usually given in decimal 
fractions, additional errors may be introduced by rounding off the proper 
fractions into decimals. In converting the individual terras of the series 
to decimals it is usually enough to keep one more decimal place than is 
expected in the final answer. 
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Reducing the first three terms of the above series to decimals, 


0.02 = 0.020 000 000 
( 0 . 02)2 
2 

fO 02)® 

= 0.000 002 667 


- 0.000 200 000 


0.020 002 667 
(less) 0.000 200 000 

log 1.02 = 0.019 802 07 - E E < 0.000 000 04 


Correct to six decimal places, log 1.02 = 0.019 803. 

Example 2. Compute the value of e. 

Solution. Series [I] in the preceding section may be used directly by 
letting X = 1. 


e = 1 -f 1 + 





1 = 1.000 000 00 

1 = 1.000 000 00 

i = 0.500 000 00 
^ = 0.166 666 67 


i = 0.041 666 67 

4 ' 

i = 0.008 333 33 

5 ! 

i = 0.001 388 89 

6 I 

i = 0.000 198 41 
i = 0.000 024 80 

o! 

i = 0.000 002 76 

^7 • 


2.718 281 53 


Notice that the ihinl line is ol>tained by dividing the 
the fourth lino bv dividing the third by 3; and so on. 

We next inve.stlgate the validity of our result. 4 lie 

is equal to the sum of the series, 


second by 2; 
possible error 
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J_ . 1 J_4. 1, 1 , 1 

10 ! 11 ! 12 ! 10 ! 10 ! • 11 10!-11 • 12 


The terms in the right-hand member are less than those of the series. 


1 

10 ! 


+ 


1 


10! 10 



1 

10! 102 




The series in the parentheses is a geometric series whose sum is 



10 

9 


; hence, the possible error is less than 


1 10 1 
10! ’ 9 “ 9! -9 


0.000 000 3 


Accordingly, e = 2.718 281 5, with a possible positive error not 
exceeding 0.000 000 3. Correct to six decimal places, 

e = 2.718 282. 


Exam'ple 3. Compute 

Solution. This might be done by series [I], but the point to this 
example is that it is better to use the Taylor’s expansion of in powers 
of X — 1. 

From Exercise 119, Prob. 1, 




= e [l + (x - 1) + + 


2 ! 


3! 


“ = e 


1 t 0.0J+ »«■+<«« + 


2! 


3! 


] 


] 


Discussion of the possible error is left as a problem. Using four terms 
of the series in the bracket, 


1 

0.02 

(0.02)2 

2 ! 

(0.02)2 

3! 


= 1.000 000 
= 0.020 000 

= 0.000 200 

= 0.000 001 

1.020 201 


2.71828 

1.02020 

5436560 

5436560 

271828 

2.7731892560 


Using six significant figures of this answer, combined with six signifi¬ 
cant figures taken from the answer to Example 2, 

e*02 = (2.71828)(1.02020) = 2.77319 

Rounding off an additional place for greater safety, e* ®2 = 2.7732. 
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209. Integration in series. It is impossible to find indefinite integrals 
for many functions. Sometimes, however, if a definite integral involving 
such a function is desired, it is often possible 

1. To expand the integrand into an infinite series. 

2. To integrate the series term by term and obtain an infinite series 
for the integral. 

3. To substitute the limits, if they lie within the interval of con¬ 
vergence, in the usual way to obtain an (approximate) value of the 
definite integral. 


Example 


. J ^ 


Solution. The series for the integrand may be written down by writing 
— for X in series [I]. 


— 


= 1 - X2 -h ^ - 




2! 3! 


+ 


r 

\f 3 


+ 


X- 


5 • 2 ! 
1 


^ 3 5 • 2! 


7 • 3 ! 
1 


+ 


X 


11 


+ 


9 • 4 ! 
1 


11 • 5 ! 
1 




i; 


i + • 


1 


7*3! ■ 9-4! 11-5! 

The error due to stopping with the terms shown is less than g , 
- 0.0001. AVe compute as follows: 

1 = 1.000 00 


1 

3 


= -0.333 33 


5 • 2 ! 


7 • 3 ! 


= 0.100 00 


1.104 63 


= -0.023 81 (less) 0.357 90 

0.740 73 


9 • 4 ! 
1 


= 0.004 63 


= -0.000 76 


11 5 ! 


1.104 63 -0.357 90 

Combining the positive and negative terms and the possible error, 
£ e-.. = 1.104 63 - 0.357 90 = 0.746 73 + E E < 0.0001 

The answer, correct to three decimal places, is 0.747. 
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EXERCISE 121 

1. Compute by series log 1.1 correct to five decimal places. 

2. Compute by series log 0.95 correct to five decimal places. 

3. Compute by series Ve correct to five decimal places. 

4. Compute by series 1/Ve correct to five decimal places. 

6. Compute by series correct to four decimal places, (e* = 7.38906.) 

6. Compute by series correct to four decimal places, {e^ = 20.0855.) 

7. Compute by series sinh 0.1 correct to four decimal places. 

8. Compute by series cosh 0.2 correct to four decimal places. 


9. Using Fig. 271, by series obtain an ap¬ 
proximate expression for the segment x, viz., 
the distance between a chord and its sub¬ 
tended arc. 

10. Using Fig. 271, by series obtain an ap¬ 
proximate expression for the difference in 
length between the arc AB and chord AB. 

FIG. 271. 



11 . Given an arc 1 mi. long of a great circle of the earth (as.sume that R * 4,000 mi.), 
find the distance between the arc and its chord at their mid-points (see Prob. 9). 

12. Given an arc 1 mi. long of a great circle of the earth (assume that R = 4,000 mi.), 
what is the difference in length between the arc and its subtended chord? (See Prob. 10.) 

13. What is the extent of the positive acute angles for which ^ “ 5-: represents sin B 
with an error less than 0.000 05? 

14. ^Miat is the extent of the positive acute angles for which 1 “ 37 represents cos B 
with an error less than 0.000 05? 

16. Find a measure of the possible error caused by using four terms of the series in the 
brackets in Example 3, Sec. 208. 

16. Compute the value of five terms of the p-series with p = 3. Also, give a greatest 
and a least possible value of the whole series from the result. Use Prob. 18, Exercise 114. 

17. Sketch the area represented by the integral in the example. Sec. 209. 

18. Evaluate / - dx. Use three terms of the series, and state the possible error 

yo X 

in the result. Sketch the area that the integral represents. 

19. Evaluate /' dx. U se three terms of the series, and state the possible 

Jo 

in the result. Sketch the area that the integral represents. 

20. Evaluate xe~'^' dx. Use three terms of the scries, and state the possible error 
in the result. 

fl I . X , 

21. Evaluate / - sin - dx. Use three terms of the series, and state the possible error 

in the result. 


error 
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/■o.i e~* 

22. Evaluate / ■:—: dx. Us© three terms of the series, and state the possible 

h 1 + a? 

error in the result. 

ro.s 

23. Evaluate / dx. Obtain a result correct to three decimal places. 

yo.i 

/’ 0.4 

24 Evaluate / sin Vz dx. Obtain a result correct to three decimal places. 

JQA 

26. Find the length of the arc of y = from x = 0 io x = correct to four decimal 

places. (Hint: Use the binomial theorem.) 

26. Find the length of the arc of 5i/ = from z = 0 to z = H correct to four 

decimal places. (Hint: Use the binomial theorem.) 

210, Computation of tt. There are several series which may be used 
to compute the value of tt. In principle the simplest to obtain is found 
as follows. By the binomial theorem or by long division. 


= 1 — + X 


4 




1 + x^ 

Multiplying both members by dx, and integrating 

dx 



+ x- 


x^ H- x^ — X® -f 


) dx 


X® x^ 


-1 ^ X ^ 1) 


tan-^ ^ = + (Convergent, 

When X = 0, tan^' x = 0, and C = 0. 

If we now let x = 1, 

The series in the right-haiul member is not well adapted for com¬ 
putation because it converges .so slowly. However, from trigonometry 

there are many relations such as 


( 1 ) 

( 2 ) 


(3) 


TT 1 .1 

- = tan * + tan 7 . 

4 ^ 

| = 2 la.r‘J + tun-‘i 

7 = -^ ' \ - '=‘'’ ' 


An Englishman, William Shanks, use.l (:5) to co,n,.uto the value of ,r 
to 707 decimal places. Practice in the actual computation of tt is 

reserved for problems in Kxercise l'‘ 2 '- 2 . , • . 

211 . Computation of trigonometric functions. Altlioug i ex cu.mm 

tables of trigonometric functions are reailily availabl.-, there is a certain 
satisfaction in checking a few values of such functions. 
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To compute the value of sin x for small values of x series [II], Sec. 207, 
may be used. Of course x must be taken in radians, and hence the 
computation is simple for the sine of a decimal fraction of a radian. 
To compute a value like sin we must use for x the decimal equivalent 
of 1°, viz., X = 0.01745 . . . , and the computation is more awkward. 

To compute a function of a considerably larger angle (e.g. Exercise 
122, Probs. 4 to 6) it may be advantageous to develop the function in 
a Taylor’s series in powers of x — a with a chosen as a familiar angle 
which is near the desired value of x and for which the function and its 
derivatives are known (compare Exercise 119, Probs. 2, 3). 

212. Computation of logarithms. The actual computation of a 
complete table of logarithms involves many special devices. We shall 
merely show some general methods and suggest how a table might be 
built up. 

Series [V] in Sec. 207 is 

(1) log (1 + X) = X - I + I’ - f + f- 


.\lso, by Exercise 118, Prob. 12, 

(2) log (I - x) = ~ 

Subtracting (2) from (1), 









1 + X 
1 — X 


= 2 (. + |+|- + 



Series (1) and (2) are not well adapted to computation since they do 
not converge quickly for many values of x. (3) is somewhat better; 
for example, by setting 


1 + X 

1 — X 




1 

3 


and (3) converges fairly well for this value of x. The computation is 
left as a problem. 

More generally, let 

1 X 1 + N 1 

1 - X N ^ ^ SN +1 

Substituting this value of x in (3), 


log 


1 + A' 
A^ 


= 2 r-1:- 

L^A' + 1 


+ 


1 


3(2A^ + ly 


+ 


1 


(4) 


log(l + .V)=logA^ + 2[^ + 3(2aW» + 


5(2A^ -f 1)® 
1 


+ 


1 


5(2A'-|-1)® 


-f- 


] 


Thus, if log A is known, log (1 -h A ) can be found by (4) and, the 
larger the known v'alue of A, the more quickly the series in the right- 
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hand member of (4) converges. If a number can be factored, its loga¬ 
rithm can be found from its factors; hence, only the logarithms of prime 
numbers need be computed directly. This outlines a systematic method 
of computing a table of logarithms, although special devices are used 
by professional computers. 


EXERCISE 122 


1 . Compute sin 0.1 rad. correct to five decitual places. 

2 . Compute cos 0.2 rad. correct to five decimal places. 

3. Compute sin correct to five decimal places. 

4 . Compute sin 45°12' correct to five decimal places. 

6 . Compute sin 30®27' correct to five decimal places. 

6 . Compute cos 60®5-4' correct to five decimal places. 

7. Compute x correct to four decimal places, using the series for tan"» x and equation 
(1), Sec. 210. 

8 . Compute ir correct to four decimal places, using the series for sin“» x in Example 5. 
Sec. 207. Take x = 

9. Using series (3) in the precetling section and Uking x = compute log 2 correct 
to four decimal places. 

10. Using series (3) in the preceding section, find the value of x needed to compute 
log 3, and compute log 3 correct to four tlecimnl places. 

These logarithms may be used as required in the problems whicli follow them. 

log 2 = 0.G93 147 181 log 3 = 1 098 012 289 

log 5 = 1.C09 437 912 


11. Using log 2 above and equation (4) in the preceding section, compute log 5 correct 


to five decimal places. 

12. Using the logarithms given above and equation (4) 

compute log 7 correct to five decimal places. 

13. Using the logarithms given above and equation (4) 

compute log 11 corre<*t to five decimal places. 

14. Using the logarithms given above and equation (4) 

compute log 01 correct to five dec imal places. 


in the preceding section, 
in the preceding section, 
in the preceding section. 


Chapter 31 

DIFFERENTIAL EQUATIONS 
OF THE FIRST ORDER 


213. General definitions. Any equation which contains derivatives 
or differentials is called a differential equation; the variables from which 
the derivatives or differentials are derived may or may not be present 
also. Simple equations were first noted in Sec. 78. Those examples, 
however, are not to be taken as a measure of the subject matter covered 
by this branch of mathematics. In the following chapters we shall 
take up the topic more fully, but the whole subject is extensive and goes 
beyond the scope of this book. 

Differential equations are first divided into two classes, ordinary 
and partial. An ordinary differential equation is one which involves 
total differentials or total derivatives, but not partial derivatives; a 
partial differential equation is one which contains partial derivatives. 
In this course we shall consider only ordinary differential equations. 

Differential equations are also classified with respect to their order 
and degree. The order of a differential equation is that of the derivative 
or differential of highest order that is present. 


( 1 ) 

(; 5 ) 



dy = fix) dx 





Equation (1) is of the first order; ('^) is of the third order; (3) is of 
the second order. 

The degree of a differential equation is the exponent of the power of 
the derivative of highest order in the equation after the equation has 
been cleared of fractions and radicals in its derivatives. Equation (1) is 
of the first degree; (2) is of the fourth degree; (3) is of the second degree. 

A solution of a differential equation is a function of the variables, 
free from their derivatives, which by substitution satisfies the equation. 

444 



Sec. 213] 


EQUATIONS OF FIRST ORDER 


445 


Example^ Is y = a solution of 

<■» 


Solution, y — ^ 




By substitution 

16e'" - 3(4e^") - 4e^^ = 0 

and hence, by definition, y — is a solution of the equation. 

The source of ?/ = as a solution of (4) may not be apparent; 
however, in the examples given in Sec. 78 the answers were obtained by 
integration. In general, it may be said that to solve a differential 
equation it is necessary to perform as many integrations as the order 
of the equation. Each integration introduces an arbitrary constant of 
integration. This leads to the following definitions: A. general solution 
of a differential equation of the nth order is a solution that contains n 
arbitrary, essentially distinct constants. A particular solution of a dif¬ 
ferential equation is one obtained by assigning particular values to one 
or more of the arbitrary constants in the general solution. 

Returning to the above example, we may state that 

y = C\e*^ + C^e-^ 

is the general solution of (4). The student may verify this fact by 
direct substitution, y = is a particular solution of (4) in which 

Cl = 1, C 2 = 0. 

The re<iuirement that the constants in any general solution must be 
essentially distmct is important. At first glance one might think that 
the expression 

y = C,x + Coc*"* - 

contains two distinct constants; but e'*'* ^ = x, and hence 

y = CiX 4 - C 2 X = (Cl + C\)x = Cx 

an exjjression which contiiins a single constant. 

Under cerlain conditions a ciitferentiai equation may possess a soiution, 
eaiie.i a singular solution, wldcii is of a (iitferenl eiiaraeter from ti.ose 
named above. We siiaii not, however, consider singular solutions m 

this book. 

In this chapter we shall study only eciuations of tlie first order and 
first degree. The usual notation for such equations is 

M dx + A dy = 0 

where M and A may be functions of both x and y. 
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214. Separation of variables. Using the form 

M dx N dy — 0 

if by algebraic or other operations the equation may be altered to an 
equivalent form, 

M dx N dy ~ 0 

where M is a function of x only and N is a function of y only, the vari¬ 
ables are said to be separated. The two terms may then be integrated 
separately, and the general solution may be written as 

dx + JA^ dy = C 

Example. Solve the following equation if y = 0 when x = S: 

(1) {xy + x) dx -f- x2 dy ^ dy 


Solution. Rearranging the terms, 


x{y + 1) dx -b — 1) dy = 0 


Dividing by {y + l)(x^ — 1) and integrating, 


X dx 


+ 



dy 


2 / + 1 


- C 


\ log (x>> - 1) + log {y+\) = C 


Simplifying, log [(Vx^ — l)(y +!)] = € 

( 2 ) {X^ - 1 )( 2 / + iy = ^ c 


(2) is the general solution of (1). In making the last simplification 
the original C un<lergoes a change in form, but it still remains essentially 
just a single constant of integration and may be written as C. To 
determine C subject to the given conditions, substitute y = 0, x = 3 
in (2). 

(9 - 1)(0 + ly = C 0 = 8 

(x^ - l)(y + 1)^ = 8 
is the required particular solution. 

21S. Equations with homogeneous coefficients. Roughly speaking, 
a group of terms in x and y are homogeneous if all the terms are of the 
same degree; more precisely, an expression in x and y is homogeneous 
of degree n if substituting kx for x and ky for y, k ^ multiplies the 
expression by k"'. 

X 

Example 1. Show that x^y + y® sin - is homogeneous of degree 3. 
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Solution. Substituting lex for x and ky for y, 

{kxYiky) H- (kyy sin + 2/® sin ^ 

The original expression is multiplied by k^; hence it is of degree 3. 
The differential equation 

M dx N dy — 0 

is said to have homogeneous coefficients if M and N are homogeneous 
expressions of the same degree^ «, for both. When this is the case, the 
substitution 

( 1 ) y = vx whence = v dx x dv 

transforms the equation to one in x and v where the variables x and v 

are separable. 

Example 2. Solve 

+ if) dx + dy = 0 

Solution. M and N are both homogeneous expressions of degree 2. 
Making the standard substitution (1), 

y = vx dy = V dx x dv 
(x^ + r-x-) dx + 2x-(r dx -h X dv) = 0 
x-(l + 2i; + V-) dx + 2x3 ^ q 


dx 


+ 


dv 


(I + v)^ 

1 


= 0 


Replacing v by ?//x. 


- log X — , 

2 1 + 

1 , X 


= C 


= c 


EXERCISE 123 


Find the general solution of eac-li of the 
data arc given, fin<l a particular s<ilution; 

1. X dx + Jj fly = 0 ; f/ = 4 ul.cii X = '2. 
3. x^dy - y (lx = 0; 1/ = ^ r = 2. 

6. (x + ry) dx + y fly — <>- 

7. (x +_ari^) dx + (xy — y) fly = <»- 
9. xv 1 + »/"* fix + y^^l^ <ty = 

11. xy {fix - fly) + 21 / dx - 3x fly = t>- 
13. xy dx + X dy — 2y dx — dy = 0. 

16. CSC y dx + sec x dy = 0; y =® 0 when 


following (lifTercntial equations, and where 

2. X fly + y dx = (>; Z/ = 4 when x = 2. 
4. x2 dy + >/ dx = 0; y = 4 wlien x = 2. 

6. fy" -f 1) dx + ^dy = 0. 

8. \ 1 — y‘ dx -f v'l — x^dy = 0. 

10. xy= dx -t- x= dy - y^ dx = 0. 

12. y(x dx + y dy) + x^y dx - 2 dy = 0. 
14. x=y- (dx + dy) - 4(y’ dx - x^ dy) = 0. 

TT 
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fT 

16. sin* 1 / dx -h cos* x dy = 0; y = - when 


17 , sit) y cos X dx ^ cos y sin x dy ^ 0. 18 * 


19. V dx y dy = 0. 


dr 


21 . -r = va* — ^;r = 0 when s = 
ds 

23. - = t€*. 

at 


dx 


+ 


ydy 


0 . 


1 + cos y 1 + sin a; 

20 . \og X dx X dy y \og X dx 


dr 


22 . ~ “ Va* — r*; r = a when s 
ds 

dj ^ 

dq a + q 


0 . 

0 . 


Solve the following by the method of homogeneous coefficients: 

26. (x + y) dx — 2x dy = 0. 26. (x +_2y)_dx + y dy 0. 

27. (x + y) di + (y - x) dy = 0. 28. (Vx*+ y* + y) dx — x dy = 0. 

29. (x* + y*) dx + (2xy — y*) dy = 0. 30. 2xy (dx — dy) + x* dy — y* dx = 0. 


216. Exact differential equations. The differential equation 

(1) M dx + N dy = 0 

is said to be exact if there exists a function of x and ?/, call it z = 
such that 

(2) dz — M dx N dy 


There is a test for exactness. In Sec. 164 it was shown that, if 
z = /(x,i/), the total differential of z is 






If M dx N dy is exactly the differential of a function of x and y. 
by comparing the right-hand members of (2) and (3) it follows that 






Then y ^ • It was pointed out in Sec. 163 that 

ay ay ax ox ax ay 

the cross derivatives are equal; consequently, a necessary condition 
for (1) to be exact is that 

^ ^ dM dN 

dy dx 

Equation (4) is called the test for exactness; conversely, if (4) is satisfied, 
it is provable that a function z exists for w'hich dz = M dx-\- N dy 
and hence z = C is the solution of (1). We shall omit the proof. 
Example 1. Solve 

9,x{\ + y) dx (x^ — 3) dy = 0 
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Solidion, Applying the test for exactness, 

M — 9.x{\ 4- w) N — 


- 3 


dM 

dy 


= 


dx 


= 


The equation is exact. Expanding, 

9.x dx + 9xy dx x"^ dy — S dy ~ 0 

The terms 9x dx and —Sdy can be integrated as they stand, and by 
inspection the group 9xy dx + x- dy suggests the differential of a product. 
By trial, x~y is seen to be the product desired. Summarizing, the solution 


IS 


+ x’^y — 3^ = C 


Example 2. Solve + ye^ dx + dy — 0 


Solution 


M = 


dM 




- 4* 2/^ 
y 

1 

4 

y 


x 


e*- 


=: e*-- 

y^ 


aA 

ax 


= e'-2 

y 


The equation is exact. Grouping the terms, 

- dx - dy 4- ye^ dx + dy = 0 

y y- 

The first pair suggests a (luotient, the secoiul a product. Then, 

ydx - X dy ^ dy = Q 

(2 


y 


- + 2/e- = C 
y 


After exactness has been shown, it is best to try to group the terms 
so as to discover the nature of the function 2 . However, there are rules 

like the following for finding the solution: ... t. . 

Rule for the Solution of an Exact Differential Equation. Integrate 
M dx, treating ;/ as a constant, and integrate iV dy treating x as a 
constant; the solution consists of the terms obtained by the ‘ ' 

tegration plus whatever different terms are discovered by the second 

integration, set e<iual to a constant. 

sLtions obtaiiieil by the rule should be eheeked by differentiation. 

To illustrate we .shall solve Kxaiiiple 1 by the rule. 

M dx = 2x(l + y) dx. Integrating this with ;/ eon.stant gives 
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yp. N dy = {x^ — 3) dy. Integrating this with x constant gives 

x^y — Sy. In this the term x^y has already appeared in the first in¬ 
tegration, but the term — 3?/ is a different term, and hence the solution 
is + x^y — 3?/ = C as before. 

217, Integrating factors. An equation which is not exact as given 
can sometimes be made exact by multiplying (or dividing) it by a 
suitable factor. A factor which transforms an inexact equation to one 
that is exact is called an integrating factor. Practically, such factors 
are found by trial; two examples are offered. 

Example 1. Solve 

(1) X dy + ^y dx — x"^ dx = 0 


Solution, M — ^y — x^ N = x; 


dM 




SN 

dx 


The equation is not exact. As a trial integrating 
equation (1) by x. 

x^ dy + 2 x 1 / dx — X® dx = 0 




The student may verify that the new form of the equation is exact 
and that the required solution is 



In trying various integrating factors one must be careful not to 
spoil terms or groups of terms that can be integrated as they stand. In 
the above example multiplying by y, for example, would spoil the term 
x^ dx. Common factors are x, y, xy, x^, . . . , 1/x, 1/y, 1/xy, . . . but 
there are various others that may be needed. 

Example 2. Solve xdy — y dx = x(x^ + y^) dx. 

Solution. Try dividing by x^ + y^, which looks like a hard factor 
to handle where it appears in the right-hand member. 



X dx 


Divide numerator and denominator of the left member by x*. 



X dx 
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It is obvious that separating the variables in a differential equation 
renders the equation exact. 

I.F. is often used as an abbreviation of “integrating factor.” 


EXERCISE 124 

In Probs. 1 to 6 apply the test for exactness; if the equation is exact, find its solution. 

1. (x — y) dx ~ (x 4- 3y) dy = 0. 2. {-ix — Hy) dx — 3(x + if) dy = 0. 

3. ( 6 z* — 2 x 1 / H- 3 / — 4) <ir -H (x — x^) dj/ = 0 . 

4. (Sx* — 2 x 1 /* -h 5) tfx — (2x*i/ -f 23 / + 4) dy = 0. 

5- ( 2 ^^ H- + {^y H- ^^y =0- 6. + y + dx -1- ^x - dy = 0. 


Solve the following equations by any method: 

T. (y 4- c") dx + x(l 4- c*') dy = 0. 

8 . (sin y “* y sin x) dx 4“ (cos x 4* ^ cos y) dy = 0. 

9. (2y 4 - 3a:) dx 4- x dy = 0. 10. y dx — (x — 2y*) dy = 0. 

11. (y sec* X — 2xy*) dx 4" (2 tan x — 3x*y) dy = 0. 


12. X dy — y dx = X dx. 

14. X dy — y dx — y* dx. 

15. y*Cx - 1) dx + (x 4- 1) dy = 0. 

18. x dy — y dx = (x* 4" y’) dy. 

20. y dx — X dy + xy dx 4- xy dy = 0. 
22. y dx — 2x dy — y dy = 0. 


13. X dy — y dx = y dy. 

16. X dy — y dx = X* dy. 

X dx , . 

4" y sec X dy = 


17. 

19. 

21 . 

23. 


0 . 


log y 

3 ^ dy — xy dx = (x * 4- y^) dx. 
X dy — y dx = x^v^x* — y* dx. 
3y dx -* X dy 3y* dx = 0. 


225. Linear equations of the first order. An equation in either of 
the forms 


( 1 ) 


dx 


Py = Q or (la) dy Py dx = Q dx 


where P and Q are functions of x only, is said to be a linear differential 

equation of the first order (i.e., it is linear in y and ^ or y and dy). 

First let us solve dy 4- Py dx = 0 {P = a function of x only.) 1 his 
is equation (la) with Q — 0. Now the variables may be separated. 



-Pdx 


Since P is restricted to being a function of x only, we can integrate 
at once. 

log y = ” / ^ ^ 

or 





or 


= c 
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The solution (2) suggests a method of attack on the more general 

equation (1) when Q 5^ 0. It suggests that is a possible integrating 
factor. Let this be tried on form (la), 

^dy + Pyei ‘‘''' dx = Qef' dx 

The left-hand member is the exact differential of the product 

(3) 

and the right-hand member is integrable since Q and P are functions 
of X. Hence, 

= fQef^‘‘^dx + C 


Example 1. Solve dx — dx — x dy — 

Solution. This equation is linear in y and dy. First rearrange and 
divide by x to put the equation in the form (la) above, i.e. 



dy -y dx — xdx 

X 


Then P = 2/i, Q = x. 

The I.F. is J'''' = = x*. 


Multiplying (4) by x^, 

x^ dy + 2xy dx = x® dx 


By inspection or by (3), the integral of the left-hand member 
yx^. Thereafter, 





Example 2. Solve dy ^y dx — x dx. 

Solution. By inspection, P ~ Q = x. 

The I.F. is Multiplying by the I.F., 

e^^{dy -|- Sy dx) — xe^^ dx 

= “ e2*(2x — 1) + C 




219. Equations reducible to the linear form. Some equations that 
are not in the linear form explained in the preceding sections can be 
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put into that form by an algebraic transformation. Consider an 
equation of the form 

(1) f'{y) dy + Pf{y) dx = Qdx 

where P and Q are functions of x only. By substituting z — /(?/), 
dz = f'{y) dyy equation (1) can be made to eonform precisely with 
(la) in the preceding section in the variables x and however, usually 
it is not necessary to perform the substitution explicitly. 

Obviously the solution of (1) is modeled on that of the linear type 

in the preceding section. The I.F. is after multiplying the 

left-hand member by the I.F., the integral of the resulting product is 

The right-hand member is treated as in the strictly linear 

case. 

1 2 

Example. Solve 2 /^ + - i/® dx = ^ dx. 

X X 

Solution. Multiply both members by 3 to produce form (1) precisely. 

Sif dy -\-^y^dx = ^ dx 


By inspection/(?/) = y^y P — S/x^ Q — Q/x-. 
The I.F. is = x^ 

x^{:^y~ dy + - 2/® dx) = (>x dx 

JC 

x^y^ = JCxdx = 3x“ + C 


EXERCISE 125 

Solve the following differential equations; 


1. (iij -I- XI/ dx — 0. 

3. dy — dx == 0. 

6. dy — y dx = X dx. 

7. dy - y dx ~ cos 3x dx. 

9. dy d- ^x^y dx = dx. 

U. dy — -^y dx dx. 

13. dy + cos x(y dx) = i cos x dx. 
16. (Id- x") dy -h xy dx - dx. 


2. dy — xy dz — 0 
4. dy d- ^ y dx ^ 0. 

6 . dy y dx = sin x dx. 

8. dy ^^y dx = dx. 

10. dy - ^ y dx = X- dx. 

12. dy + ^y dx =- log X dx. 

14. dy — sin x(y dx) = sin 'ix dx. 
16. X dy iy dx = xc*- ’ dx. 
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17. (x - 1) ^ - y = (x - 1)-^ 18. 3 

19. dy 4- ^ ^ y dx = xe~^ dx. 20. ( 

21. X dy ^ y dx = X* dx\ y = 12 when x = 3. 

g 

22. dy — iy dx = cos x dx\ y = z when x = 0. 

d 

23. xdy ^ydx = rfx; y = 4 when x = 1. 


18. X 3^ + 3/ = * + «* + tan »• 
ox 

20. dy + 3y <ix =s 0; y = 4 when x 


24. y dy -\- y^ dx = e~* dx. 26. x sin y dy — 2 cos y dx = - dx. 

1 X 

26. dy + y log y dx = xy dx. 27. — dy — - dx = x dx. 

28. dy y dx — y^ dx. 29. dy dx — dx. 

220. Miscellaneous problems. It was natural in the exercises of 
this chapter that the problems should be of the type discussed in the 
text just preceding each exercise. However, for practical use it is 
important to identify and then solve the various types from a miscel¬ 
laneous set. A summary follows. 

Types of Differential Equations of the First Order 

1. Separation of variables. 

Coefficients homogeneous of the same degree. 

2 . Exact differential equations. 

Equations rendered exact by an integrating factor. 

3. Linear equations of the first order. 

Equations reducible to the linear form. 


EXERCISE 126 
Miscellaneous Problems 
Solve the equations in Probs. 1 to 20. 

1. {I - x=)y' = x + xy*. 2. y' 4- y 

3. y' 4- y = X*. 4. y' 4- y 

6. X dy = (3x — 2y 4- 1) dx. 6. xy^ dy = 


2. y' 4- y = a*- 
4. y' 4- y = y*. 

Q. xy^dy= (x^ 4- y*) dx. 


7. x=y' 4- y = xhj. 8. 

9. cos y dy 4- ^ sin y dx = 3x dx. 

10. (4x - 3y 4- 1) dx 4- {8y - 3x 4- 2) dy = 0. 

11. y' 4- y cot X = cos* X. 

12. (2Vxy — x) dy 4- y dx = 0. 

13. xy' — y = X* sec* x. 14. 


8. dy 4- i dx ^ xdx. 


16. X* dx — y dy =* x*y* dx — x*y dy. 

17. y' 4- 2y = x. 

19. dy — dx ^ e**(dx 4* dy). 


14. xy*y' 4- y’ = X. 

1 ®- 

18. - 1) dx 4- (2xtf*‘' - 1) dy 

20. (x 4- 2)1^ - Sy - (x 4- 2)‘. 
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21. If an e.m.f. (electromotive force) E (volts), which may be constant or variable, 
is impressed on a circuit comprising a constant resistance R (ohms) and a constant in¬ 
ductance L (henrys), the differential equation for the current i (amperes) which is built 
up in time t (seconds) is given by 

( 1 ) + «.•=£ 

Solve (1) for i in terms of t subject to the conditions that i = 0 when < = 0, and E is 
constant. 

22. Examine your answer to Prob. 21, and find the value of i for large values of i. 

23. A circuit in which equation (1) is operative is short-circuited (i.e., E = 0). At 
that instant t — 0 and i — io. Solve the equation for i in terms of i. What is the value 
of i for large values of t? 

24. Solve (1) using Eo sin wt instead of E\ use initial conditions i = 0 when / = 0. 

26. If an e.m.f. E acts on a circuit comprising a constant noninductive resistance R 

and a condenser of constant capacity C (farads), the resulting charge q (coulombs) on the 
condenser is determined by the equation 

dq 

( 2 ) 




= ~kV 


Solve (2) for q in terms of t subject to the conditions that q - 0 when t = 0, and E is 
constant. 

26. If the e.m.f. in Prob. 25 is short-circuited at an instant when i = 0 and q = Qu. 
solve (2) for q in terms of t. 

27. Solve (2) using Eo sin instead of E. use initial conditions q - 0 when / = 0. 

28. A fiywheel is slowed down by friction. Its velocity V (in r.p.m.) decreases at such 

a rate that 

dV 

<3) Tt 

Solve (3) for V in terms of / (in seconds) if V = 1,000 r.p.in. when / = 0. Determine 
k V = 100 r.p.m. when t = 10 sec. 

29. A ay wheel like the one in Prob. 28 is slowed <lown in accordance witli the equation 

== _L' 

dt 4 

If r = 800 r.p.m. when t = 0. how long will it take to slow down the wheel to 50 r.p.m.? 

30. A tank contains 100 lb. of salt in solution. Hy running fresli water through the 
tank the aall solution la « aahe.l away, and the rate at whic h salt ia re.novec ,a proper, ,„.nd 
to the amount of salt left in solution at any instant. If « II.. of sail ,s waal.ed away ... tin- 

first 10 min., how long will it take to wasli away 90 lb..' . , i i,. • i i 

31. A cylindrical lank contains water. A hole is pum he.l in the tank K. in. below tlu 

aurface of the water. The rate at which the aurfa. e of .he water " 

the aquare root of the depti, of water al.ove tl,e liole. If the wa.c-r evel a.nks 7 ,n 

firat 5 min., how lonK will it take the water to sink to the level of ,i.e ho e. 

32. A wet cloth ia l.ung in tl.e aun to dry. A.ssu.ne tl.a, tl.e rate a, w I,a 1, .la amount 

of moiature decrea.sea ia proport,onal to the a.noo,,. of 

at any in.atant. If half the moialnre ia dricl out dur.ng ,l.e hr.a, l.oor, 1. long w.ll „ 

^^“ATn.liolcUve M.l.s,anre deco.nposea at a rate proportional .he 
subsUnce present at any instant. If halt ol a (<riaui ran 

in 40 years, what percentage will disiippear III 10 years.' ... i ,.r ..„t 

34. Bacteria of a certain type im rease at a rate proportuina to '; 
if the original nund.er .a ...creased by 10% in the hrst hour, how long cell take lo double 

the original number.^ 
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DIFFERENTIAL EQUATIONS OF HIGHER ORDER 


221, The equation = /W- In this chapter we shall consider some 

types of differential equations of higher order than the first. 

Consider an equation in which a derivative of the nth order, no other 
derivative being present, is a function of the independent variable only, 
i.e., an equation of the form 

S = 

Evidently the solution of (1) may be obtained by integrating n times 
with respect to x. 


( 1 ) 


Example. Solve 




+ - = 0 . 


-1 


Multiplying both sides by dx and integrating, 

/■'(I)-/-?'" 

^ . 1 + c, 

dx X 

By integrating a second time it is found that 

y = log X -h CiX + C 2 

222. Second-order equations; y absent. Let us next consider equa¬ 
tions of the second order in which y, i.e., the dependent variable, is 
absent. The substitutions 

dy ^ ^ ^ ^ ^ ^ 

dx ^ ^ dx^ dx 

reduce such an equation to an equation of the first order in x and p. 
As such it may be any one of the several types of differential equations 
of the first order. 


Solution. 


dx\dx 


456 
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Example. Solve y*' y' + x = 0. 

Solution, y is absent; the equation is of the type under discussion 

Let y' = p‘> then y” = and the given equation becomes 

dp 
dx 

This is a linear first-order equation; P = 1, Q = — x, and the I.F 
is = e*. Hence, 

pe^ = —^xe^dx — —e^(x — 1) -h Ci 


+ p = — X or dp p dx =—X dx 


V 


= -X 


dx 


-h 1 -h Cie-' 


Integrating again to obtain y. 


X- 


y -% + ^ 

223. Second-order equations; x absent. In this type of equation, 

X, i.e., the independent variable, is absent. The substitution ^ ^ P 

is the same as before, but the second derivative is treated quite dif¬ 
ferently, as follows: 

^ _ (ip ^ dy dp ^ d]/^p ^ dp 
dx^ dx dy dx dx dy dy 

These substitutions reduce this type of second-ortler equation to one 
of the first order in the variables y and p. 

Example. Solve y" — yy* = 0- 

Solution. Let y' = p, y" ~ 

The given equation now lakes the form 

dp 

dy - 

Dividing by p and integrating, 

dp - y dy = ^ P 


= 0 




y_ ^ 

'2 2 


CJ/2 is merely a convenient form for the ecmstanl, as will 
a later step. ('J 

^ ^ dx' ^ 

'■I dy 


appear at 


dx = 


C\ + if 
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EXERCISE 127 


Solve the following differential equations : 



t ^ 

33 = sin X. 
djT 

A 

% -7^= cos X. 
ax* 


II 

• 






7. y" - I/' - e- - 0. 

8. y” 4- 3y' — sin x = 0, 


9 . 

10. xy" 4- y' - log X. 


11. xy" 4- 2i/' + = 0 . 

13. (x2 + 1)^' + = 0. 

16. (tan x)y" y' ^ sin x. 

12. xy" - / 4- X* - 3x 4- 1 
14. (x» 4- l)y” - 2 xy' = 0 . 
16. y" 4- = XC-*. 

= 0. 

• 

0 

II 

1 

• 

18. y" 4- 4i/' = 0. 


19. y" - Sty' - 0. 

20 . y" + -, = 0. 

y3 


21. y" -1- i/'2 = 0 . 

23. yy’' + y”^ - 0. 

26. yy'’ - y'^ = 0. 

27. y"-y = 0. 

22. y" 4- y'* = 0. 

24. yy" - y'» = 0. 

26. yy" - y'^ - y' - 0. 

28. y" 4- y = 0 . 


224. Linear equations of the second order. An equation of the form 

T, df'y , n d" '1/ , 

“ dx'' * dx^~^ 

+ P-i + r-K - 0 



where Po. Pi. , Pn, and Q are functions of x only, is called a linear 
differential equation of the nth order; i.e., y and all the derivatives of 
y appear only to the first degree. Further, if Q = 0, the equation is 
said to be homogeneous^ or to have its right member zero; if Q 7 ^ 0 , the 
equation is said to be nonhomogeneouSy or to have its right member not 
zero. If all the P*s are constants, the equation is said to be a linear 
equation vnth constant coefficients. In this section we shall consider only 
homogeneous linear equations of the second order with constant coef¬ 
ficients, i.e., an equation of the form, 

( 1 ) aoy" + aiy' + = 0 

We shall seek a solution of this equation by trial. The equation calls 
for a function y such that the sum of the function and its derivatives, 
each multiplied by a constant, shall be zero. This suggests trying a 
function whose derivatives closely resemble the function, except for 
constant multipliers. Therefore we try 

( 2 ) y = Ce”^ 
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We may substitute this assumed value of y in the given equation (1) 
and try to determine the value of m in the exponent. 

y = Cc"*' y' = mCe”'^ y” = m~Ce”^ 

Substituting these values in (1) and factoring, 

Ce"''(aowi- + aim + 02 ) = 0 

Accordingly (2) yields a solution of (1) if m is a root of 

(3) + OiWi + 02 = 0. 

Equation (3) is a quadratic in m, and its roots, call them mi and m 2 , 
may be real and distinct, real and equal, or imaginary. The details 
of the form of the solution depend on the classification into which the 
roots fall. Equation (3) is called the characteristic equation of (1). 

Case I. mi and m^, Real and Distinct. If the roots mi and m^ of the 
characteristic equation are real and distinct, then both y = 
and y = €26”^'^ are solutions; and, as may be verified by direct sub¬ 
stitution. their sum 

( 4 ) y = Cie"*^ H- C 2 e^^ 

is also a solution. Since Ci and C 2 are two arbitrary, essentially distinct 
constants, (4) is the general solution of (1). In practice (4) is used as a 
formula for the solution of (1) when the roots of (3) are real and distinct. 

Example 1. Solve 9 .y'* — ly' + 62 / = 0. 

Solution. Form the characteristic equation 

2m^ — 7m -1-6 — 0 

^ 3 

(m - 2)(2m - 3) = 0 ^ = 2,- 


Using equation (4), the general solution is 

y = + C2C""'- 

Case n. m, and m,. Seal and Equal. In a case where m, = m. 
equation (4) becomes 

y = + Oe”- = ((’. + 

This solution contai.is only one arbitrary eonstani, an.l eannot he 
the general solution. It has been fonnd that 

(5) 2/ = (Vr”"' 

is also a solution of (1) when the roots belong to Case II. This ean be 
verified by direct substitution as follows: 

y = C-,xe’-'‘ y' = C\e’"'‘(m,x + 1 ) n" = Cjr"""!"';-^ + 

Substituting these values in (1) and .simplifying, 

(6) Ctxe'^'^{a<im\ + apni + " 2 ) + C'.r""'(-«om, + «■) - 0 
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This equation is true. The quantity in the first parentheses is identi¬ 
cally zero because mi is a root of (3), the characteristic equation. Also, 
the quantity in the second parentheses vanishes by the known algebraic 
theorem for the sum of the roots of a quadratic. The sum of the roots 
of (3) is 


mi H- 7712 = 


flo 



mi = 7^2, mi — 


fli 

2ao 


Substituting the last value of mi in the second parentheses of (6), 
the quantity in the parentheses vanishes identically. This verifies 
that (5) is a solution of (1). Since Cie"** and € 2 X 6 ”"^ separately satisfy 
(1), their sum will also satisfy (1) and 

(7) y = Cic"*** + C 2 xe’">* 

is the general solution of (1) in Case II. 

Example 2. Solve y" + By' + 9?/ = 0. 

Solution. The characteristic equation is 


m2 H- fim + 9 =* 0 

and m = —3, —3. The equation falls in Case II. Using (7) as a 
formula for the solution, 

y = Cie-2* - 1 - € 2 X 6 -^^ 

Case III, the case where the roots are imaginary, will be considered 
in the next section. 


EXERCISE 128 


Solve the following differential equations: 

1. y" - %' + 6y = 0. 2. y" - 4/ + Sy = 0. 

3. Verify your answer to Prob. 1 by direct substitution. 

4. Verify your answer to Prob. 2 by direct substitution. 

5. y" + 5y' -f- 4y = 0. 6. y" - y' - 6y = 0. 

7. 6y" - 13y' - 6y = 0. 8. 8y" + 6/ + y = 0. 

9 . y” _ 4 j,' -I- 4y = 0. 10. y" - 6y' + 9y = 0. 

11. Verify your answer to Prob. 9 by direct substitution. 

12. Verify your answer to Prob. 10 by direct substitution. 

13. y" + 2y' 4- y = 0. 14. y" + 4y' + 4y = 0. 

16. y" + 5y' = 0. 16. y" - 4y = 0. 

17. y" - y = 0. 18. y" + 9y' = 0. 

19. 4y'' + 12y' + 9y = 0. 20. 9y" + 12y' 4 4y = 0. 

21. 4y" - 4y' 4 y = 0. 22. 4y" - 20y' 4 25y = 0. 

Find the particular solution of each of the following equations that satis6es the given 
conditions: 


23. y" — 3y' = 0; y = 1, y' = 6 when ar = 0. 

24. y" — 3y' 4 2y = 0; y = 1, y' = 0 when x = 0. 

26. y" — 4y' 4 4y = 0; y = 4, y' = 5 when x = 0. 

26. y" 4 2y' = 0; y = 3, y' = —8 when x = 0. 
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27. t/" — Oy — 0; j/ = 2, y' = S-t when x = 0. 

28. y' — 2y' -f* y = 0; y = 2 when x = 0, y = 3c when x = 

29. 3y" + 5y' — 2y = 0; y = — 1, y' = —5 when x = 0. 

30. y” “h 4y' = 0; y = 5 when x = 0, y —♦ 0 when i —* oo . 


1 . 


22S, Case IIL Imaginary Roots. We now resume the discussion of 
the homogeneous linear equation of the second order with constant 
coefficients. Recall that the equation is of the form 

(1) ao2/" + ai2/' + aoy = 0 

that OTi and tth denote the roots of the characteristic equation 

(2) + aim + aj = 0 

and that it remains to consider the following case: 

Case III. mi and Imaginary. The roots of the characteristic 
equation (2), if imaginary, are a pair of conjugate imaginary numbers 
of the form a. =t /3 j. Formally, using equation (4) in the preceding 

section we may write 

(3) y = 

Equation (.3) may be put into a more usable form as follows: 

(4) = 

If we ex|)and by substituting ix for x in series [I] in Sec. 207 (see 
Probs. 17 and 18 in Exercise 120), 


X- 


= 1 + IX - ^ - yi 

= cos X i sin x. 


fx3 ^ 

^ 4! ^ 


Similarly, 


.—ur —- 


= cos X — I sin X 


In tlic tl.corv «f functions of a complex variable these expressions in 
terms of trif;onomelrie functions are taken as the .lefinil.ons of ami 

e"*', respectively. 

Ajjplying these results tt> (4), 

y = (-'-^[riCcos /3x + i sin /3x) + 0x - i sin ^x)] 

= fr^[(Ci + ^2) cos/3x + {(Cl — f^’2) s\n 0x\ 

Writing C\ + ('2 = (’[ ami f((', - = ('j- 

y = cos ^x + f 2 sm )3x) 

There is no loss in generality in dropping the priu.es, although, of 
course, the result i..g f’, an.l f .. are ..ol the sa.ne as the ong.ual ones. 

This gives as the general .solution of (1) 

(■5^ y = COS /^x + ( \ si” ^3x) 
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Example. Solve y” — 4?/' + = 0. 

Solution. The roots of the characteristic equation 

— 4m + 29 = 0 

are 2 db 5i; hence, a = 2, = 5. By (5) the solution is 

y = cos 5x + C 2 sin 5x) 

An alternative form of (5) is sometimes preferable. Let 

Cl A cos 6 C 2 — A sin 0 

Then (5) becomes 

y — Ae^^(cos $ cos ^x -f- sin 6 sin fix) 

(6) = Ae^^ cos (fix — 6 ) 

In terms of Ci and C 2 the new constants A and 6 are 

A = ±\/C1 + Cl e = tan-' ^ 

Using (6) the solution of the example is written 

y — Ae^ cos {5x — 6) 

226. Other homogeneous linear equations with constant coefficients. 
In Secs. 224 and 225 we have discussed the solution of the homogeneous 
linear equation with constant coeflBcients of second order. Without 
further discussion we shall state the form of the solution of linear 
homogeneous equations with constant coefficients of higher order than 
the second. Let 

(1) + • • • + + a„y = 0 

denote a homogeneous, linear equation of order n with constant coef¬ 
ficients, and let its characteristic equation be 

(2) aom" + aim'*^^ + • * • + fln-im + a,, = 0 

Let the n roots of (2) be mi, m^, . . . , m„, which may occur as real 
and distinct roots, real roots of multiplicity h {h < n), pairs of conjugate 
imaginary roots, or repeated pairs of conjugate imaginary roots. For 
each real, distinct root, m^, m; , . . . , the general solution will contain 
terms of the form 

For a root m*, repeated h times, the general solution will contain h 
terms of the form 
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For a pair of conjugate imaginary roots, a it the general solution 
will contain terms of the form 

cos + C2 sin /3a:) 

For a repeated pair of conjugate imaginary roots, a =h /3i, occurring 
r times, the general solution will contain terms of the form 

e^^(Ci cos + C2 sin /3x) + cos ^x + C4 sin /3a:) 

+ . - • + x^'V-'(C2r-i cos /3a: + C2r sin /3x) 

The general solution of (1) consists of the sum of all the terms furnished 

by the several kinds of roots. 

Example. Solve + I6y"' - 0. 

Solution. Write the characteristic equation 

m? + + 16m® = 0 

m®(m^ + 4)® = 0 

m = 0, 0, 0, ± =b 

0 is a real root occurring three times, and ±2i are conjugate imag- 
inaries occurring twice; a = 0, ^ = 2. Following the appropriate 
instructions, from the preceding list the general solution is 

y ^ -f- C2X + CsX^ + C4 cos 2x + Cs sin 2x + CeX cos 2x + CiX sin 2x 


EXERCISE 129 

Solve the following differential equations: 

1 . !/" + 4 j/ = 0 . . ^ ^ 

3. Verify your answer to Prob. 1 by direct substitution. 

4 Verify your answer to Prob. ^ by direct substitution. 


6. y” - V + Sy = 0. 

7. y" + 2y' + = 0. 

9. 2y" + 2y' + y = 0- 

11. IGy" - 24y' -f 34y = 0. 

13. y'" - 7y" + 12y' = 0- 

16. y'" + Gy" + fly' = 0. 

17. 4y'" + :V = «• 

19. y'" - Gy" -t Hy' - by =* 0. 

21. y'" - fly" + %' - = 0. 

23. + y" = 0. 

26. y<‘> + 8y" + IGy = 0. 

27. y'"> - 2y'" + y' = «• 

the particular solution uf each of the followiuK .litrerenlial e.p.atlons that .at.afiea 
the statc<l conditions: 

29. + y = 0; y = 2 when r = 0, y = -2 when .r = >r/2. 

30. y" + 4y = 0: y = 5. y' = « "hen z - 0. 

31. y" + 2y' -H 2 y = 0; y = 4, y' = « " ben x - 0. 


6. y" + 2y' + 5y = 0. 

8. y" - Gy' + Ifly = 0. 

10. fly" - 12y' + 5y = 0. 
12. 4y" + 20y' + fl4y = 0. 
14. y'" - 2y" + 2y' = 0. 
16. y'" — 4y' = 0. 

18. y'" -h 4y" + 4y' = 0. 
20. y'" - y" - y' + y = 0- 
22. - y" = G- 

24. y**’ - y'" = *'■ 

26. y'*^ - 8y" + IGy = 0- 
28. y'") - 8y‘*’ = G- 
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32. y" — Sty' + lOi/ = 0; y = 2, y' = 20 when x = 0. 

33. ?/" + 9y = 0; y = 3 when a; = 0, y = 3 when x = ir/St. 

34. 16^'' + y = 0; y = 2x^2, y' = V^/4 when x = v. 

227. Equations with right-hand member a function of x. The last 

type of equation which we shall consider is a linear equation of the 

nth order with constant coefficients and the right-hand member a 
function of x only (or a constant); i.e., it is of the form 

+ • • • + a„_i 2 /' + a„ 2 / = fix) 

There are several ways of attacking an equation of this type. We 
shall illustrate by means of examples a method that can be used when 
the right-hand member contains certain common elementary functions. 

Example 1. Solve the equation 

(1) y” - 4i/' -1- 4i/ = - 3 

Solution. We may think of the right-hand member as consisting of 
two parts, viz., zero plus x^ — 3. 

We know how to write a general solution for the left-hand member 
equated to zero; if, in addition, we can find a particular function for 
which the left-hand member of (1) equals x^ — 3, the sum of that general 
solution plus the particular function will satisfy all the requirements 
of a complete solution of (1). The general solution of 

y" — 4^' -h 4y = 0 (m = 2, 2) 
is 

y = -h 

In problems of this type the part of the complete solution obtained 
when the left-hand member is equated to zero is called the comple¬ 
mentary functioHy usually abbreviated by C.F. 

We now seek to find by trial a function y = fix) such that 

y" — 4y' -f 4?/ — — 3. 

Since only a quadratic expression in x is involved in the right-hand 
member, it should be possible to meet this requirement by an expres¬ 
sion of the form 

y = Ax^ Bx -f- C 

Differentiating, y’ = St Ax -f- By y" — 9, A. Substituting these de¬ 
rivatives in (1), 

2/1 - 4(2/la: + B) A- HAx^ -h Bx C) = x^ - S 
Equating the coefficients of like powers of x, 

X*: 4/1 = 1 

x: - 8/1 -f 4^ = 0 

Constant: 2A — 4B H- 4(7 = —3 
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C = 


The sum of the complementary function and the particular function is 

y — ” 8 

and this is the general solution, for it contains two arbitrary constants, 
and it will satisfy the given equation since, when it is substituted, the 
terms of the C.F. give zero and the other terms, the particular solution, 

give the right-hand member. 

Example 2. Solve the equation 

(2) y’' - y = e— cos X 

Solution. The characteristic equation is 


m2 - 1 = 0 


m = ±1 


and the C.F. is 


y = C\e^ + C 2 e ^ 


It remains to find a particular function for which 

y" — y = e~^ cos X 

Evidentlv we should allow for a term of the form cos x; and since 

its derivative will contain c"' sin x in some manner, we may try for the 

desired function 


Ae-^ cos X + sin x 

-A{e-’ sin X + c'* cos x) + cos x - c"' sm x) 

— ,l)c-^cosx — (.1 + B)e~^ s\i\ X 
(/j _ —sinx — cos x) — (.1 + (cos x — 

sin x — 2/^e ' cos x 


sin x) 


Substituting these in (2). 

(2.1 — sin X — (A + 2/?)c ^ cos x 

Equating the coeflicients of like terms, 

sin x: 2.1 — B = 0 
cos x: —-I ~ 2/^ = 1 


= e"* cos X 


From these ef|uations, .1 — 
The general solution is 

y = (\e^ + ('2e 


_i. B = - 2 -;. 


1 

- e-' cos X -■ Z e sin x 
5 ^ 


Example 3. Solve the eciua'.ion 

n _ Oil = p-‘ 

y — y '^y ^ 
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Solution. The characteristic equation is — TO — 2 = 0, m = 2, 
— 1, and the C.F. is y = 

To produce the right-hand member of the given equation, by 
means of a function differentiated and substituted in the left-hand 
member it would be natural to try y = for the particular solution. 
But the C.F. shows that when this is substituted the result will be zero. 
If, however, w'e try y = this will not occur and a term of the form 

desired in the right-hand member will appear in the derivatives of this 
function. Thus, 

y = Axe^^ 

y* = ^Axe^^ -f- Ae^^ 

y” = 4Axe^^ -}- 4Ae^ 

Substituting these in the given equation, 

4Axe^^ -h 4Ae^^ - 2Axe^^ ~ Ae^ - 2Axe^ = SAe^^ 

and this is to equal the right-hand member Hence A = 3^, and the 
complete solution is 

2/ = + Cje-" + I 

Example 4. Solve the equation 

y'^ - Sy' = X + 5 ^ ^ 2 . 

Solution. The characteristic equation is to^ — 3to = 0, to = 0 , 

3, and the C.F. is ?/ = Ci -f € 26 ^^. 

The natural (but incorrect, as will appear) trial particular solution 
would be y = Ax B + De^\ = A + y” = 4 De^^. Sub¬ 

stituting in the given equation, 

4De'^^ - 3.4 - = a: -|- 5 -|- 

or 

-3.4 - 2Z>c2r = X -h 5 4- 

If we try to equate coefficients of like terms on both sides there is 
no diflBculty with the e~^ terms; they require —2D - 1, Z) = 
but we cannot make —3.4 = x 4- 5 identically. The trouble arises 
from the fact that B duplicates in form C\ of the C.F., so that we ha\'c 
not enough useful constants in our trial solution to satisfy the equation. 
The remedy is to multiply by x* the terms involved. That is we take 

y = x(Ax + B) -h De-^ 
y' = 2Ax 4- F 4- 
y'' = 2.4 4- 4Z>e2r 

In the case of repeated roots in the characteristic equation the multiplier might need 
to be or x’, etc. 
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Substituting these. 

Equating coefficients, 

A = 

The complete solution is 

7/ = Cl + Cac^^ 

For more general methods of solving equations of this type the student 
is referred to textbooks on difiFerential equations. 


- 6 Ax - SB - 6De^‘ = x + 5 -\-e- 


— 6.4 = 1, 2^1 — SB = 5, — 2Z) = 1, whence 


B = - 


16 

9 


Z> = -~ 


EXERCISE 130 

1. Solve the equation in the example. Sec. 242, by the method of the above section. 


Solve the follov. ing differential equations; 


2. y" - 3y' -\- 2y X + 5, 

4. y- - e^. 

6. y" + 2y' + 2y = 2x2 + 2x - 4. 

8. y*' + 9y = 2 sin x. 

10. y" - y' — 2y = X + 

12. y” — y — e* sin x. 

14. y" - 4y = xe^^. 

16. y" - 2y' + y = lOe^* sin x. 

18. y”' - y" - 2y' ^ X + 3. 

19. y" - 4y' + 3y = 6x + 1; y = 10. 

20. y" - 4y' + 8y = 40; y = 25. y' = 


3. y” - 4y = e*. 

6. y" + y = x2 + 1. 

7. y'^ -b 9y = 4 cos x. 

9. y" + 9y = 8 cos X — 1C sin x. 
11 . y" — y = ^ + sin x. 

13. y" + 9y = X + sin 3x. 

16. y" - 6y' + 13y = 2 cos 3x. 

17. y” - 2y' - 3y = 

t' = 5 when x = 0. 

100 when x = 0. 


21. y" - 2 y' = e*; y = 6, y' - 9 when x = 0. 

22. y" + j/ = X + cos X + «*; y = 8, y' = —3 when x = 0 
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APPLICATIONS OF DIFFERENTIAL EQUATIONS 


228. Introduction. The two preceding chapters provide only a very 
brief introduction to the subject of differential equations. Similarly 
in this chapter we shall present only a very limited selection from the 
many applications of the subject. 

229. The equation ma = F. The motion of a particle or of a body 
that may be treated as a particle has been considered in several dif¬ 
ferent chapters. Presently we shall consider aspects of the same subject 
as illustrations of differential equations. To this end we shall assume 
a general knowledge of Newton’s laws of motion, and we shall state 
without discussion the first and second laws. 

Sewtons First Law of Motion. A body under the action of no forces 
will maintain its condition, either of rest or of motion, unchanged. 

Sewton s Second Law of Motion. The rate of change of the momentum 
of a body is proportional to the resultant external force that acts on 
the body and takes place in the direction of that force. 

The momentum of a body is defined to be the product of its mass by 
its velocity; if m denotes the mass and v the velocity of the body, its 
momentum equals mv. WTienever the mass of a body may be considered 
constant, as it is in the great majority of problems in physics and 
mechanics, the rate of change of momentum may be written as 



(Iv * 

is, of course, the acceleration of the body. In our previous work 
we have denoted acceleration interchangeably by 



Engineers and physicists usually denote acceleration by a, and the 
classic equation for expressing Newton’s second law is 

(1) 


ma — F 

468 
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In order to work numerically with (1) it is necessary to express the 
quantities involved in terms of a consistent set of units. A system 
favored by engineers, and the one we shall use in this chapter, makes the 
foot the unit of distance, the second the unit of time, and the pouTid 
the unit of force. This leaves the unit of mass to be determined con¬ 
sistently with the three mentioned. 

TVe shall take the mass mot a body to be proportional to its weight IF, 

which we shall measure in pounds. Hence, 


( 2 ) 


m ^ kW 


If a body weighing W lb. is acted on by the force of gravity, the body 
is subject to a force of IF lb. acting vertically downward. If no other 
force acts on the body (i.e., if it is a freely falling body), these IF lb. of 
force will impart an acceleration to the body that is denoted by g. 
Substituting in (1) ^*IF for wi, g for a. and IF for F, we obtain 


kWg - W 


hence, k = - 

9 


Substituting this value of k in (2), 


IF 


m = 


In words, the mass of a body is the quotient obtained by dividing 
the weight of the body by the acceleration of gravity. 1 he value of j 
is determined by experiment, and we shall bike its value to be 32 
ft./sec.^* As was stated in Sec. 181, when IV is numerically eiiual to g, 

the resulting unit of mass is called a slug. „ . , u , t i 

Returning to equation (1), we repeat that F is the resu taut external 

force that acts on the bo.ly; as such it may comprise forces due to gravity, 

friction, magnetic attraction, etc. F may be constant or n ariable 

if the latter, we .shall take it to be a function of tune, ilistance, and 

velocity. Further, we shall consider only rectilinear motion; i.e., 

the body moves in a straight line which we shall ea 1 the “ 

summary, under the conditions mentioned equation (1) is restrict.d 1. 

the form 


(3) 


(J dt- 


230. Problems in freely falling bodies. Ix-t a bod> uhuh 
IF lb. move under gravity in a vertical line with no other force aa ng. 

We shall let its line of motion be the .9-axis arui let the r 

• 32.2 is more accurate but ntake our problems needlessly l.aborious. 
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be the positive direction. Then, with units as explained in the preceding 
section, the differential equation of the motion of the body is 


or 

( 1 ) 


g dt- 




Equation (1) shows that all freely falling bodies are subject to the 
same equation irrespective of their weights. 

Equation (1) comes under several types; it may be integrated twice 
in succession, the dependent variable is missing, the independent vari¬ 
able is missing, and it is a linear equation with constant coeflficients and 
right-hand member not zero. In any particular case the method to be 
selected depends on the data of the problem. 

Example 1. A body moves under gravity with no other force acting. 
If it is given an initial upward velocity of 64 ft./sec., where is it and what 
is its velocity 5 sec. later? 

Solution. The statement that the body moves under gravity with 
no other force acting permits us to write equation (1) above as the 
differential equation of the motion, viz., 


d^s 

If 



We next write the conditions that will later determine the constants 
of integration, and they are a guide to the method to be used in the 
solution. Since we have made the downward direction the positive 
direction, an initial upward velocity of 64 ft./sec. is expressed by the 

equations ZJ ~ ^ ~ —64 when i = 0. Since nothing is stated to the 

contrary, there is no loss of generality in measuring distances from the 
point where the body is located when ^ = 0; i.e., 5 = 0 when / = 0. 
Grouping these statements, the mathematical elements of the problem 
are as follows: 

f1 o 

Solve -yp. = 32; 5 = 0, ^ = —64 when / = 0. 
or at 

Integrating the equation once with respect to i. 


= 32< + Cr 
at 


ds 


Since ^ = — 64 when ^ = 0, Ci = —64. 
at 


(2) 


^ = 32t- 64 
at 
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= 32 


Integrating again with respect to U 

s = - 64i + Ca 

Since 5 = 0 when i = 0, Ca = 0. 

( 3 ) s = 16^^ — 64i 

(3) and (2) furnish the answers to the questions concerning 5 and v 

after t sec. Their values for t = 5 are required. 

By (3). s\t ^5 = 400 - 320 = 80 ft. (below the starting point since s 

is positive). 

gy ( 2 )^ ^ = 160 - 64 = 96 ft./sec. (downward since v is 

CLl 

positive). 

Example 2. A body is projected downward from an observation 
platform. Two seconds after starting it is 112 ft. above the ground, 
and it strikes the ground 3 sec. after starting. Find the height of the 
platform and the initial velocity. 

Solution. Without discussion 

d}3 

(4) dt^ 

To formulate the conditions that determine the constants notice that 
the ground serves as a natural origin for distance; hence. 

s = —112 when < = 2 
5 = 0 when t = S 

Integrating (4) twice with respect to U 

s = 16 ^^ + Cit + Cz 

At < = 2: —112 = 64-1- 2Ci + Cz 

Ait = S: 0 = 144 -h 3C, d- C\ 

Solving simultaneously, Ci = 32, Cz = —240. 

The solution is 

(5) 5 = \0r- 32< - 240 

When t = 0, the body is at the platform. 

s\i^o = —240 

i.e., the platform is 240 ft. high. 

To find the initial velocity we must first differentiate (5) to find the 
general expression for v. 

= r = 32/ -f- 32 
dt 


2Ci 4“ Cz — 
36'i -b C 2 — 


-176 

-144 


v\t^o = 32 ft./sec. (downward) 
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2 . 

3. 

4. 


Integrate 

Integrate 

Integrate 

Integrate 


d^s 

dP 

(Ps 

dP 

(Ps 

dP 

<Ps 

dP 


EXERCISE 131 

32 by the method of Sec. 223. 
32 by the method of Sec. 227. 
32 if 0 Po, » » 0 when f = 0. 
32 if p = P(>, « = Jo when < = 0. 


In Probs. 5 to 18 it is to be understood that the body moves in a vertical line* with 
gravity the only force acting. 

6. A body is thrown vertically upward from a staging with a velocity of 40 ft./sec. 
(a) How far from the starting point is it at the end of 4 sec.? (6) What distance does it 
traverse during the fifth second? 

6. A body is thrown vertically downward from a staging with a velocity of 40 ft./sec. 
(a) How far is it from the starting point at the end of 4 sec.? (6) What distance does it 
traverse during the fifth second? 

7. A body is given an upward velocity of 400 ft./sec. How high will it rise above the 
starting point? (Hint: Use the method of Sec. 223.) 

8. Wliat initial velocity must be given a body to enable it just to reach a platform 
100 ft. above the starting point? 

9. A body is thrown upward from a staging> and 5 sec. later it is observed to be 90 ft. 
below the starting i>oint. What was its initial velocity? 

10. A body is thrown downward from a staging, and 2 sec. later it is observed to be 
90 ft. below the starting point. What was its initial velocity? 

11. A body is thrown downward from a staging 64 ft. high with a velocity of 80 ft./sec. 
In how many seconds will it reach the ground? 

12. A body is thrown upward from a staging 56 ft. high with a velocity of 40 ft./sec. 
In how many seconds will it reach the ground? 

13. A body thrown downward with a velocity of 8 ft./sec. reaches the ground in 
IK sec. From what height was it thrown? 

14. A body thrown upward with a velocity of 30 ft./sec. reaches the ground in 4j^ 
sec. From what height was it thrown? 

16. A body is thrown upward. As observed from a staging, after 2 sec. it is 10 ft. 
above the staging, and after 4 sec. it is 132 ft. below. Find (o) the initial velocity and 
(5) the initial distance of the body from the staging. 

16. A body is throwm from a staging. After 0.5 sec. it is 52 ft. above the groimd, and 
after 1.5 sec. it reaches the ground. Find the initial velocity of the particle and the 
height of the staging. 

17. A body is thrown upward from a staging. After rising 25 ft. it is still moving upward 
with a velocity of 30 ft./sec. VMiat was its initial velocity? 

18. A body is thrown upward from a staging. After rising 25 ft. it is still moving 
upward with a velocity of 30 ft./sec. After how’ many seconds from the time it started 
will it return to the staging.’ 

19. A body moves in a straight line subject to a variable force so that the equation 
of its motion is 


Ip 



If it starts from rest, how far will it move in 10 sec.? 
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30. A body moves in a straight line subject to a variable force so that the equation of 
its motion is 


dP 


= 32 + vT 


How much farther will it move in 10 sec. than a freely falling body? 

21. A body moves in a straight line subject to a variable force so that the equation of 

its motion is 

(Ps 


dP 


= 32 — < 


(a) If it starts from rest, after how long will it again come to rest? (fc) How far will it 
move during the interval? 


231. Miscellaneous 
(3) in Sec. 229, viz., 

( 1 ) 


problems; friction. Returning to equation 


a dt^ 


= F{t, 3 ,v) 


we shall consider several additional examples which offer greater variety 

in illustrating the application of the equation. 

Example 1. A body which weighs TV lb. is at the mid-point of a 

smooth (i.e., frictionless) inclined track 
300 ft. long. The track makes an angle 
0 = 30° with the horizontal. If at a 
certain insUnt the body is given an 
upward velocity on the track of 40 
ft./sec., how much later and with 
what velocity will it reach the foot of 
the plane? 

Soltdion. The force acting on the , . u r .u 

body to move it on the track is the component along the track of the 

force due to gravity; i.e.. 



FIG. 272. 


W cos (90° - 0) = sin d 
Hence, the differential equation of the motion is 


(«) 


T_V^ 

9 


= W sin 30' 


or 


d-s 

dt- 


= 16 


We may locate the origin for distance at the mi.l-point of the track. 
The equations that determine the constants are 

, = 0,f = 0 5 = 0.« = -40 f = 0,. = -40 

The sets of conditions are not indepen.ient, hut any set may be used 
at convenience. 
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Integrating (2) by the method employed when the independent vari- 

_ dv 
dt dt^ ^ d$' 


• • • • ds d^s 

able IS missing, i.e*, v = — > 




= 32j + Cl 


Since ^ = 0 when v = -40, Ci = 1,600. 

.\t the foot of the track s = 150 ft., and the velocity of the body at 
this point is 

*'|..1S0 = V (32) (150) + 1,600 = 80ft./sec. 


To find t from (3) write 



for V, and separate the variables. 


Integrating 


_d£_ 

rt\/325 + 1,600 




+ 1,600 = 1 + 02 


Since 5 — 0 wh en t — Oy C 2 — —2.5. The minus sign must be taken 
because v = rt\/325 + 1,600 is negative when ^ = 0. 

When 5 = 150 ft., t = +K6V4;800 -f 1,600 + 2.5 = 7.5 sec., the 
time required for the body to reach the bottom of the track. 

In Example 1 we assumed that there was no friction between the 
body and the track. In the next example we shall take account of 
friction. 

A\ hen one body slides on another, there is a resistance to the motion, 
arising from the friction between the surfaces. This type of friction 
(there are several types) is called sliding friction. The force of friction 
is the force required to maintain a uniform velocity of one body with 
respect to another. This force is proportional to the total normal 
force (or pressure) between the surfaces. The ratio of the force of 
friction to the total normal force is called the coefficient of friction. It 
is often denoted by ^ (Greek mu). A frictional force always acts to 
oppose the motion of a moving body. 

Example 2. Write the differential equation of motion for the body 
in Example 1 if the coefficient of friction p. between the body and the 
track is 0.2. 

Solution. The total normal force between the body and the track 
is W cos 30 . By the above definition the force of friction is 


pW cos 30° = O.^W 


Vs 


0.17fE 


2 
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This force acts always to oppose the motion. While the body is moving 
upward, the force of friction acts downward; while the body is moving 
downward, the force of friction is directed upward. Hence separate 
differential equations are required according as the body is moving up 

or down the track. 

While the body is moving upward, 

— ‘^ = W sin 30° + 0A7W = 0.67IF 

g 


While the body is moving downward, 

= IF sin 30° - 0.17TF = 0.33JF 

g dt- 

Some problems provide further variety in illustrating the equation 
of motion by introducing a system of masses in place of a single mass. 
The forces of friction, gravity, etc., on some of the masses of the system 
may act to favor the motion of the system as a whole, while forces on 
other masses may act to oppose the motion. Equation (1) is applicable 
to any member of the system individually or to the entire system; 
however, for emphasis we write the pattern of the equation for the system 

as a whole as 


, / 




24* 




/ Weight of the \ 

(4>) ( system in pounds _ /algebraic sum of the forces my 

y g j dt- \pounds applied to the system/ 

Example 3. A system comprising two bodies, H i weighing 24 lb. 
and IF, weighing 8 lb., are joined by a flexible cord 20 ft. long and are 

at rest as shown in Fig. 273. Ihe in- 
dined track AB is GO ft. long, is smooth, 

and makes an angle 6 = sm“^ with m \ 120' 

the horizontal. The system is ut rest / 

with IFi at and the cord i)asses over A / \ QW 

the end of the track without friction. I | 2 

If the system is released from rest, when / / g* 

and with what velocity will H 2 reach B? A 1 

Find the tension in the cord. /\ 1 

Solution. The forces in pounds exter- 

nal to the system (the tension in the _ -LI- 

cord is an internal force) are IF2 [L /L- d = s\n j 

rected vertically downward and IFi sin d P,q 273. 

lb. directed along the track. The forces svstem is 

oppose each other, but H'. sin 6 is larger than H a.nl th 
relLsed from rest. H'. will start to n.ove down the track and II . «.11 start 

to rise. Applying equation (4), 


0 = sin ^ I 


FIG. 273. 
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.176 


(U 8 \^ 

Sid^s 
32 dfi 

d?s 

di^ 


Wi sin 6 — Wz 



10 


The initial conditions are s = 0, v = 0 when ^ = 0. 
Then 

V — 10/ = 20s s = 5t^ 


When the system has moved 20 ft. (the length of the cord), Wz is at 
B and s — 20. At that instant, from the equation = 20s, we learn 
that V 20 ft./sec.; also, from the equation s = 5t^, / = 2 sec. 

We have thus far treated the system as a single entity; this treatment 
is in many respects adequate since the bodies are joined by a cord so 
that each body moves along its own course with the same numerical 
acceleration as the other. However, we may write separate equations 
for each body. To do this denote by T the tension in the cord, and let 
an s'-axis directed upward be drawn through JVz* 

For Wi’. 

a Uy 


For Wzi 


d^s 


I (18 - T) 


8 dV 

g dt^ 

dV 

de 


= r - 8 


- 4(r - 8) 




d^s' 


Since and are numerically equal 


-(18 - T) = 4(r 



If this equation is solved for the required tension in the cord 
T = 10.5 lb. 


IS 


EXERCISE 132 

In Probs. 1 to 17 it is to be understood that gravity is the only external force acting on 
the body or system, as the case may be. 

1. A body is located at the foot of a track that makes an angle d = sin"' ^ with the 
horizontal. If the body is given a velocity of 80 ft./sec., how far up the track will it move, 
and how much time will elapse before it returns to the starting point? 
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8 . A body is located at the top of a track that makes an angle $ = tan“' ^ with the 
horizontal. The body is released from rest. If it reaches the bottom of the track in 5 sec., 
how long is the track? 

3, A body is located at the top of a track that makes an angle of 30® with the horizontal. 
What initial velocity must be given the body if it is to have a velocity of 100 ft./sec. at 
the end of 4 sec.? 

4. If the body in Prob. 3 reaches the bottom of its track at the end of 6 sec., how long 
is the track? 

6. A body is located at the foot of a track that makes an angle B — sin“* 5^ with the 
horizonUl. The track is 90 ft. long. What velocity must be given the body to enable it 
just to reach the top? 

6. How long will it take the body in Prob. 5 to ascend the track? 

7. A body released from rest at the top of an inclined track 150 ft. long reaches the 
bottom after 5 sec. What angle does the track make with the horizontal? 

8. A body released from rest at the top of an inclined track 150 ft- long reaches the 
bottom with a velocity of 60 ft./sec. What angle does the track make with the horizontal? 

9. The system of masses described in Example 3 in the preceding section is placed so 
that Wi is at A and Wt is 20 ft. up the track. The system is released from rest in this 
position. When and with what velocity will TTj reach 4? 

10. The positions of the masses in Example 3 in the preceding section are exchanged, 
i.e., TT, is at B and Wi hangs 20 ft. below B. What velocity must be given the system to 

make JVi rise just to the point B? - 

Atwood’s machine (George Atwood, 1746-1807) consists of 
two equal weights joined by a (weightless) cord which passes / 
over a (frictionless) pulley. When an additional weight is added 

on one side, the system experiences an acceleration. If the / 

added weight is jerked off. the system continues to move without - 

being accelerated further, in accordance with Newton’s first law. 

11. In an Atwood’s machine the equal weights are each 19 
lb., joined by a cord 200 ft. long. A weight of 2 lb. is added 
to Wi, and the system is released from rest. The 2-lb. rider is 

jerked off after the system has moved 50 ft. How long will ‘*^1 L 

take the system to move 75 ft. from its original position? fl % M ^1 

12 In an Atwood’s machine the equal weights are each 19 I—I 

lb. joined by a cord 200 ft. long. A 2-lb. weight is added to AtWOOd’S Machine 

Wu which is given an ujmard velocity of 16 ft./sec. How far PIQ^ 274. 

has the system moved and what is its velocity after 8 sec.? .u i 

13 A^weight of 20 lb. rests on a smooth horizontal table and is 10 ft. from the e< ge^ 

A cord «,rnects the weight to a 4-lh. weight at the e.ige of the table The 

from rest and falls to the floor 3 ft. below. After how long will the larger weight str ke 

the floor? (The larger weight may he treated as a freely falhng ho<iy after it leaves the 

W'^teigM of 100 lb. rests on a smooth, horizontal track. A cord attached to the 
weight pa:ses^ver the pulley at the end of the track. A 

is aLcLd to the free end of the cord, and the system ,s released from rest. If system 

“T d^: ITp- ir^Lt'.ee ..1 . the cord would 

cause the system to acquire a velocity itt ^",1^ weighs 14 Ih., 

anlV:"^- If"i:^:l" .-uy of 10 ft./see.. after how long and 
with what velocity will b i reach (■? 
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17. In a setup like that shown in Fig. 275 the tracks AC and BC are 40 ft. long; Wi 

= 80 Ib. The system is released from rest, and W 2 moves from C to B in 5 sec. Find the 
weight of IFj. 


B 

FIG. 275. 

In the remaining problems /i denotes the coefficient of friction. 

18. A body weighing 20 lb. slides on a rough table. If there is a 6-lb. force acting on the 
body and ^ = 0.20, 6nd the velocity of the body and the distance that it moves in 5 sec. 
after starting from rest. 

19. A body weighing 50 lb. slides on a rough table. If there is a 10-Ib. force acting on 

the body and n — 0.15, what is the velocity of the body after it has moved 16 ft. from a 
position at rest? 

20. A body weighing 40 lb. slides on a rough table subject to a force of 7.5 lb. If it 
starts from rest and has a velocity of 12 ft./sec. at the end of 6 sec., 6nd fjt- 

21. A body weighing 96 Ib. slides on a rough table, subject to a force of 17 Ib. If it 
starts from rest and has a velocity of 10 ft./sec. after moving SO ft., 6nd /x. 

22. A body weighing 96 Ib. slides on a rough table with fi = 0.20. There is no force 
other than friction. If the body is given an initial velocity of 24 ft./sec., 6nd its velocity 
after it moves 40 ft. 

23. A body weighing W lb. slides on a rough table with ft = 0.20. If the body is given 
an initial velocity of 20 ft./sec., find the time required for the body to come to rest. 

24. A body which weighs W Ib. slides on a rough track 100 ft. long whose inclination 
is 30®. fi = How’ much longer will it take for the body to slide the length of the track 
than if the track were smooth? 

26. A body slides down a rough track inclined to the horizontal at an angle 0 = 
sin"^ If it is given an initial velocity of 10 ft./sec. and comes to rest after sliding 

50 ft., find fi. 

26. Referring to the data in Prob. 11 find the tension in the cord while the rider is in 
position. 

27. Referring to the data in Prob. 13 find the tension in the cord while the 4-lb. weight 
is falling. 

28. Two bodies A and B weighing 80 lb. and 40 Ib., respectively, rest on a smooth 
track as shown in Fig. 276. F denotes a force of 60 lb. directed as shown, (o) Write a 



FIG. 276. 


differential equation for the motion of the system. (6) Find the tension T in the cord, 
(c) W’rite a differential equation for the motion of each body, (d) How far will the system 
move in 5 sec. after it starts from rest? 

29. Using Fig. 276, if ^ = 100 lb. with ^ = 0.20, R = 60 lb. with ^ = 0.10, and F = 40 
Ib., answer (o) to (d) in Prob. 28. 
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232. Amotion in a tesisting Tnedium. In some of the problems we 
have already considered there has been only a single force acting on 
the moving body, for example, the motion of a freely falling body. In 
other problems we hav^e made allowance for the effect of the force of 
sliding friction. When bodies move through media such as gases and 
liquids, the resistance instead of being constant depends on the velocity. 
Laws governing resistance in real cases are likely to be very complex, 
but for bodies moving at a low speed in a gas or liquid it is often as¬ 
sumed that the resistance of the medium is proportional to the velocity 
of the body. We shall illustrate the procedure by examples. 

Example 1. A boat which weighs W lb. is given a velocity of Vo 
ft./sec. on the still water of a poiul. If the resistance of the water to 
the motion of the boat is assumed to be 
proportional to its velocity at any instant 
and if there is no other force actingon the 
boat, study its subsequent motion. 

Solution. Going back to e(iuation (3) in Sec. 229, viz.. 



FIG. 277. 


g <lt- 


= F{t,s,v) 


we see that in this case the right-hainl member involves only velocity 
among the possible arguments. The phrase “ ])roportional to the 
velocity*’ is translated by the symbols kv, which should be given a minus 
sign because the resistance acts to <limiiiish the velocity. Hence the 
differential equation of the motion is 


( 1 ) 


ir (F.s 




(2) 

and 

(3) 


g (It- 

The unit for measuring k is pound per foot per second [Ib./ft. seed- 
Two obvious variations of (1) are 

ir <lv 


(j (U 


= -kv 


~n dk ^ ~<lt - ^ 


If we measure time from tlie instant wlien and distance frcmi tin- 
point where the boat received its velocity r„, the coinlitions whieh de- 
termine the constants of integration are 

= 0 V = I'i, wlirii f = 0 

Using equation (1) and writing = ' jl (i"'l<-l»-"<l‘-''t variable 


missing), 


ir (Ir , 

V =- -kv 

f/.V 


U 
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After dividing by v and integrating, 

W 


V = -~ks Cl 


W 

Since v — Vq when 5 = 0, Ci =* — Vq. Solving the result for s. 


(4) 


W 

s = -^{vo-v) 


From (4) we see that the distance traversed by the boat before coming 
to rest (t) = 0) is 

Wvo 


(5) 


^9 = 0 ^ 


gJc 


W 


Notice that the distance s in (5) is proportional to —Vo (or muo), 

g 

the initial momentum, a result which agrees with common sense and 
experience. Other conclusions which may be drawn from this example 
are left as problems in the next exercise. 

Example 2. A body which weighs W lb., the density of which exceeds 
the density of sea water, and which is buoyed up by the displaced water 
by a constant amount b'W is released from rest in the ocean. Assuming 
that the resistance offered by the water is proportional to the velocity 
of the body, study its motion through the water. 

Solution. The body is subject to a downward force of W Ib. due to 
gravity, to an upward force of buoyancy 6'PF, and to the resistance of 
the water, which acts upward. The differential equation of the motion 
is 

g di^ 

This may be rewritten as 


= W - b'W - kv 


(6) 


S = W(^W-kv) 


where 6 = 1—6' 


The initial conditions are 5 = 0, r = 0 when / = 0 

dv 

(6) by writing separating the variables. 

dv 

bW — kv W 


Let us integrate 


= I-.dt 


-\\og {bW - kv) =±t + C, 


Since V = 0 when < = 0, Ci = — t log bJV. 
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(7) 


Substituting the value of C\ in the line above and solving for v, 

hW 


V = 




Equation (7) shows that, when starting from zero, increases without 
limit, V starts from zero and approaches the value bW/k as a limit. 

ds 

After replacing v in (7) by 


ds bW 


dt 


k 

bW 


- e 


3 = 


hW/W\ ^9, 

t + + C2 

k \kg) 


Since 5 = 0 when / = 0. C 2 = -bW~/k'^g, whence 

bW fcn’2 / 

k ^ k 


s = 


£(' - 


When t is sufficiently large, the exponential term exerts slight influence 
on the value of 5 and s is given approximately by the linear equation 

in s and ty 

bW hW'^ 

( 8 ) 


s = 


t - 


k^g 


EXERCISE 133 

1. Integrate equation (2) in the preceding section, and discuss the meaning of your 

2 . Integrate equation (3) in the preeeding section, and discuss the meaning of your 

3. If the boat in Example 1 in the preceding section weighs 125 Ih. and its initia 

velocity is 10 ft./sec., determine k if it comes to rest after moving 7o A- 

4. If the boat in Prob. 3 is observed to lose half its velocity afU-r G sec., determine k 

6. A body which weighs 32 lb. slides on a horizontal table, ineetmg with a total re- 
sisunce. i.u ludilig friction and air rc.sistancc. tliat is nunicrical y equal to k ^ 

velocity. Write the differential equation of its motion. If the body is given an initial 

velocity of 12 ft./sec. and k = 0.5, fin.i its velocity 5 sec. after it starts. 

6. (a) Referring to the body in Proli. 5. find tlie distance it moves during the first 

5 sec. of its motion, (h) How far a ill it move licfore l olliilig to re.st. 

7. A body wliich aeiglis 32 II,. slides on a liorizontal tal.lc. 

sistance, including fri. tion and air resistance, tliat is numerically equal to k 
velocity. Write tlie ditferential equation of its motion, riolve tl.e equation if , - 0 
a = 8 ft./sec. when t = 0. At tlie end of 1 min the boily has moved a distance of 00 ft.. 

find k approximately. . . .. 4i,„. 

8. A hody whic l, weiglKs 32 lb. moves witl, an assisting (instead of “ 

is numerically equal to k tunes its velocity. Write equations for Os 

to (1) to (3) in the preceding .section. Solve the equations if s . o 

Discuss the results. 
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9. A body which weighs TV lb. moves horizontally in a medium where it meets with 
a resisting force that is proportional to the square of its velocity. Write the differential 
equation of its motion. Solve in various ways, given that 5 = 0, = t»o when < = 0. 

Discuss the results. 

10. A body which weighs Tf'’ Ib. moves horizontally in a medium where it meets with 
a resisting force inversely proportional to its velocity. Write the differential equation of 
its motion. Solve in various ways if ^ = 0, u = ro when i = 0. Discuss the results. 

11. A body which weighs 32 lb. with velocity Vo moves horizontally in a medium where 
it encounters a resisting force which is equal to k times the velocity of the body. If 
t> = 12 ft./sec. when 5 = 2 ft. and p = 5 ft./sec. when j = 9 ft., 6nd k and Po. 

12. (a) In Example 2 in the preceding section, if the body weighs 32 lb., b' = 0.1, 
and k = 0.2, what is its limiting velocity? (b) Find the distance which it falls in 10 sec. 

13. (o) If the body in Prob. 12 falls in a liquid for which b' = 0.2 and k = 0.8, find its 
limiting velocity. (6) Find the distance which it falls in 10 sec. 


In the following problems neglect buoyancy (6' = 0): 

14. An observer in a captive balloon at an unknown height drops overboard his field 
glasses, which weigh 1 lb. Assuming that the resistance of the air is proportional to the 
velocity of the glasses, write the differential equation of their motion. If it = 0.002 and 
the glasses reach the ground with a velocity of 400 ft./sec., find the time consumed in 
their fall and the height of the balloon. 

15. If an aviator bails out in a parachute from a height of 10,000 ft., find the time of 
his descent, assuming that he weighs 180 lb. and k = 8. Compare the time with that of a 
freely falling body. (Hint: Use equation (8) in the preceding section.) 

16. A body which weighs 32 lb. slides down a track which makes an angle of 30* with 
the horizontal. Assuming that the total resistance to its motion is proportional to its 
velocity, write the differential equation of its motion. Solve the equation, given that 
s = 0, p = 0 when t = 0. .Assuming that the resistance factor is }^q, how far does the 
l)ody move during the first 10 sec. of its slide? 

17. A body which weighs 32 lb. slides down a track of which the inclination is ^ = 

.sin“^ 0.03 and meets with a resistance, including friction and air resistance, equal to k 
times its velocity. Take k = The body starts from rest and slides for 100 secs. 

.\t this instant the track levels off, but the law of resistance remains the same. How far 
on the level will the body slide? 

18. A body which weighs 32 lb. and of which the initial velocity is 80 ft./sec. slides 
up a track of which the inclination is 30* and meets with a resistance, including friction 
and air resistance, equal to k times its velo< ity. Take k = 1. How far up the track will 
it slide? 

19. A body which weighs 32 lb. an<l of which the initial velocity is 80 ft./sec. slides 
up a track of wliicli the inclination is 30* anti meets with a resistance, including friction 
and air resistance, equal to k limes the square of its velocity. Take Ar = 1. How far up 
the track will it slide? 


20. .\ body weighing 48 Ib. slides on a rough horizontal track with m = 0.10. In ad¬ 
dition the resistance of tlie air is taken to be k limes the velocity of the body. Take k 
= 0.09. If = 0, p = 90 ft./sec. when t = 0, find how long it will take for the body to 
come to rest. 


233. Simple harmonic motion. If a body moves in a straight line 
subject only to a force which is proportional to the distance of the body 
from a fixed point in the line and which is always directed toward the 
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point, the body experiences a motion which is called simple harmonic 
motion. (Simple harmonic motion may also be defined in other ways.) 

To visualize the motion consider a spring (Fig. 278) of which the 
natural length is L which lies on a smooth horizontal plane with one 
end fixed at 3/. Let 0, the free end 
of the spring at rest, be the origin 
from which distances are measured. 

Next let the spring be stretched 
until the free end is at the point 
Ay and after a body which weighs 
W lb. has been attached, let the system be released from rest. Let 
the distance OA be denoted by a. Assuming that the stretching of the 
spring does not exceed its elastic limit and that the spring offers the 
same resistance to compression as to extension, the force on the body 
at any general point P in its path is proportional to the distance OF 
and is directed toward O. Let OP be denoted by s (in feet). By the 
above definition the body experiences simple harmonic motion, and 
its differential equation, typical of any such motion, is 


u 


M 


A _ 


FIG 


0\-s^P 

278. 



k is called the spring constant and is measured in pounds per foot. 
The minus sign denotes that the force is always directed in the 
opposite sense to the displacement. 

The initial conditions are .? = a, v = 0 wlien t = 0. 

Putting K~ = kg, n\ (1) may be rewritten as 


w 


^ = 0 


This is a homogeneous linear eciuation with constant coefficients. 

Its characteristic etiualion is 

m- + A- = 0 m = =i Ai 

and the general solution is 

s = ('i cos Kf + ('-i sin A/ 

By u.se of the initial conditions we easily find 

= « ('. = i) 

Therefore, the re<|uired particular solution of (2) is 
^ 3 ^ .s* = a cos A"^ 

Regarding (3) merely as a eosine (..r sine) enrve (see. !) 4 ) its amplitmle 
is a and its period i.s K. 'I'he.se .statements .nean tl.at the l.ody 
oscillates between limits rfca on the .v-axi-i with a ptrio* o ,7r 
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The assumptions made in this example concerning the behavior 
of the spring are based on Hookers law, viz., that for elastic bodies 
within their elastic limits the amount of stretching is proportional to 
the force which produces it. 


EXERCISE 134 

1. Referring to the body in the preceding section, at what point in its path does it 
attain its maximum velocity? its minimum acceleration? 

2. Solve equation (2) in the preceding section if 5 = a, c = 0 when t = irflK. Find 
the period and amplitude of the motion. 

3. Solve equation (2) in the preceding section, given = 4; if the initial conditions 
are ^ = 1, p = 2 when t = 0, find the period and amplitude of the motion. 

4. Solve equation (2) in the preceding section, given = 4; if the initial conditions 
are s = 2, t> = —3 when t = 0, find the period and amplitude of the motion. 

6. Solve equation (2) in the preceding section, given K} = 9; if the initial conditions 
are s — — 2, = 3 when < = 0, find the period and amplitude of the motion. 

6. (a) A certain spring obeying Hooke’s law is stretched 2 ft. by a force of 20 Ib.; 
determine the spring constant k in pounds per foot. (6) Find the force exerted by the 
spring when it is extended (0 6 in.; (ti) 15 in. 

7. A spring obeying Hooke’s law, like the spring in Fig. 278 is extended 1 ft. by a force 
of 4 lb. A body weighing 8 lb. is then attached to the spring, and the system is released 
from rest. Write the differential equation of the motion of the spring. Find the period of 
its motion. 

8. If the spring in Prob. 7 is extended 2 ft. before attaching the 8-lb. weight and releas¬ 
ing the system from rest, find the period of its motion. 

9. If the spring in Prob. 7 is attached to a 64-lb. weight before releasing the system 
from rest, find the period of the system. 

10. A body moves in simple harmonic motion in accordance with the equation 


d(^ 


-IOO5 


If s = 4 ft., I? = 0 when t = 0, find the maximum speed attained by the body. 

11. A certain spring obeying Hooke’s law is stretched 6 in. by a force of 12 lb. If it is 
stretched a distance of 2 ft. and attached to a body weighing 2 lb. which is then released 
from rest, write the differential equation of the motion and find the maximum velocity 
attained by the body. 

12. A body moves in simple harmonic motion in accordance with the equation 

d/* ” 4 


If s = 1 ft., c = 0 when < = 0, find the time required for the body to recede from 
j = 1 ft. to « = 6 in. 

13. A body moves in simple harmonic motion in accordance with the equation 





If # = 8 ft., 0 = 0 when < = 0, find the period if s decreases from 8 to 4 ft. while t increases 
from < = 0 to < = 3^ sec. 
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14. An clastic cord whose natural length is L hangs vertically (Fig. 279). A body which 
w'eighs W lb., attached to the lower end of the cord, stretches it a distance of h ft. so that 
the cord and body are in equilibrium with the w'eight at O. The body 


is then pushed down a further distance a (a < A) and the system released 
from rest. Assuming that Hooke’s law holds for the cord, write the differ¬ 
ential equation for the motion of the body. (Hint; Denote by s the dis¬ 
tance of the body from O at any instant. The forces acting on the body 
are the force due to gravity acting downward and the tension in the cord 
acting upward. At W’hat point are the tension and downward force nu¬ 
merically equal?) 

16. Using the setup for Prob. 14 for a certain cord, a body which weighs 
40 lb. displaces the lower end a distance of 6 in. The body is then dis¬ 
placed a further distance of 3 in. and the system released from rest. Write 
and solve the differential equation of the motion. State the period of the 
oscillation. 

16. Using the setup for Prob. 14 for a certain cord, a body which weighs 
48 lb. displaces the lower end 8 in. .A 12-lb. weight is added and the sys¬ 
tem again brought to rest. The 12-Ib. weight is removed gently so that 
the system is released from rest. Write and solve the differential equation 
of the motion. State the maximum velocity attained by the moving 
body. 

17. Referring to the motion of the body in Prob. 14, if allowance 
is made for the resistance of the medium (air, liquid) in which the body 
oscillates, there is introduced a force that is proportional to the velocity 



FIG. 279 


of the body; i.e., it is of the form R The oscillation of the body is then said to be 
damped. R is measured in pounds per foot per second. The differential equation of the 


motion is of the form 

( 1 ) 


W<^, ^ 

g dC^'^ dt 




Assuming that fi is a consUnt, to what type does equation (1) belong? What is the method 
of solution? 

18. Solve equation (1) in Prob. 17 for a system in which FF = 40 lb., A - ft., 

and R = 5 Ib./ft./sec., given s = H ft-- v ^ 0 when ( = 0. 

19. Solve equation (1) in Prob. 17 for a system in which TF = 8 lb., A - 2 in., and 

R = 2 Ib./ft./sec., given a = 1 in., p — 0 when i = 0. , 

20. A spring which obeys Hooke’s law i.s suspemled vertically with the lower end at O. 
A weight of 8 lb. is sufficient to stretch the spring 0 in. If the 8-lb. weight attached to 
the spring is dropped from rest at O, how fur will it stretch the spring? 

21. On a body within a sphere the force (due to the sphere) is proportional to the 
distance of the body from the center and is directed toward the center. Suppose that a 
hollow tube is sunk through the earth along a diameter and that a body which weighs 
W lb. is released from rest at one end of the tube. Assuming that the only force acting 
on the body is the attraction of the earth, write and solve the differential equation of the 


motion. 


22. How long w ill it take the body to pass one way through the tube in Prob. *1? 

23. A body which weighs Tf' 11,. st.arts with a velocity vc from a point O and moves in a 
straight line subject to a force proportional to the di-stance of tl.e body from O and directed 
away from O. Cull the constant of proportionality i’. Write llie ditfcrential equation of 
the motion. Solve the equation, and .liscuss the iiicaniiig of the solution. 
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Table I. Values of e* and e ~* 


X 

e* 


X 


e"* 

0.0 

1.00 

1.00 

2.6 

13.5 

0.074 

0.1 

1.11 

0.90 

2.7 

14.9 

0.067 

0.2 

1.22 

0.82 

2.8 

16.4 

0.061 


1.35 

0.74 

2.9 

18.2 

0.055 

0.4 

1.49 

0.67 

3.0 

20.1 


0.5 

1.65 

0.61 


22.2 

0.045 

0.6 

1.82 

0.55 


24.5 

0.041 

0.7 

2.01 

0.50 

3.3 

27.1 

0.037 

0.8 

2.23 

0.45 


30.0 

0.033 

0.9 

2,46 

0.41 


33.1 


1.0 

2.72 

0.37 

3.6 

36.6 

0.027 

1.1 

3.00 

0.33 

3.7 

40.4 1 


1.2 

3.32 

0.30 

3.8 

44.7 

1 0.022 


3.67 

0.27 

3.9 

49.4 

1 ji 1 

1.4 

4.06 

0.25 

4.0 

54.6 


1.5 

4.48 

0.22 

4.1 

60.3 

0.017 

1.6 

4.95 

0.20 

4.2 

66.7 

0.015 

1.7 

5.47 

0.18 

4.3 

73.7 


1.8 

6.05 

0.17 

4.4 

81.5 


1.9 

6.69 

0.15 

4.5 

90.0 

0.011 

2.0 

7.39 

0.14 

4.6 

99.5 

0.010 

2.1 

8.17 

0.12 

4.7 

110. 

0.0091 

2.2 

9.03 

0.11 

4.8 

122. 

0.0082 

2.3 

9.97 

0.10 

4.9 

134. 

0.0074 

2.4 

11.0 

0.091 

5.0 

148. 

0.0067 

2.5 

12.2 

1 0.082 





•iH7 
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Table IL Natural Logarithms 


0.0 to 9.9 


A ' 

0 

1 

1 1 

2 

3 

4 

5 

6 


8 

9 

0 * 

n 

7.697 : 

8.391 

8.796 

9.084 


9.489 


tm 

9.895 

1 


0.095 1 

0.182 

0.262 

0.336 


0.470 



0.642 

2 

m 

0.742 

0.788 

0.833 

0.875 


0.956 

0.993 


1.065 

3 

1.099 

1.131 

1.163 

1.194 

1.224 

1.253 

1.281 

1.308 

1.335 

1.361 

4 

1.386 

1.411 

1.435 

1.459 

1.482 

1.504 

1.526 

1.548 


mm 

5 

1.609 

1.629 

1.649 

1.668 

1.686 

1.705 

1.723 

1.740 

1.758 

1.775 

6 

1.792 

1.808 

1.825 

1.841 

1.856 

1.872 

1.887 




7 


1.960 

1.974 

1.988 

2.001 

2.015 

2.028 

BoBl 

2.054 

2.067 

8 


2.092 

2.104 

2.116 

2.128 

2.140 

2.152 

2.163 

2.175 

2.186 

9 

2.197 

2.208 

2.219 

2.230 

2.241 

2.251 

2.262 

2.272 

2.282 

2.293 


10 to 99 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

2.303 i 

2.398 

2.485 

2.565 

2.639 

2.708 

2.773 

2.833 1 


2.944 

2 

2.996 

3.045 

3.091 

3.135 

3.178 

3.219 1 

3.258 

3.296 

3.332 

3.367 

3 


3.434 

3.466 

3.497 

3.526 

3.555 

3.584 

3.611 

3.638 

3.664 

4 

3.689 

3.714 

3.738 

3.761 

3.784 

3.807 

3.829 

3.850 

3.871 

3.892 

5 

3.912 

3.932 

3.951 

3.970 

3.989 

4.007 

4.025 

4.043 

mmia 

4.078 

6 

4.094 

4.111 

4.127 

4.143 

4.159 

4.174 

4.190 

4.205 


4.234 

7 

4.248 

4.263 

4.277 

4.290 

4.304 

4.317 

4.331 

4.344 

4.357 

4.369 

8 

4.382 

4.394 

4.407 

4.419 

4.431 

4.443 

4.454 

1 

4.466 

4.477 

4.489 

9 

4.500 

4.511 

4.522 

4.533 

4.543 

4.554 

4.564 

4.575 

4.585 

4.595 


100 to 209 t 


N 

0 

1 

1 

1 

2 

3 

4 

5 

6 

7 

8 

9 


4.605 

4.615 

4.625 

4.635 

4.644 

4.654 

4.663 

4.673 

4.682 

4.691 

11 

4.700 

4.710 

4.718 

4.727 

4.736 

4.745 

4.754 

4.762 

4.771 

4.779 

12 

4.787 

4.796 

4.804 

4.812 

4.820 

4.828 

4.836 

4.844 

4.852 

4.860 

13 

4.868 

4.875 

4.883 

4.890 

4.898 

4.905 

4.913 

4.920 

4.927 

4.934 

14 

4.942 

4.949 

4.956 

4.963 

4.970 

4.977 

4.984 

4.990 

4.997 

5.004 

15 

5.011 

5.017 

5.024 

5.030 

5.037 

5.043 

5.050 

5.056 

5.063 

5.069 

16 

5.075 

5.081 

5.088 

5.094 

5.100 

5.106 

5.112 

5.118 

5.124 

5.130 

17 

5.136 

5.142 

5.147 

5.153 

5.159 

5.165 

5.170 

5.176 

5.182 

' 5.187 

18 

5.193 

5.198 

5.204 

5.209 

5.215 

5.220 

5.226 

5.231 

5.236 

5.242 

19 

5.247 

5.252 

5.257 i 

5.263 

5.268 

5.273 

5.278 

5.283 

5.288 

5.293 


5.298 

5.303 

5.308 

5.313 

5.318 

5.323 

5.328 

1 

5.333 

5.338 

5.342 


lo tbij liae take tabular value —10. 
t For DUtabera above 209 use either 


log^ 10*4V = log< S + k log. 10 « log. S + i.SOSk 
log< S = loge 10 logio S ^ S.SOS logic N 


or 
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Table III. Integrals 

The constant of integration is omitted in the following formulas: 

Forms containing ox + 6 


. j (ox 


4 “ f >)”* dx — 


a(w + 1) 


m ^ —1 


f ^ h \ 

/ ox + 6 o 


f J dx _ 1_ r ^ I 

j (ox + 6)* a* La^ + ^ 

f ^ = — r _ 

■ y ox + 6 o’ L 2 

[ r ■ = L r uj 4 - ft _ 

■ y (ox + fc)* a* L 

r f ^ ^ 1 ^ 

/ x(ax +6) 6 ^ ox + 6 


^3 + *’> + *^ ‘°e + *>] 

” ^3 ~ '°8 + *’0 


I 


dx _ 1 _, 1_ . X 

x(ax 4“ 6(ox 4" 6* ^ ox 4“ f* 


/ dx 1 o , ox 4- 

i>(oi + b) ~ 63 : ■'■ °® I 


dx 

x*(ax 4- 6) 

X dx 

(ox 4- f>)* 


. = Lr _! 

* o* L ~ 


4-6 2(oX 4 - f») 


Forms containing ox* 4" b 


= 1 tan- Jl 

V^b 


ax^ + fi iV — ab 


log 


r dx 1 /a 

■" VS 

r dx ^ 1 v'b 4 

y ax’ 4- 1» 2V—ofc ^ y/b - 

, r dx X _^ 

y (ax’ + 6)’ 2fc(ax’ -{- b) ^ 

f dx _ 1 , x’ 

y x(ax’ 4" i*) 26 ^ ax’ 4* b 


(ax’ + 6)’ 26(ox’ 4* 6) 

dx ^ ± , ^^ 
x(ax’ 4" 6) 26 ^ ax’ - 


^6 + xV'—o 
%/6 — xV —o 

. 1 f 

b)^ ibj ax^-^ b 


a > 0 
6 > 0 

a < 0 
6 > 0 


Forms containing vox + 6 

r >-- . 2(3ax — 26 )n/(ox 4- 6)’ 

15. j xV ox 4 - 6 dx = —- 


r /-r . 2(15a’x*- 12al 

16. / x* Vox + 6 dx -- 

r xdx 2(ax — 26) Vax 4-^ 


2(15a’x’ — 12a6x 4- 86’)+ 6)’ 


lOoo ’ 


/ 


0 x 4-6 

jJ dx 2(3a’x’ — 4a6x 4- 86’)'/^^^ 
~ 15a’ 

ox 4* 6 
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19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 



Forms coniaining — aj* 



^ ^/~i —i; I <**•-!* 
Va* — ar* + — sin 

% X a 






Forms containing v d: a* 
log ± a*) 

Vi^ ± a* 






Q IH 
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f dx 1 a 

. I — ■ = - cos > - 

J zVx* « a: 

^ f dx _ ± 

. J Vz® zb a* (/z = ^ Vz“ ± a* ± ^ log (z + "n/z* zb 
!. X Vz* ± a“ dz = ^ V(z^ zb a*) “ 

J. j z“v^z“ zb <fz = “ V(z* zb o*)^ =F Vz^ ib a* - 
1. yz’V'z* zb a* rfz = i VCz* ± a*)^ =F ^ V(z* db a*) 

5. r ^ ^ - a log ^ 

j z « 

G. J ^ dj; = Vz* — a’ — a cos~‘ " 


z^Vz* zb a* <» a: 

2 

Vz® zb a* dx = ~ Vz* ± a* zb ^ log (z + Vz* ± a*) 

Z X 

X Vz* ± a* dz = ^ V(z^ zb a*) “ 

z^Vz® ± dx — J V(z* zb o*)® T Vz^ zb a* — ^ log (z + Vz* ± o*) 

4 o o 

z^Vz* zb a* rfz = i VCz* ± a*)6 =F ^ V(z* db o*)’ 


^ rfz = Vz^ + a® — a log - x^ + a 

X X 

— a^ J /i;-; -I - 

- dx = ^ — a^ — a cos ^ ^ 

X ^ 


. j V(za ± a’)® dx = ^ V(z* zt a»)’ zb Vz* ± o’ + ~ log (z + Va^ zb a*) 


■/ 


ita: 


(z* ± a*)» o*v^ 


Forms containing az* + 6 z + c, oz* + 6 z + c 
1 , 2 az + 6 — Vb* — 4 ac 


. f ^ _;_ ,_^ia.+ b-VH‘-iac 

J oz* + 6 z + c -v/ 6 * — 4 ac 2 az + 6 + v'i»’ — 4 ac 

, /•__ = _i= tan--6>-4 

J <iz* + 6 z + c v^ 4 ac — 6 * V 4 ac — 6 ’ 

/• dx ^ _ 

• J (a^ + 6 z + c)** (n — l)( 4 oc — bi^)(,a 3 ^ + 6 z + c)'‘"* 

__ f _ 

(n — l)(4ac — t^) J {ax' 


dx _ 

+ 6 z + c 

dx _ 

‘ + 6 z + c) 


2 , 2 az + h 

_ tan * --^ 

4 ac — 6 * V 4 ac — 6 ’ 


6 * — 4 ac < 0 


(az* -b + c)" ^ 


■/ 


z (fz _ 2 _ 

oz* + 6 x 4-0 2 a 

z* rfz z 


= ilog (al-+6l + c)-^ I 


dx 

ax- 4 6 x + c 


r__ =5_ Alog(ax-’+6 z+e) + 

J az* 4 6 z + c a 2 a 


6^ — 2ar f 

2a^ J 


dx 

ax- 4 6 z 4 c 


n~i 


_ /• xrfz _ _ 2c 4 6z _ 

5**- J c)" " (ft - 1)(6" - 4ac)(az= 4 6z 4 c)" ‘ 

6(2n - :t) _ f _ dx _ 

(h - 1)(62 - 4acJ j (az- 4 6z 4 

55. r ~—=M=^ = log ( v4^^6x 4 c 4 ^ 

J y/ ax* 4 ' 

a« /•__ = _U sin- (-i“ ) <- < 0 

j Vox- + bx T^c V^a ■*-• ' 

*■ —■ /i /* c/x 


'! 

■/ 


- = — log ( Vax^ + 
V ax^ + bx + c V a ^ 

_ — == ■ — sin * ( — 

ax^ H- + c V — a \ v ^ 

^ = 1 Vox- +bx + C 

y/ ax’ 4 6z 4 0 ® 


a < O 


-- f 

2a y 


4 6x 4 0 
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58 


. J V oar* -f bx + e dx = 


(iax + t) Vax* bx c . Aac — 5* 


4a 


+ 


8a 


C dx 

J V(u^ 4- bx 


+ w + C 


60 


61 


62 


. jxVaa^ + bx + ctix = 3a ~ ^ f ^ + c<Le 

./ 

/; 


iV ^ -h c 


1 , / Vox^^ ^ + c _|_ Vc , 5 \ 




1 . bx 9c 

—= sm *- 


xVax^ bx-^r c V^— c iV^ — 4ac 
f dx 9(iax + 6) 

J (ax^ + bx 


c <0 


{ax^ + fcx + c)^ (6* — 4ac) V ax* + 6x + c 


Trigonomeiric forms 


63. J smx dx — —cos x 

/ X 1 
sin* X <ix = “ — - sin 2x 

65. j sin* X dx = —cos 3^ + ^ cos* x 

66 ^ 

dz 


. J sin" 


X iix = — - sin" * X cos x + 
n 


n-1 f . 

-/ SI 

n J 


sin" * X (fx 


07 


/ rfx _ cos X _, n — 2 r dx 

sin" X (n — 1) sin"“* x n — I j sin"“* x ” 


68. J cos X dx = sin x 

/ X 1 
cos* X ifx = - + 7 sin 2x 


2 ' 4 


71 


72 


7 

-/ 

■/ 


1 . 


cos* X (ix = sin X — - sin* x 

O 

cos^ X (ix = - cos^"^ X sin X + 

n 




cos" ^ xdx 


dx 


sin X 


. ^si 


cos" X (n — 1) cos' 

1 


_, n — 2 f dx 

X n — I J cos"“* X ” 


73. / sin" X cos x tix = 


■/ 


74. / cos" X sin x dx = 


n+ 1 
1 


n + 1 


sin"'*’* X 


cos"^* X 


5. J si 


75. / sin*" X cos" x dx = ~ 


1 


m + n 


sin" * X cos""*^* X + 


m — 

m 4- 


— f sin"” 
n J 


. J si 


76. / sin" X cos" x dx — 


1 


—J— sin""*"* X cos" * X + 
m -r n m 


n - \ f . 


* X cos" X <ix 


sin" X cos"“* X (ix 


77. / tan x dx = — log cos x 

78. J tan* x dx = tan x — x 


■ 


79. / tan'* x dz = 


n — 1 

80. / cot X dx = log sin x 

81. J cot* X dx ’= — cot X — X 


- 


tan'* ^ X — / tan'*^ x (£x 
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82. / cot" X **-r cot" * x 

J n - 1 

83. j sec xdx = log (sec x + tan a 

84. / sec* xdx = tan x 


cot""^ X <ix 


X dx 




cos'* X 


86. CSC X dx = log (esc x — cot x) = log tan | 

87. / CSC* X dx = —cot X 

/■ ^ ( dx 

88. I CSC" X dx — I -— 

J J sm" X 

89. /X sin X dx — sin x — x cos x 

90. /X cos X dx = COS x + * sin x 

91. Jar" sin x dx =* — or" cos x + n/x"”‘ cos x dx 

92. /x" cos xdx = X" sin X — n/x""‘ sin x dx 

/ . . , sin (m — n)x sin (m -j- n)x 

sm mx sm nsr d* = _ „)-4(m + r-F 

f , cos (m — n)x cos (m + n)x 


1. j si 


sin mx sin nx dx = 


sin mx cos nx dx = — 


2(m — n) 


2(m + n) 


/ sin (m — m)x sin (m + n)x 
cos mx cos nx dx = 2(„, _ „) + 2(m + riT 

96. J sin“‘ X dx = X sin""^ x + VT^-^x* 

97. / cos"* xdx = X cos"* x — v'l — ^ 

98. ytan"* xdx = x tan"* x — ^ log (1 


■/ 


cot"* X dx = X cot * X + - lt>g C i 4* ■a:®) 


Exponential and logarithmic forms 


100 


dx — - 
a 


101 


/ 6 «* 


x^* dx = -^ (ax — 1) 

103. y x"<r^* dx = -- y x"">e"* dx 

104. / log X dx = X log X — X 


r *og ^ n 

Ln+1 {«+l)*J 


/ ,, r log X i 

x"iogxdx = X" („ + i 

106. f log" xdx = X log" X — nj log"* x dx 
107. y e"' sin 6x dx = p (a - 6 

e-* cos fcx dx = bx + b 


107 


108 


e"' sin bx dx = ^ p (a sin i»x - 6 cos tx) 


e-* cos fcx dx = i»x + sin bx) 





ANSWERS 


In most of the sets of exercises answers are given to the odd-numbered problems. In 
some cases where numbered problems have several lettered subdivisions answers are given 
to alternate subdivisions. 

Exercise 1. Pages 4 to 5 

6. (M). 9. (6.4). (10,-2). (-6,4). 

11. (a) 13; (6) —10; (c) 7; (d) —10; (c) —3; (/) 3. 

16. P,(0,0). Pt{a,0), Ps(a.6). 

17. P»(a,0), P2(0,A), P3(-a.0). 19. Ptia + 6, c). 

21. (a) (4,-4); (6) (7.2); (c) (O.-S); (d) (-1.5); (e) (-S.-1). 

23. (a) (-4.-4); (6) (-7.2); (c) (0.-3); (d) (1.5); (e) (3.-1). 


Exercise 2. Pages 8 to 9 

1. (o) VtS; (b) 10; (c) -n/i^; (d) 10; (e) 11; (/) 8. 

3. (a) Yes; (6) yes; (c) no; (d) no. 

B. (a) (1,2); (c) (11.3); (c) (-3,7); (?) ( 5 . 25 ^); (i) ( 12 .- 29 ^); (!■) (-19,8). 

6. (a) (3,2); (c) (-3^.-1); (c) (2.-1): (?) (O.^K)- 

7. (o) 10; (6) (1-H.2); (c) 5; (d) 5VT7/2. 

8. (o) (—2,—H): W (5,^^); (c) (J^.?-^)- 

9. (a) 13; (6) (2,4); (c) 13/2; (d) 8\/2. 

12. (a) (-6,4); (c) (4.4). 13. (a) (5,6); (6) (-11,-4); (e) - H- 


Exercise 3. Pages 13 to 14 

I. (a) -1; (fc) 8/5; (c) oo; (d) 3; (e) (/) “I- 

3. (a) 135^ (6) 58.0"; (c) 90"; (d) 71.6"; {e) 14.0°; (/) 135°. 

6. (a) Parallel; (6) perpendicular; (c) perpendicular; (d) parallel. 

7. (a) Right; (6) right; (c) scalene; (d) right; (e) scalene. 

9. (o) -2; (6) (c) -l'^'- 

II. (a) -4; (6) 22/19. 

13. (a) 104.0°; (6) 49.2°; (c) 46.4°. 

16. (a) 45°. 45°. 90°; (c) 18.4°. 26.6°. 135°. 


Exercise S. Pages 21 to 22 

I. (a) a: = 6; (6) y + 3 = 0; (e) V = 10; (d) y = 3; («) x = 7; (/) x + 2 = 0; (?) J 

3. {<i)ix-y-3 = 0; (6) 3x + 4y - 7 = 0; (c) x + Sj, + ^ 

6. (a) 8x + 6? + 13 = 0; (6) 3x + J/ - 8 = 0; (c) 12x 2? 

(d) 5z + 9y - 29 = 0. 

7. (a) + 1/’ =- 16; (6) + 2x - 6? - 39 - 0; 

(c) + y’ - lOx -f- 4y + 25 = 0. , ^ w. 4. ^4 = n- 

9. (a) y* — 12i + 36 = 0; (c) i* + lOy + 25 - 0; (tf) y + + 

(?) - 4i + 4y = O; (0 y’ - 4x - 4y - 4 = 0. 

II. (a) 9x» + 25y» = 225; (6) 2x* + y* = 18- 

13. 3x* -f 3y* -H 28 x - 34y -f 95 = 0. 16. x* - 4y - 4 - O. 

17. + 4x - 8y - 36 = 0. 19. ix» - y* - 8x + 6y - 0. 

^ m 


= 9 


= 0 
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Exercise 6. Pages 26 to 27 

1. (a) ar = 4; (fc) X + 2 = 0; (c) X = 0; {d) x = 5; (e) x + 7 = 0. 

3. (a) 3x — 4y + 16 = 0; (6) 2x + 5i/ + 15 = 0; (c) 3x — — 2 = 0; 

((i) X + — 5 = 0; (c) X — y + 8 = 0; (/) VSx + y — 1 = 0; 

{g) 2x - 32/ - 18 = 0; (A) =t4x - Sy - 30 = 0; (t) 5x - \^y + 24 = 0; 

O') 3x + 2 / - 4 = 0; (A) X “ 2y -f 2 = 0 ; (0 3x + 22 / + 6 = 0 ; 

(m) 2x — 5y + 25 = 0. 

6. (a) Intersecting; (6) coincident; (c) parallel; (d) coincident; (e) intersecting; 
(/) parallel. 

Exercise 7. Pages 29 to 30 

1. (a) 3x - 2 / - 5 = 0; (c) x + 32/ - 13 = 0; {e) 2x - 5y +6 = 0. 

2. (a) 7x - 42/ - 13 = 0; (c) 13x - 42/ + 5 = 0; (e) x + 8?/ + 11 = 0. 

3. (a) 2x + 52/ - 10 = 0; (6) 4x - 32/ + 12 = 0; (c) 3x + 22/ + 6 = 0; (d) x - 42/ 

— 4 = 0; (c) 2x + y — 6 = 0; (/) X — 21 / + 4 = 0 . 

6. (a) 3x - 4y - 2 = 0; (6) x + 2y + 5 = 0; (c) x+ 4y + 11 = 0; (d) 3x - 2y+ 16 
= 0; (e) X + 3y - 2 = 0; (/) X — y = 0. 

7. 3. 9. 5. 11. 0. 13. 6x + lOy +19 = 0. 16. 2x — y + 5 = 0. 

17. 68.4". 19. 68.2". 21. x - y = 0. 23. 7x - y - 13 = 0. 


Exercise 8. Pages 36 to 37 


2. (a)~ + J--6 

V2 Vi 


0; (c)^*-|-s = 0; w| + 


C^) X - 2 = 0; (i) y - 3 = 0 ; (A) I X + I y - 10 = 0, 


(m) — 


X _ 3y 

vTo VIo 


4 = 0;(o)||x+Aj,_i = o. 



3 . 


(a)_|a:+? 3 ,_ 4 ^ Q; (c) - 1 x+ ?y = 0 ; (e) - A 4 , 1 | ^ _ g = 



0) - :^ + ;^ = 0; ({) ^ X + ^ y = 0; (A) -X - 2 = 0; Cm) y - 3 = 0. 

4. (a) -11/5; (c) 55/13; (e) -4Vl: (y) 4; (0 -6; {k) -U/Vn. 

6. (a) 19/5; (c) 81/13. 6. (a) 6; (c) 6. 7. 117/4 square units. 9. 2x—3y±20 = 0. 

11. (o) 14x + 2y — 9 = 0, 2x - 14y + 39 = 0; (c) (2 + \/l0)x + (4 — V\Q)y -5=0, 
(2 - VTq)x + (4 +VT0)y -5 = 0; (e) 3x + 3y - 7 = 0, 5x - 5y + 9 = 0. 

12. (a) 7x — y = 0; (c) X = 3. 

13. llx - 172y + 195 = 0, 89x - 68y + 65 = 0. 

16. 3x - 4y + 50 = 0, X + 10 = 0. 


Exercise 9. Page 40 

1 . m = 1;/(10) = 31;/(-3) = 31. 

3. S{z) = - s3+ 1 ; /(x +A) = x» + (3A - l)x2+ (3A*- 2A)x + A»- A“+ 1;/(2x) 

= 8x=- 4x^+l;/fi^ = l ^ . ^+^ . 


6. <^{0) = 0; = 2y + 2 p; ^(20 = 2yf* + ^vt; <i> ^ 

/a K 

+ (0 — y)/ + i y — p. 

7. F{0") unde6ned; /'(45°) = 0; fC37r/4) = 0; F(2^) = tan 2,^. - cot 2^. 
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9. X = 


17. X 

23. X 
27. y 

31. y 


y^. 11. x = ? 

4 y 

— 3 ± V9 4j/ 


• 13. X = 16. X = 2 zt VZ, 

1-2/ 

19. x = 2=bV4H-j/. 21. X = sin“* y. 


s= — 1 4* sin ^y. 26. x = 7r/2 — Ian * y. 


a; — 2 3y — 2 on „ “ 1 . /l + 2/ 




2x 3y2 

I rr = 


X - 3 


36. y — 




. X - 2 

-t4 /-■» X = 


y* - 2 
32 


2Vl — X —2 

33. y = ±-* X = - 


2 v/l + ya 


16 - y» 


Exercise 12. Page 49 

1. (3.2). (3.-2). 3. (-2.-1). (1.2). 6. (2.1). (-2.1), 

7. (1.V2). (l.-Vi). 9. (2.2). (-2,-2), (0.0). 11. (1.1). ( 


- 1 . 1 ) 


= 0 : 


0 ; 


0 . 


Exercise 13. Pages 52 to 53 

1 ^ + y. = 04; (c) + »* + 4i + lOj, + 13 = 0; (e) + >,’ + 6j, - 27 

^ y2 — <iky =0. _ 

2. (a)C( 2 . 3 ).r= 1; (c)C(-3,l),r=10; (e) C(-2,l). r = 5v/2/2; (s)C(l.-l).r 
(0 imaginary circle; (t) CCO.O), r = 7; (m) C(0.8/S). r = 8/3. 

3 F = -10. 6. D = 0,E= -2. 7. (a) 2x - Sy = 0; (fc) 3 j: + 2y =fc 13 - 0. 

9 ! 3i + 5y - 30 = 0. 3x + 5y + 38 = 0. 11. (2.1), (2.- 1). 13. lOx - lOy - 7 
15 ^ x* + y* — Ox — 14y + 42 = 0, a circle with C(3,7) and r — 4. 

17 ^ ^2 yi -j- 4 y — 96 = 0. a circle with r(0, —2) and r = 10. 

Exercise 14. Pages 54 to 55 

3. ^ _ 8y - 1 = 0; (6) x= + - Cx + 2y - 3 = 0; (r) x= +y“ + 2x - 4y 

5 . -1- > - 8x - 2y - 23 = 0; (fc) x^ + y^ + 2 x - Cy - 10 = 0; (c) x= + y - lOx 

— 8y = 0; (d) x^ + y- — I4x —1=0. ,, _ n 

7 ^ + y 2 _ 2x - 4y - 139 = 0. 9. x-+ if + 4x - ‘-y 11 0- 

11. xa + ya - Ox - 8y + 9 = 0. . . ^ i 

— ^ ^2 — 2x — “hi — 

17. xa 4- y" - 12X - 8y + 48 = 0. xa + y" " 0 

19 , xa 4 - y^ - 2 ^: - 21 / - 7 = 0. 21. xa 4- y^ - 2x 4- 4y - -no 0. 

Exercise 15. Pages 60 to 62 

3. (a) ya = 6x; (c) 3xa + 10^/ = O' ^ ^ ^ - 2x - 1 = 0; 

" S .0 = v (f 0 . 7 

6 . (a) xa = 4y. E(0,l); (b) ya 4 - 4 x = O. x = 1; (r) ^x + 04y 

7. 84.8 ft. 9. 8.4 in. 11. xa = 8y. 

Exercise 16. Pages 66 to 67 

3 . (a) X* + 2y^ = 50; (c) 4x-- + = 4; (e) lOOx^ + B4y= - .3.12.-,; (y) 3x- + •*.* = 80; 

6.lL%t/=:8r7.3.2n. 9.9x^+y-30. 11.55.0». 13. x-+ 2y> = 8. 

16. (a) 16 cm.i (6) 24.1 cm. 
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Exercise 17. Pages 71 to 72 

4. (a) Sar* - = 108; (c) 49x* - Sy* + 441 = 0; (e) 16x» - Oj/* = 576; {g) 4x* - 5y» 

+ 20 = 0; (0 25x* - 16y* = 400. 

6. 21x“ - 4y® = 84. 7. (o) 4x2 - y* + 21 = 0; (6) 2a4 - 5j/» + 40 = q. 

9. 5x2 _ 4yj = 180. 11. 400x2 _ 225y2 = 1,296. 13. 18.5“. 

Exercise 18. Page 76 

1. (a) 4x2 — y2 _|_ 64 — 0, 2x ± y = 0; (e) x* — 9y* — 36 = 0, x ± 3y = 0; (e) lOOx* 
- 441y2 + 4,900 = 0, lOx ± 21y = 0. 

3. x2 - y2 = 25. 4. (a) i2 - y2 = 20; (c) x2 - y2 H- 24 = 0. 

8, (a) xy = 24; (c) xy + 12 = 0; (e) xy = 49. 9. xy = 10. 

Exercise 19. Pages 82 to 84 

3.5. 6.-%, 7.17. 9.0. 11. No limit (oo). 13.^. 16.^. 17.2. 19. j^. 
21. 23. v^/3. 26. \^/3. 27. 29. No limit (oo). 31.2. 33.2. 35.4. 

37.5^. 39.0. 41. No limit (oo). 43.^. 46. No limit (oo). 47.0. 

Exercise 20. Page 89 

1. (a) 3x2; ( 5 ) slope = 12. 3. lOx — 2; slope = 8. 6. Cx* — 2x + 5; slope = 5. 

7. -2/(x + 1)^ 9. 4/(2 - x)2. 11. 2x/(4 - x2)2. 13. 2/(x + 1)*. 

16. 3(1 + a^)/(l - sP-y. 17. -3/x*. 19. l/2Vx - 3. 21. -I/V 4 
23. -1/2V(x +^)’. 26. 5/V(3 - 2x)K 27. -x/y; slope = ]4. 

29. (1 + y)/(l — x); slope = 31. (5 — x)/y: slope = 4/3. 

33. 3x2/2y; slope = 3/2. 


Exercise 21. Pages 92 to 93 

1. 5.3 ft./sec., 5.2 ft./sec., 5.1 ft./sec.; ds/dt » 5 at < = 3 sec. 

3. p = 16(; Po = 0; j = jo = 16 ft./sec.^ 

6 . p = 16i — 24; vo — —24 ft./sec.; j = jo = 16 ft./sec.2 

7. 0 = 3/2 — 16; Po = —16 ft./sec.; j = 6t; jo = 0. 

9. p = — 2/(/ + 1)“; Po = — 2 ft./sec.; j = 4/(/ + 1)*; jo = 4 ft./sec.2 

11. p = 32 ft./sec.,j = 16 ft./sec.2 when t — 2sec.; p = 80ft./sec.,j = 16ft./sec.* when 

t = 5 sec. 

13. t = 1.5 sec., s = —2 ft.; so = 16 ft. 

16. 5 o = 2 ft.; / —♦ 00 , a —» 0. 17. / = 10 hr.; 900 cu. ft. 

Exercise 22. Pages 98 to 99 
1. 6x2 _ 8 x + 6 . 3. 5x< + 12x2 _ 9 , 5 . 2ax + b/StV^. 

7. 5 — l/x*. 9. xVx — 2 Vx. 11. 4'^x — S/v^. 

13. a + fc/x* — 2 c/x 2 . 16. l/ 2 Vx + 2 /xVx + 15/2x2Vx. 

17. - 6 /x’ + 20/x* - 42/x^ 19. - ~ 

x 2 Vx 3VV 

21. 2x - 5. 23. -3x2 + 4 ^. _ 5 , 26 . 12x2 _|_ 3 ^^ _ 3 a 3 _ 

27. -5/^4- 3/2 + 8 /. 29. 4 u 2 - Ou* + 4 ^ _ 5 . 31 . 4 x 3 +3x2-4*. 

33. 4x> - lOx. 36. 7/(x + 4)*. 37. (2** - 4x)/(x - I)*. 

39. C-3x* + 2x - 3)/(l - x2)2. 4L (u* - 6 u + l)/(u - 3)*. 

43. 10 //(/2+ 1 ) 2 . 47. Slope = 5/2. 49. -3/4ft./sec. 
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Exercise 23. Pages 102 to 103 


1. dy/dx = 6(2«-3)*, d^y/dx^ = 24(21 - 3). 

3. dy/dx = 2(x» — 2x + l) (3r^ - 2). d^y/djc^ = 2(15x* - 24iS + 61 + 4). 

6. dy/dx = - 5 / 2 V 4 - = -25/4V^ - 5x)^ 

7. = 9r(3r* - 2)V^. = 18(3r2 - l)/(3r^ - 2)H. 

9. dj{x)/dx = -4/(2x + 1)3, = 24/(2x + 1)^ 

11. —45x/(5r® — 2)*'^“. 13. 26(a + 6a:). 16. (2aj: + 6)/2Vor* + 6x + c. 

17. 3x(a^ - a*)^. 19. (2i — l)’(10x — 1). 21. IGx - 10. 

23. i»(l - x^)(3 - 7ar2). 26. (2a + 36x)/2Va“+ 6x. 

27. -3x* + lOx - 5. 29. -12/(3x - 1)^ 31. (-2x - l)/(x - 1)^ 

33. (6x — 4)/(l — 3x)^ 36. 6u’(4 + u^^)/(4 — 2tr ^)^- 
37. (x — 4)/2V(x — 2")*. 39. (4 - x)/2x='Vx - 2. 

41. (2x + 5)/V(2xH- 1)^ 43. (2x - 3x^)/V( l - 2x)»- 
46. l/2's/(x — 2)(2a: — 3")*. 47. 5/V{x^ + 1)3. 


49. 


5x 


V(x* - 2)(2x* + \y 


66 . 




57. ^ =(-!)" 


d2y 

dx^ 

(2n - 


= (-0 

1 ) 


n! 


1 


2'‘x 


(*r»+l)/a 


^ . 69. 


ti'*y _ 2’’n! 

" (1 


Exercise 24. Pages 104 to lOS 

I . —x/y. 3. —y/^. 6 . (2x - 3y)/(3x — 2y). 

7 . ( 6 a 4 _ 8 xy - 5)/(4x2 - 3y* + 8 ). 9. 2(x - y + 2)/(2x - 2y + 5). 

11. d}y/dx^ -9/y’. 13. d^y/d;^ = (27y* - 4x2)/3Gx2y^ 

16. d-^y/dx^ = -4aVy'. 17. d^-y/dx^ = -200/(3x - 2y)^ 

19. (r + 5 )/( 3 r - s + 2). 21. (42 - 2u)/(32“ - 4ix' - 0). 

23. Slope = 1. 26. Slopes+1, —1. 27. Slope = — 8 /.^. 

Exercise 25. Page 109 

1 . 2 ax — yiy 4 - 2 axi = 0 , y,x 'lay — layi — xiyi = 0 . 

3 . 6 *x,x - 1 - a^yiy - = 0 , o=y,x - 62x,y - a^x.yi + /^x.y, = 0 . 

6. 62xix - a=yiy — = '*> - «^Xiyi - 6^x,yi = 0. 

7 . y,x + x,y — 2 a 2 = 0 , x,x — yiy — x| + yf = 0 . 

9 . (a - x,)x - y.y + ax, = «. yix + (« - -r.)!/ “ “Vi = 

II . x,x + (yi - 6 )y - 6 y, = 0 . (6 - y,)x + x,y - 6 x, - 0 . 

13. XiX — yiy — = 0 , yix + xiy — 2 xiyi = 0 . 

16. .3x?x - y - 2xJ = 0, X + 3x=y - .‘Ix-'y, - x, = 0.^ 

17. 3 x?x - 2 y,y - xj = 0 , 2 y,x + 3x-y - 2 x,y, - Mx^y, - 0 . 

19. 4x - y = 0, X + 4y - 34 = 0. 

21. 7 x - 2 y - 4 = 0 , 2x + 7y ~ 39 = 0. 

23. 7x + 4 y - 32 = 0. 4x — 7y - 9 = 0. 

26. ax + y + 3 = 0. X - 5y + 11 = 0. 

27. 3x - 4y - la = 0, 4 x + 3y + a ^ 0. _ 

29. y - 2 = 0 . X - 3 = 0. 31. 2V'l7. 8 % 17. 2. 32. 

33 . '/(i 5 / 7 . VC 5 / 4 . 4/7. 7/4. 36. . 1, ^ 37. x,. 

Exercise 26. Pages 112 to 113 

1. X + y + 3 = 0. 3. X + 2y zt: 9 = 0. 

6 . X 4 - y - 1 = 0. X 4* y - 9 = 7 . 4x + ->y ± 42 - 0. 
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9. X + 9y - 12 = 0, z + y - 4 = 0. 11. x - 2 = 0, 3x + 4y - 12 = 0. 
13. = 0. 27x - 2 / - 54 = 0. 16. 3x + 2^ - 5 = 0. 17. x - 2^/ = 0. 

19. 90°, 36°52'. 21. 108°26'. 23. 22°37'. 26. 0°, 8°8'. 

27. 0°, 12°32'. 29. 120°58'. 31. y = - 4. 33. y = Sx^ - 8x - 3, 

36. y = -x^/lO + llx/10 - 7/5. 37. y = xV8 - x* + 3x - 5. 


3. 51°40'. 


Exercise 27» Page 115 


Exercise 28. Page 119 

1. (V^/3,-V^/9), minimum; (-V3/3,V3/9), maximum. 

3. (2,3), minimum. 6. (2,2), minimum; (—2,— 2), maximum. 
7. (2, —23/2), minimum; ( — 3,28/3), maximum. 

9. (—1,4), horizontal tangent. 


Exercise 29. Page 121 

1. (0,0). 3. (2,-2), minimum; ( — 2,2), maximum; (0,0), inflection. 

6. ( — 1,^), maximum; (3,— ^), minimum; (1,—^K)» inflection. 

7. (0,-2), inflection with horizontal tangent. 

9- (^. maximum; (4,0), minimum; (^, inflection. 

11. (3.-23^), ininimuin; (0,0), inflection with horizontal tangent; (2,-4), inflection. 
13. (0,2), maximum; (±2,0), minima; (±2v^/3,f^), inflections. 

16. (—1,4), maximum; (1,-4), minimum; (0,0), inflection. 

17. (Vs,-6\/3), minimum; (—V3,6>/3), maximum; (0,0), inflection with horizontal 
tangent; (±n/ 6/2,=F21_>/6/8), inflections. 

19. (0,4), maximum; {±^3/3,±3), inflections. 21. (0,2), minimum. 

23. (—V3,3.2), maximum, (—V 3 , —3.2), TTiin itnnm . 

26. X + 2i/ + 3 - 0. 27. 9^ = x2 - 4x + 31. 


Exercise 30. Pages 125 to 128 

1. 128 cu. in. 3. 6. A square. 7. Altitude = radius. 

9. .\ltitude = X diameter. 11. SOv^ in. 13. One-third for manufacture. 

16. 9.2 by 13.1 in. 17. 90 by 120 ft. 19. 34.0 by 8.6 ft. 21. Total height = base. 

23. Radius, 4.9 in.; altitude, 6.9 in. 26. Radius, 4V2 in.; altitude, 8 in. 

27. 40 square units. 29. 96 square units. 31. Radius = V2 X altitude. 

33. Radius, 8 in.; altitude, 3 in. 36. 727r cu. in. 37. Total height = 8^ X radius. 

39. (a) His course in the forest should meet the road at an angle of 60°; (6) walk directly. 
41. 8.96 in. 43. 7 by 10.5 ft. 46. 12.7 by 6.36 by 6 in. 47. R = r. 49. 10 ft. 


Exercise 31. Pages 132 to 134 

1. 400?r sq. ft.; 2007r sq. ft./.sec. 3. 0.19 ft./min. 

6. (a) 0.76 cm./sec.; (b) 0.30 cm./sec. 7. in./min. 9. 480 cu. ft./min. 

11. (a) 0.091 cm./sec.; (6) 0.040 cm./sec. 13. 2;^^ ft./sec. 16. —3.75 cm./sec. 

17. 5^4 per SCO. (decreasing). 19. 8 ft. /sec. 21. 3^ mi. /sec. 

23. Decreasing 1.180 cu. in./sec. 26. 17.7 mi./hr. 27. 1.2 ft./sec. 

29. 63/16 sq. ft./sec. 31. (V2/3,6), point of inflection. 

Exercise 32. Page 137 

1. (a) First; (5) second. 3. (a) Second; (6) third. 6. (a) First; (5) first; (c) second. 
7. First. 9. Third. 11. In 7, 5l'; in 8, - V, in 9, OF^; in 10, 6F. 13. - 4) Ax. 

16. (-C/x3)Ax. 
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Exercise 33, Pages 141 to 142 
1 . (4a:» — 6x») dx, 3. - | xH j dx. 

6. (—2/x* + 9/«a:* + S/Sx®) dx, 1, (—2/3a^ — 6/j5») dx. 9. — 12x*(3 — *x®) dx, 
3x* 


11 . 


(1 - x^y 


dx. 13. —3(3 — 2x)Hdx. 16. — - - —dx. 


17. (2x - 3)(6x — 19) dx. 19. 3x*(l - 3i) Vl - 2x dx. 21. ^ 

(4ax — 3x*) dx (11 ~~~ OQ d< 

. - ■ — • 4b. -7JJ7-rr5\4 


— 11 dtr 


23 


29 


iV {a — xy 


(3< + 2) 


i\/(i - 3u?)(l + 4u))> 


3r» - ery + j ^ 31 

‘ J- <>*J \Z 


33. 


m(1 — 3p^) do 
0(1 + 3o*) 


3x*+ 2y 

36. (g - - SsVl 

g/Vl — St — 2vT(1 — 30 

37 (o) Ay = -0.10. dy = -0.12. Ay - dy = 0.02. (6) Ay = -0.0545. dy - -0.06U0, 

^y- dy= 0.0055. (c) Ay = -0.00594. dy = -O.OOGOO, Ay - dy = 0.00006. 

Exercise 34. Pages 143 to 145 

1. 26.0 ± 0.2 in.; 120 ± 6 sq. in. 3. 0.20 sq. in.; 20 in- 

6. (a) 5.000,r/3 cc.; (6) 8,000^3 cc.; (c) 13.000fl-/3 cc. 

7. 9.90. 9. 2.96. 11. 0.0384. 

13. (a) 804 dz 13 sq. in.; (b) 2,140 ± 50 cu. m. 16. 20 sq. ft. 

17. Values exceeding 10 units. 19. Altitudes less than 2,300 ft. 21. 39 
23. k = 0.002 =F 0.003. 26. 2.21 ± 0.01 sec. 27. 979 ± 1 cm./sec.> 


5 ft./sec. 


Exercise 35. Pages 148 to 149 

1 a...8 4.r 3 x*/4-4x+C. 6. xV3-5x+C. 7. (x - 1)V5 + C. 

9 1",^ + C. U. T2x - 3)3/0 + C. 13. X* - 4X3 + 9x3/2+ C 

43^ — 1 + C, 46. 1/2(1 - 2x=)= + C. 

47. -? (9 - + V. 49. Nn. 61. x’/O + x + C. 63. No. 66. 1/2(1 - x’) + C 

5 

Exercise 36. Pages 152 to 153 
1. y = 2x=> - 2x^ + 3x + 2. 3. ^ ^ 1 ^ 

7. y = 9. y = 3x= - 2x^- 7^ ^_= + 18x - 21. 

^OoV’ 21.^^ = '5^3. » : 1 + 3 ., + ... 26. . = 337.3 ft.;.,- = 233 ft./sec 


3. 


Exercise 37. Page 154 

6. 1.872. 7. 9. 2. 


1 . 12 . 
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Exercise 38. Pages 156 to 157 

1. 42 square units. 3. [ -16/3 1 + 1 32/3 ] = 16 square units, 
g j j I —12 I = 24 square units. 7. —2 square units. 9. 32/3 square units, 

11. 4/3 square units. 13. 34/3 square units. 16. 24 square units. 

Exercise 39. Pages 161 to 162 

1, 32/3 square units. 3. 12 square units. 6. 22/3 square units. 

7. 9 square units. 9. 256/3 square units. 11. 20^ square units. 

13. 185/3 ft. 16. 440 ft. 

Exercise 40. Pages 164 to 165 

1. 2. 3. 5. 6. 49. 7. 3. 9. 2. 11. 1- 13. -3. 16. 4. 17. 19- 0- 

21. Any. 23. 70. 26. 32. 27. 8c. 29. 256^. 31. 5. 33. —2. 

36. 3 log. x+H log. {2 - 3z). 37. H log* (4 - i) - log. i- 

39. - log. (z - 6) + log. (16 - 8x). 41. 4 log. x + | log. (2 - Sx) - - log. (4 - *). 

2 


Exercise 43. Page 171 


1. 1/x. 3. -1/(3 - x). 6. j^logioc. 7. -9/2(5 - 3*). 9. S/x - 6/(1 - 5x). 

11. (i - 3-^J log. «• 13- log • 16- (* + 


2x dx 


17. 1/x- l/(2x- 1). 19. l/vT+^. 21. 

iw 3 


23. 


tdl 


(2«) 1-w* 2+3U) 

29. ^ - 1215 31. ^ ^ 33. 


- 3 1 - <» 

) ^ 27. [j - Y^t ~~ 2(F^] 

3 log* (t-i)dt 


dx 


37. 


41. 


49. 


x^ 2xVx — 1 log* X 

d-y (-l)"+Hn- 1)1 


X log X 


36. 


t- 2 


dx' 


X" 


39. = - - ' ' -^ logio e. 

dx** 2.x" 


y dx 


d-y (-l)"(n-l)! X* + y" “ 2x 

rfx" X" ' 2(x* + y* + y) x(y — 2) 

sjit^ - 1) dt 
<(2c* + 1) ‘ 


47. 


-3(1 + 2x*) 
x(l + 23*) 


1. 2e**. 3. 2xc*’“*. 6. — 


,t/x 


Exercise 44. Page 174 
■ 7. (-2) 10*-** log 10. 9. c**(4x+l). 


» + 13 . ,-( 1 - 4 .). 16 . 17 . 


(x - 2)* 


2Vx 


Vx* - 4 

19. 2(c*“ + e-*") dw. 21. -3e'C2 - e*)* di. 23. ds. 26. |l + ^ - dp. 

27. d^y/dx" = e*. 29. d^y/dx^ = (—l)’*e-*(x — n). 

31. dryldxP^ — c*{x* 2nx + n* — n). 

dx* 4 \x x*^*/’dx* 8^ lx*'* x*^x*'*y 


36. 


x'^(2 + logx) 

2Vx 


37. |' g(l + xlog x) ^ log a: + log* x) J 
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dv du dv 

41. dA/A = dx/x + dy/y. 43. dV/V = 2 dr/r + dh/h. + 7 


47. 


- 1 
1 — xe^ 


49. 


— 8a:*) dx 
3y* — 




u 

y* rfx 


u 

w*+ 1 


x(l — y log x) 


Exercise 4S. Pages 176 to 177 

1. H log (3* — 2) + C. 3. — log (4 — x) + C. 6. 1/(4 — x) -H C. 

^ + 3 log X + C. 9. H log (x* - 2) + C. 11. log (x» - 6x + 1) + C. 

13. H «** + C. 16. 3e*^» + C. 17. e*' + C. 19. 2.-^ + C. 21. + C. 

03 ^Q- _u C. 26. —+ 27. I V2 + 3x + C. 29. -2/(2 + 3^) + 

2 • log 10 ^ 2 • log 3 3 

31 ^ _ 4x + 8 log (x + 1) 4- C. 33. -x*/2 - 5 log (2 - x) + C. 

36. -x*/2 - log (1 - x») + C. 37. -x»/2 -f 4x - log (2 - x) + C. 

log^ iT 

39. log {1-^ e‘) + C. 41. *r* + X - e-* 4- C. 43. —^ 

Ex«rcjse 46. ^75 


+ C. 


1) 4- 3. log X - 4- O. 


1 . ^ (** - 

6. I_ *)./> - ^ (X - + C. 7. (x» - 2)’'VS + C. 

9. + 8x + 8) + C. 11. -8xV?^ - I - *)“’ + C- 

13. + 1 log (1 + x») + C. 16. 


8(1+ x>) 8 


17. log (1 - x“) + C. 19. x'Cx^ + 1)>< - (-• + 1)« + ^ + 1)^ + ^• 

21. T l + («'+!) + C. 23. — ( 8 * — 1) — ^ + C'- 

26. - (log* X - log :r + H) + C- 2’'- “ '.°8 C'' + D + ^- 

Exercise 47. Pages 181 to 184 

I j A 1 — ly — 2 ® 0 - 1 ®* y ” ^ 

11. ix + y — i ^ 0, X - iy + ^ 13- 2x y 

17. (a) S ft./sec; (fc) 60.3 ft./sec; (c) r - * ^ ^ ^ ^ 8 65 ft.. 

19. (a) # = 0, c = 10 ft./sec.; {o) s - 0 3* it., 

, = 1.35 ft./sec.; (d) 10 ft., e - 0. ^ 33 Ih.. 4%. 

23.6%. 26. 1 / 888 ; 0.35%. *34 units. 

36. 1.7 =F 0.3. 37. 6%. 39. 1 square un.t. 41 3^.8 sq ^ ^ ^ ^ ^ + 3 . 

43. 8.19 square units. 46. 0 square units. . y 

61. y = 2e^. 63. y = x log x — x 4- 5- 

Exercise SI. Page 19* 

6 . x/S. 7. -x/e. 9. 0. 11. 0. 13. X. 16. x/ 8 . 


Exercise S4. Pages 201 to 202 


6. 8 cos 3x. 7. 8 see* (^x - ^) • 9-6 sec 8x tan 8x. U- ^ i 
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13. 


CSC- 


2VP Vi 


6 3 3 

16. 15 sin* 5x cos 5x. 17. —; tan - sec* -* 19. *• cos ix. 


21. c“*^* sec* 23. tan ar. 26. 6 cot 3x. 27. 2x esc 2z(l — a: cot 2a:). 

29. sin 2x sec* x + 2 cos 2x tan x. 31. ^ sin x + cos x log x. 33. — 6®** cos* c** sin 

X 


36. - 


~ cos ■— • 37. ■ ■ cot* esc* 3®* 


cos X 


3x* 8x 3x 


3 sec* 2x tan 2x 
41. -r--43. 


47. 


sec* 2x — 1 
1 


49. 


Vl — X 

2 sin X 
(1 + cos x)* 

— cos X 


• 46. 


2 V1 + sin X 

2 cos 2x (1 — cot 2x) — 2 esc 2x 
(1 — cot 2x)* 


3 sec* X , 2 CSC 2x cot 2x 


1 + CSC 2x 


1 — sin X ' 2(1 — sin x) tan x 
61. e* (sin 3x + x sin 3x + 3x cos 3x). 

X X X 

63. 2 x tan - esc 2 x + — sec* - esc 2x — 2x* tan - csc 2x cot 2x. 

•g y sin X — sin ij/ , -- 2 r sin 0 + sin 0 cos 0 

oo, --—;- ax. 67. -T--- 00. 

XX cos 2y + cos x 2 cos 0 — r 

-- cos X cos* y 4- sec x tan x tan y , 
oy. ' • /y 9 ~ 

siD X sm 2y — sec x seer y 

61. r sin 9 - » cos 6 , /cos * 


/ COS X . , \ 

( —^-sin X log X 1 


2rV‘“ ® — cos 6 \ x 

66. sec X**® * (1 + log sec x) sec x tan x. 

Exercise 55. Page 203 

3. 3/(1 + 9x*). 6. 2/Vl - 4x*. 7. -l/(x* - 2x + 2). 
9. -1/V9 - X*. 11. -2/(1 +4x*). 13. 2x/Vl - x*. 

16. “ • 17. -2/(1 + 4x*). 19. 


21 . 


Vl - X* 

3(cos-* 


Vl - 3^ 


xV^^ 


23. sin'* X + 


Vl - X* 


25. 


-1 


Vl - 


X* cos * X 


27. x*»“ 




+ 


logx 


Vl - ar* 
31. (1 - x)/Vi^ - x*. 33. Vi* 


29. 


• ^4 * 

Bin I - 

— e g 

xVsP — 1 


X*. 36. x*/Va* - x*. 


Exercise 56. Pages 205 to 206 
3- 2 sin - + C. 6. — cos (*^ “ 4 j sec irx + C. 

9. 4 log (csc I — cot + C. 11. 3^ tan 25 + C. 

13. 3 tan - — x + C. 16. cos x* + C. 17. — tan - + C. 

3 X 

19. log sec + C. 21. + C. 23. -cot* - + C. 

26. Ko tanS 25 + C. 27. * + C. 29. ~]4 log (cos 25 + 1) + C. 
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31 . sec* * i-C. 33. + C. 36. - H esc 3i + C. 


37 , —log (1 H- sin e~^) + C. 39. ( — log sin ( + C. 

41. H tan 90 -\- C, 43. H ~ ^ ^ ^ + C^- 

49. —cot 0 — CSC ® + C. 61. I sin 2x + ^ cos ix + C. 63. x tan x + log cos x + C. 

0 1 

66. H cos* ( — cos / H- C. 6^- 2 “ 8 

61. ?_|sm^+C. 63. ^ (sin e - cos e) + C. 

2 4 3 * 




66. ^ (« cos 3x + 3 sin 3x) + C. 67. - 

19 


(3 sin 2« + 2 cos 2<) + C. 


Exercise 57. Pa^es 2<7S io 209 


1. Yes. 3. i Un'* J 6* ^ » 3x + C. 7. ^ sin » ^ + C. 

-i 4- C. 11. H cot-i 3x 4- C. 13. ^ log (9x* - 1) 4- C. 


2 V6 

16. i Un-* + C. 17. H tan-* (2x + 3) 4- C. 19. sin"* + C. 

S 3 

21. sin-» (x - 1) + c. 23. ^ tan'* ' + C'- 26. sin”' —^ + C. 

27 VC sin-* (9i - 1) + C. 29. -Vl - ^ + C. 31. log (9 + x*) + C. 

33. H log (X* + 1) + tan-* x±_C^ 36. x - 2 tan * x + ^ 37. log d + ^ 

39. tan-* e-+ C. 41. - 2 Vr^ + C. 43. 4/(4 - x) + C. 46. -8V4 x + C. 

47. 4 sin-* l + C. 49.-4 log (4 - x) + C. 61. + C. 63. (sin- x)*/2 + C. 

66 . log (tan-* x) + C. 67. x sin'* x + v 1 - x* + C. 

69. ^ tan-> x — ^ ^ log (1 + 

Exercise 58. Pages 212 to 214 

1. Maxima, (htt,!); minima, ^(2n - 1) inflections. [^(2n 1) " 

±2. ... - 3. ka or -Aa. ^ ^ 

7. X « =t2n7r. maxima; x = =b(2n - l)ir, minima, x ( 2 

tion with horizontal tangent; x = nx =fc 0.62. points of inflection. 

9. A square. 11. 36^2 in. 13. 6^3 in. (S sules).^ ^ 

16. Radius, 4.2 in.; altitude. 8.5 in. - 30 sq in/sec. 26. 0.18 fl./min. 

21. 4 mi. from point of course nearest beacons. 23. 

27. 34 mi./hr. 29. 5.37-c. 31. 10 ft./see. 33. 0.0087. 

36. (a) Angles less than 43^27'; (^) all angles^ ^ 

37. dx less than 0.0012. 39. Angle.s le.ss than 8 ^ - 41- 

43. sin 29° = 0.4849. cos 29° = 0.8747. 46. 0^ 5^^-^ 

63. 0.41 square unit. 66. 0.88 square unit. 

69. 12x square units. 61. 8x square units. 
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1. X 
7. X 


Exercise 60. Pages 219 to 222 
a cos 6, y — b sin 6. 3. x = 2a tan 0, y = 2a cos* 0. 

4 4t 


a(i*-l) . at(0-l) ^ 

• y = —z—:—=—• y. X — 


<»+ 1 


<*+ 1 


1 + £3 


» y = 




11. X = 2 cos 0, y = 3(1 + sin 0). 13. x = 2 sec 0, y = 4 esc 0. 

16. X = xo + # cos a, y = yo -f* ^ sin ot. 

17. X = 6 cos 0, y = a sin 0; 0 = ZX^P; an ellipse. 

21. X = 00 — r sin 0, y = o — r cos 0; r < a. 23. x^ + y^ = 


Exercise 61. Pages 223 to 224 

1. y' = 2/3(, y” = -2/9f*. 3. y' = ((* - 1)/2P, y” = (3 - /*)/4i«. 

^ , -4(* „ 8(3 „ , C-3 ,, (*-*(« - 1 - 0 

6. !/ = —.» =^- l.y =-^,,y’ = -ppj- 

9. y^ = l/6\/4 - (, y" = -1/36V(4 - ()*■ H- y' = Si®, y» = 9(». 

= *0^)’ S'" “ - p “• “■=’» 

17. y' = — l,y^' = 0. 19. y' = — tan*0, y'' — 3-^ sec“0. 

21. y' = H C5c|t y" = — CSC* 23. y' = — csc0, y" = csc0. 


26. Yes. 27. 4x+ Sy = 11. 

29. Slope = tan0; yes; d — t, maximum; 0 = 2fl-, minimum; no. 


Exercise 62. Page 225 

1. 86. 3. T. 6. 7.4. 7. 9* 21- U- 4/3. 13. Ta*/4. 16. 3xa». 

Exercise 63. Page 227 

1. x'* + y'> = 16. 3. xV » 4. 6. 5x'» ~ 4y'* + 52 = 0. 

7. r'3-f 9y'* =81. 9. y'* = r'». 

Pxercise 64. Pages 231 to 232 
1. (x+4)*= -12(y- 3); F(-4.3).F(-4.0). 

3 _ ix + ty (y - K)’ ^ J. F(-iM ± Vi),« = Vi/s. 

B. (y - 3)> = 8(i + *); K(-2,3), F(0,3). 

ts^’’ + ° l;C(-4,-2),F(-4.1),(-4.-S).« = %. 

11. _ <!L:^ = -i;C( 2.-i).F(2 ,-i± vT?),,= VTi. 

13. I'j,' -= 4. IB. r'y' = -1- 17. x'y' = -8. 

19. 4i + 3y - 2 = 0. 4x - 3y + 10 =0; 16x* - 9y» 4- 32x + 36y - 164 = 
21. 2a: + 5y + 11 = 0. 2x - 5y + 1 = 0; 4x> - 25y» + 24x - 50y + 111 
23. y> + 8x — 4y — 20 = 0. 26. 144x* + 225y» — 450y — 6,175 = 0. 

27. a:* + 4a: — 24y + 28 = 0. 29. 25x> + 9y* — 160x + 18y + 90 = 0. 
31. 4x» - y* - 8x + 4y - 36 = 0. 
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Exercise 6S. Pages 23S to 236 

1. 4- V* = 8- 3. x'* + Sy' = 0. 6. y'* + 6x' = 0, 7. Stx'y' = a*. 

9. 45®; x'* — 4j/'* = d. 11* tan"^ 3; 2a;'* + !/'* = 32. 13. tan”* y'* * 2a;'. 


Exercise 67. Pages 243 to 244 


3. * = dbl6. 6. y = ±25^34/17. 7. y = ±27/2. 

9. 3** + 4y* — 48* + 144 »= 0; * = 16. 11. ** — 3y* + 48y — 144 


13. *“intercepts are 





1. f = 6. 3. r 


Exercise 70. Pages 2SS to 256 
10 sin d = 0. 6. r — 3 esc 6. 7. r* cos 25 = 16. 


2 sin* e 

COS B 


4(cot 5—1) 

U. r = 3 co35(1 - 2 tan*5). 13. r = -- 

15 __ 2y = 0. 17. * + 4 = 0. 19. y* = 2*. 21. (a;* + y*)* = 8(a:* - y*). 

23. — y» = 12. 26. y» - 4x - 4 = 0. 27. a:* + a;*y* - 8ary - 4:^ - 4y* - 0 

41. (4,30®). (4,150®). 43. (4.0®), and the origin. 46. (4,30®), (4,150®). 

47. (4,90®), (4.270®). 49. ( 2 V 3 . 6 O®), (-2^3,300°), and the origin. 

61. (8,±60®). 63. (4V2,±45“). (0.90®). 

66. (24/5,±60®), and the loci have a common vertex. 


Exercise 71. Pages 259 to 260 

I. tan ^ - -cot 6^4' = 135®. 4^ = 180®. 4 = 225®. 

3. tan 4 =* tan 5 — sec 5; 4 = 165.0®, 4 == 67.5®. 

6. tan 4 “ —2 cot 5; 4 — 96®, 4 — 130.9 . 

7. Un 5 tan 35; ^ = 0®, f = 90®. 4 = 180®. 

2> 

9 . tan 4 = cot 4 ~ 90®. 4 = 67.5®, 4 = ^5 , 

II . UniA = -5; 4 = 122-5®. 4 = 107.7®. 4 = 99.0°. 

13. 25x square units. 16. 327r square units. 17. o* square uni^. 
19. 20 square units. 21. 64 square units. 23. HGw square units. 
26. 8.88 square units. 27. 82.2 square units. 


1. 0.0079 rad./yd. 
9. e^/{l + c**)*^*. 
2<V(< + 2) 


Exercise 72. Pages 265 to 266 
3 « = l/a p = a. 6 . 4aV(4a* + a:*)*'*. 7. aV(x* + y*)>^*. 

11. a*b*/(a*y^ + fc^x*)’^*. 13. sin x. 16. l6/I(4 + 9(*)*/*l. 


17. 


8 tan* 5 


1(16 + tan* 5)*^* 

The origin. 31.(0.707,-0.347). 


21. I 7 V 17 / 2 . 23. 8/3. 26. 13\/l3/6 


(1 ± 4<*c*‘)’'* 

27. 3(53)^/26. 29. 

Exercise 7J. Pog^ 
8. (o) (-8.16/3); (6) (-«.S); (c) (3.-2); W (o.o)- 

A *»/ 7 ' y \1/ / 

4 - («)!/* = 575 


2a)>; (c) x'^-y^= C«) *=* + 3^ 


=> «> 
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Exercise 7S. Pages 27S to 277 

1. c = 10 ft./sec., a = -150®; j = 10 ft./sec.*, ^ = -60®. 

3. P = 9.17 ft./sec., a = -49.1®; j = 11.1 ft./sec.*, ^ = 21.1®. 

6. c = 1.12 ft./sec., a = 26.6®;; = 0.866 ft./sec.*, & ^ -90®. 

7. p - 1.02 ft.^ec., a = -11.0®; j = 0.0487 ft./sec.*, ^ = 90°. 

9. p = 2.24 ft./sec., a = 26.6®; i = 2.83 ft./sec.*, /3 = 45®. 

11. p = 2 ft./sec., a = 0®; j — 3.18 ft./sec.*, 0 = —51.0®. 

13. P = 6.08 ft./sec., a = -9.5®; j = 5.66 ft./sec.*, 0 = 135®. 

16. p, - —1//2. ® ^ Vj/* + 16; jx = l,jv = 0, j = 1. 

17. py = 8 ft./sec., is = ^2 ft./sec.*, jy = 12 ft./sec.* 

19. Pi = 1 ft./sec., ir = ^ ft./sec.*, jy = ft./sec.* 

21. Px = —3 ft./sec., Py = 4 ft./sec., j* = —2 ft./sec.*, jy = —% ft./sec.* 

23. iy = -76^69 ft./sec.* 

Exercise 76, Pages 280 to 281 

1. 3. 3. 6. 6. 7. 9. No limit. 11. 13. 0. 16. 4. 

17. No limit. 19. -H- 

Exercise 77. Page 282 

1. 0. 3. No limit. 6. 0. 7. 0. 9. 1. 11. 1. 13. 1. 16. 1. 17. 1. 19. 0. 21.2. 


Exercise 78. Pages 286 to 287 

6. (a) VT47: (b) 3^22; (c) (7/2,7/2,l/2): (rf) (-5/2,-3/2,7): (e) (5,3,4); (f) (11,8,5) 
ig) (-l,-2.8). 

7. (a) J/ = 2; (5) z = 3; (c) x = (d) z = —4. 

9. (a) I* + J/* + z* = 49; (5) 2 * + y* + z* - 8x = 0; 

(c) z* + y* + 2 * — 6z — 16 = 0; ((f) z* + y* + z* — 62 — 4y + 2z + 5 = 0. 

10. (a) 2z — 8y 4- 5z — 19 — 0; (c) z* — 8y* + z* = 0; (e) 6z — Sy — 12z +7 = 0. 

11. (a) y* + 2 * = 100; (6) z* + z* = 36; (c) z* + y* = 4. 


Exercise 79. Page 291 

1. (a) 4 /V 29 , - 3 /V 29 , 2 /V 29 ; (c) S/V^, 5/v^, —2/V^; 

(e) 1. 0. 0; {g) 0, -1,0. 

2. (a) 42.0®, 123.9®, 68.2®; (c) 60.9®, 35.8®, 108.9®; (e) 0®. 90®. 90®; (y) 90®, 180®, 90®. 

3. (a) 2 /VT 4 , l/^/T4. 3 /VT 4 ; (c) 3/5. 4/5, 0; (e) 0. 0, 1; 

Cy) -2/V^, -3/V^, 5/'\/38._ 

4. (a) -2/3. 1/3, 2/3; ((^) -7/5^2, 1/5V2, 0. 

6. (a) 7 = 45®, 135®; (c) 0 = 45®, 135®; (e) = 54®44.r, 125®15.9'. 

6. (a) Parallel; (c) perpendicular; (e) parallel; (y) perpendicular. 

7. (a) 60®; (e) 6.3®. 



7. (a) 

8. (a) 

9. (o) 


z — 4 
3 

z + 1 
3 

z - 2 
8 


Exercise 80. Page 298 


3. H, H. 0 . 6. H, %. 
-1 1 ’6 -2 


z 



y - 4 

—2 

v+l 

-2 



z — 2 y + 3 



2+4 

7 

2-3 

I • 

1 
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6 2 3 

10. (o) —S ® 7 » — Y * ” 3 


- . . X SLy , SLz - 


11 . (a) 16x + lly + 2 a - 8 = 0 ; (c) 3 i - 4 y - 6 = 0 . 

12. (o) Sx — 2 y H- 53 — 3 = 0; (c) 7i + 2y — 2a = 0; (e) 4x + 2y + 3a — 2 = 0; 

(j) 2 x + 8j/ + 5 = 0. 

13 4 y — a — 6 = 0. 16. 8 x — 4j/ — 10 = 0. 17. x + 2y — a — 6 = 0. 

Exercise 82. Pages 303 to 304 

2. (a) C(O.O.O). r = 10; (c) C(0.2,0). r = 2; (e) C(3.-l,0), r = VIO; (y) C(-3/2.1.l/2). 
’ r = 

Exercise 83. Pages 305 to 306 

I. (a) 4 x* - y* - a* = 0; (c) + y* + a* = 4; (e) 2x* - y* - a* = 8 ; (y) y»(x^ + a*) 

= 144; (i) y*+a»— 6 x= 0 ; (k) y* + a* = sib* x; (m) x* + y* + a* “ 2 x - 0 ; 

64a» 

(o) x» 4- a* = c**'; (7) + y* = (4 _ zYi* 

Exercise 55. Faye 

, aa 2 x aa ^ = 

ay* y* dxdy (x*+y“)^ dy ax 

aa 8 ,,x aa 1 Q ^ — m = — - • 

7 . (a) - = m = - 4 ; ( 6 ) ay ' 4 

II, /„ = 4^ sin 5y;/., = 10.- cos 5y. 13. a = 2.-^Cl + 2xyn ^ _ 

16 . u. = ycosxy + ye*;wy = acosxy 4-e*. 19- - 1/x. «. /. « / - 

23. u, = .*-«>'+»-; = 2 e'+^>'+-; u*«. = 6 .*+^''+-- 

aa ^ t/aV7+l4-y+a . aa_ 1 + 2zV7+3. 

ax x+ 2 xyv 7 T'a * 1 + ^ 

oT aa _ xa+ a» . ^ ^ y^ + ^ _ 

ax “ x(x 4- y - a)* ^y y(^ + y " 

Exercise 59. Faye 325 

1. (2xy + 3 y) 5 x 4 - (x» - 2y + 3x) dy. 3. (1/p) - («/<=*) 

6 . (.V 4 - y sin xy) dx 4 " («*' 4- x sin xy) dy. 

7, ( 3 x» 4- ya) dx + (xz 4- 2 y) dy 4- (xy 4- D dz. 


xdx + y dy -\r »dz n ^ 




2y — 6xy 


^ sin z + y see* X . z^y - tan_x 

13. -x/z; -y/z. 16. x/4z; y/9z. 17. cos a 4- cos y ‘ x cos z + cos y 

19. ±1.9. 21. 5%. 23. ±. 6. 26. ±0.1 ft./sec. 27. 4%. 29. Nearly 4 in 


I. ^vT+T« + C. 3 

'• i -1f+ 

II . see 3 x 4 " 1 ®* 


Exercise 90. Pages 327 to 328 
2x + H log (3x - 4) + C. 

7. 0. 9. 3^ sin x“ + C. 

— 3^ (3 — 2-')* 4- 2 3 


17. Un 


-1 6x —^ , (7 19^ 2 10. 21. I CO. 

4 
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23. ^(4logx- 1) + C. 26. 27.1.10. 

29. ^ log cos (1 — 2x) + C. 31. sin"^ V2x + C. 

v2 

33. a»i + I ^ + ^ + C. 

0/9 

36. 5x — 12 log sin x — 4 cot x-\- C. 37. tan“^ e* + 

39. -Me*/' + C. 4L -Hs (4 - 3x)« + C. 43. ^8- 

46. sin-» 4- C. 47. sin-i (2x + 1) + C. 49. 0.57. 

61. 2.04. 63. H log (3-2 cos x) + C. 66. x - 50e® «* + C. 

67. -1/8 X* + C. 69. -H cot* x+C. 6L sin"*x + Vl - x» + C. 

63. y = xV3 — X — 1. 66. y = 3^ (1 — «"**). 67. y = 2 ^1 + log sec 

Exercise 91. Page 330 

1. (1 - - ^7 (1 - 3x)>^* 4- C. 3. ^ (14 - x)V7+l + C. 

6. 1.36. 7. x + 4Vx+C. 9. 1.54. 

11. H{\- x)^* 4- X - 2vT^ 4- 2 log (1 4- vT^) + C. 

13. Ho (2x - 3)» + He (2x - 3)< + C. 

16. _ _ tf 4-C. 


17. 


7 

-1 


3 


X - 3 2(x - 3)» 


4-C. 19. log(x+l)- 


x-hl 


+ C. 


__ Wyi — fA 

21. Vx* — o* — a tan”*-h C. 


1 2a* 

23. ^ (a* 4- x>)’/* - ^ (a* 4- x*)*'* + ?(«’ + 25. 1.65a*. 

#09 

+ l) ^» _ »(e- + !)»■' _« 2 g_ (j _ cosi)»+ C. 


31. + 


Exercise 92. Pages 332 (o 333 
1. ^ COB* X — cos I + C. 3. 2 sin ? — ^ s n* I 4- I sin* f 4* C. 

9 !C 9 X O X 


6. ^ cos* X — ^ cos* X 4" C. 7. ~ sin* x — ^ sin* x 4" C. 


1 . - 1 . , 
« einf ^ ^ ^ cinv 


9. ^ sin* *x — ^ sin* 2x 4- C. 11. sec x + cos x + C. 

13. CSC X — \ CSC* X 4- C. 16. \ tan* x 4- C. 17. —^ cot* x + C. 

9 o 7 

19* JO ^ 14 ~ X + C. 

23. - tan* j + 3 log cos -4-0. 26. — ^ cot* 2x + ^ cot 2x + x 4- C, 
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27. 7 tan* * — 5 tan* x + tan x — x + C. 29. tan ar + i tan* x + C. 
o S 3 

2 1 

31. — cot “ 3 ” 5 a; + 


33. I sin* * — ^ C 03 ’ ^ I X + C. 


35 


/cos* X cos* x\,2. ,1-1 1*6 


37 , tan* X — ^ tan* x — x tan x — ^ log cos x 4- C. 

X 3 O 3 


39 


, —X ^cot * + I X 4- I log sin x + C. 


Exercise 93. Pages 333 to 334 


* ' • - ■ ^ ® 4 - T sin 2 x 4- sin 4x 4- C. 


1. - — - sin 2x 4- 3. 

2 4 o 


32 




IL cos «x 4- I sin 2x + C. 13- ^ ^ sin 6x + ;^ cos Gx 4- C. 

16. =f=^ cos 25 4- C. 17. I tan X + C. 19. ifc 2 v^ cos (7 “ ^) + 

Exercise 94. Pages 334 to 335 


, - ^ ^ v^a* — X* . _, X , ^ 

1. log (x 4- Vx* 4-T») + C. 3.-;-sin ‘ - + C. 


5 . ^ — 4 - C. 7. Vx* - o* - a cos-» " 4 - C. 


a*x 


9 . ' log + C. 11. + c. 


4- C. 


13. I log(3x 4- ^/9x* - 16) + C. 16. \ log 

ZJ: + C. 19. 5v^/12aV 21. Sir. 23. 2 sin-' 


17. log 

Exercise 95. Potyes 557 to 338 

1. 2 log (x + 2) - log (x - 1) 4- C. 3. log (x - 2) - 4 log (x 

6 . 2 log X — 3 log (x + 2) 4- 4 log (x — 3) 4- C. 

7. 2 log (x - 2) - 3 log (x 4 - 2 ) - log X + r. 

9. 4 log (z - 1) - log (x 4- 1) ~ 2 log (x + 3) + C. 

11. 3x + 2 log (x 4- 1) — log (x 4- 3) + C. 

13. x*/2 + 2 log (x — 1) — 3 log (x 4- 1 ) + C. 

16. X* + X + 3 log X — log (x 4- 3) + C. 


- 5 ) + 


17. |log(x»- l) + log(r>+ 1 ) + C. 


1 1 1 + sin 5 ^ 

19- 2 l<’g 1 9 
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Exercise 96, Pages 339 to 340 

1. 3/x + 2 log X + log (x — 1) + C. 3. 2 log x + 4/(x -f- 1) + C* 
6. 3/2x* - 1/x + 2 log (x + 3) + C. 7. 1/2(5 - x)* + C. . 

9. 1/x + 2 log X + log (x — 3) + log (x 4- 3) + C. 

11. -2/(x* _ 1) + C. 13. X - 3/x - 2 log (x + 2) + C, 

16. xV3 - x»/2 + 2/x + log (x -t- 1) 4- C. 

sine , 1 , 1 4- sind , ^ 

27^6 + i 

19. 2/ (2 + tan $) + log (2 4- tan 6) + C. 


Exercise 97. Pages 341 to 342 

1. 2 log (x» 4- 2x 4- 2) - 9 Un-‘ (x 4* D 4* C. 

3. 2 log I 4- 3 log (x“ 9) — i tan"* f 4- C. 

O O 

6. log X 4" 2 log (x* 4- 6 x 4- 10 ) — 8 tan"* (x 4" 3) 4" C, 

7. log (I - 1 ) - ^ tan-i + C. 

9. 3 log I + - + log (i» + 9) - i tan-i ; + C. 

11. 2/x 4- log (2x3 4 . 2 ^ 5 ) + c, 

13. 5x + log (x* + 4x + 20) 4- tan"* 4* C. 

16. 5 log X 4- i 4- 2 log (x* — 2x 4- 5) 4- ^ tan"* —- ^ 4- C. 

X X % 

17. 2/x 4- log X + 3 log (x* 4- 4) + C. 

1 ®- \ - \ 21 - J - t 


Exercise 98. Pages 347 to 348 

1. 3 square units. 3. 5.10 square units. 6. 256/15 square units. 

7. irab square units. 9. 4 square units. 11, 4H square units. 

13. 28/3 square units. 16. 2 square units. 17. IGtt square units. 

19. 2.220* square units. 21. ^ square unit. 23. 8\/2/3. 

26. (a) 2/jr; (c) 4/3; (c) 3.19. 

Exercise 99. Pages 351 to 352 

1. (a) Void; (6) void. 3. (a) Void; (6) 6; (c) 0. 6. 0.193. 7. Void. 9. 0.368. 

11. T. 13. T. 15. Void. 17. 12. 19. Void. 


Exercise 100. Pages 356 to 358 

6, 47raV3 cubic units. 7. 47roV3 cubic uniU. 9. 2ir cubic units. 

11. 2,048 v/S cubic units. 13. 47rafc*/3 cubic units. 

17. t*/ 2 cubic units. 19, (o) 547r cubic units; (b) 432 tt/S cubic units. 

21. 47r/5 cubic uniU. 23. 3.59 cubic units. 26. Stt^o* cubic units. 

27. S2xaVl05 cubic units. 29. 8 t/ 3 cubic units. 31. 3.89 cubic units. 

33. T cubic units. 36. Void. 37. Void. 39. 27ro* cubic units. 41. ra*/i cubic units. 


43. 2.3 X 10* cubic units. 




cubic units. 
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Exercise 101. Pages 360 to 361 

3. a&c/6 cubic units. 6. V^a*A/2 cubic units. 7. 1,152 cubic units. 
9. 40/S cubic units. 11. 64/6 cubic units. 13. ira^h/9t cubic units. 
16. 64 t cubic units. 17. 18 cubic units. 19. 176/15 cubic units. 

21. 560x cubic units. 23. 407r/3 cubic units. 


Exercise 102. Pages 365 to 366 

1. 1.15 units. 3. 6.4 units. 6. 2xo units. 7. 1.32 units. 9. 10/3 units. 

11. S3^^5 units. 13. 0.60 unit. 16. 6a units. 17. 2.35 units. 23. 259 square units. 
26. 35.4 square units. 27. 12xaV^ square units. 29. 184 square units. 


Exercise 103. Pages 368 to 369 

1. 4ka^/S mass units. 3. irka^h^/S mass units. 6. Trka^h‘^/\'i mass units. 

7. irA'a* mass units. 9. 4A’a* mass units. 11. 4irAa*/5 mass units. 

13. Ao6cV60 mass units. 16. 10V2A*a’''V5 units. 17. irka^bc/'i mass units. 

19. 89,-wka}/\& mass units. 21. 8wA*a* mass units. 

Exercise 104. Pages 372 to 373 

1. (a) 9.98 X 10Mb.; (5) 6.24 X 10> lb.; (c) 1.37 X 10* lb. 

3. 2.15 X 10* lb. 6. 3.92 X 10* lb. 7. 1.26 X 10* lb. 9. 2.13 X 10Mb. 

11. 1.20 X 10Mb. 13. 129ft.-lb. 16. 134 ft.-lb. 17. 3.06 ft.-lb. 

19. 6.93 ft.-lb. 21. 2.46 X lOMt.-lb. 23. 1.69 X lOMl.-lb. 

Exercise 105. Pages 380 to 381 

1. (a) H square unit; (c) 8/3 square units; (e) 3.44 square units; (g) 9/2 square units; 
(t) 6.2 square units; (A) 4 square units. 

2. (a) xaV4 square units; (c) aV2 square units; (e) O.lSa^ stjuare units; (g) 24 square units; 

(i) xoV2 square units; (A) 4/3 square units. 

3. (o) 32A*/3 mass units; (5) 32A/3 mass units; (c) 32A/3 mass units. 

6. xAa*/2 mass units. ^ 

7. (a) xAa> mass units; (6) 4ka^/3 mass units; (c) + - j ka^ mass units. 


1 . 

9. 

17. 


Exercise 106. Page 383 


1 1 cubic unit. 3. 

1cubic units. 11. 
16A*/45 mass units. 


18 cubic units. 6. ^5 eu!>ie unit. 7. cubic unit. 

1.250 cubic units. 13. % cubic unit. 16. cnibic units 

19. A/6 mass units. 21. 19,6H3A*/2 mass units. 


1. 11.7 cubic units. 3. 
9. 3xa^/4 cubic units. 
16. 64A*/15 mass units. 


Exercise 107. Pages 385 to 386 


X cubic units. 6. 16/ 
11. 0.15(iM ubic units. 
17, 95.3A- muss units. 


3 cubic units. 7. a*/3 cubic units. 
13. ().051a^ cubic units. 

19. 48A/5 muss units. 


1. 4,051. 3. 8. 6. x/4. 


Exercise 108. 
7. 4.59. 9. 13.4. 


Page 387 
11. x/8. 13. 10 3. 


16. 1/288. 


Exercise 209. Pages 390 to 391 
1. Ho- 3 - oV3. 7. 3Aa‘/2 mass units. 9. 4xAuV5 mass units 
13, 31xAaV708 mass units. 16. 5xAa*/ 128 mass units. 


11. A/2H mass units. 
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Exercise 110. Pages 398 to 400 

1. (2a/3.6/3). 3. (Ko,3). 6. (4a/37r.46/37r). 7. (1.^). 9. (5.8,5.8). 

11. (0.58,0.93). 13. (2.1.0.36). 16. (jra,5a/6). 17. y= 5a/6. 19. 0.76. 

21. On the a.\is one-fourth of the way from base to vertex. 

23. X = 0.47. 26. 5 = K- 27. y = 0.29. 31. (2.65,2.65.2.25). 

33. (4a/37r,8a/97r,A/3). 37. (2o/5,2a/5). 39. x = 5a/6. 41. (1.17a.l.70a). 

43. (a) (6) 12/7- 46. (5^.0, ^|). 47. x = 3x0/16. 49. ^3. 61. (5.5.5). 

63. 66. (a) 91o/124; (6) 203a/496. 

Exercise 111. Pages 406 to 407 

(The units for the individual answers are omitted; for the unit of moment of inertia, 
see footnote, page 401.) 

1. maVl2. 2. ma’/S. 3. maV6. 6. 3maV7, 

7. 7o = 3maV5; /* = SmoVlO; ly = 3moVl0. 

9. 5maV4. 11. 0.25m. 13. 3maV2. 16. 0,43m. 17. ^ma?/5. 19. 3mr*/10. 

21. xmoVS. 23. maV2. 26. 8maV5. 


Exercise 112. Page 409 


1. moVl«- 3. 43maV35. 6 . lma^/6. 7. (a) moV6; (5) 2maV3. 8 . 
9. (a) 3maV80 + 3mRV20; (6) 3maV5 + 3mflV20. 11. 13maVl8. 


3m/i* mo* 
20 1 ^’ 


Exercise 113. Pages 411 to 412 
1- H + % + ^0 + ^7 + . . . . 3. 1 + 10 -f- 25 -f- 46 -j- • * • * 

6. ^ + Me + ®M28 4- • • * * 7, 9. 11. —• 

13- -n- 15. 17. • 

n! 2"(n!) 2*'*(n !)* 

Exercise 114. Page 417 

3. Convergent. 6. Convergent. 7. Convergent. 9. Convergent. 11 . Divergent, 
13. Convergent. 16. Divergent. 17. Convergent. 


Exercise 115. Pages 421 to 422 

3. Convergent. 6. Convergent. 7. Divergent. 9. Convergent. 11. Divergent 
13. Convergent. 16. Divergent. 17. Convergent. 19. Convergent. 21. Divergent. 


Exercise 116. Page 425 

1. Convergent; not absolutely convergent. 3. Convergent; absolutely convergent. 
6. Convergent; absolutely convergent. 7. Convergent; not absolutely convergent. 
9. Convergent; absolutely convergent. 11. Convergent. 13. Divergent. 

16. Divergent. 17. Divergent. 19. Divergent. 


Exercise 117. Page 428 

3. —l<xgl. 6. —2<x<2. 7. All values of x, 
9, Converges only for x ** 0. 11. — 3 ^ x ^ 3. 13. —10 ^ x < 10. 

16. 1 ^ X < 3. 17. 4 < X < 6. 19, -7 < x g 7. 21. All values of x. 
23. x<-l;x>l. 26. X < - > K. 



Exercise 118. Pages 430 to 431 


1 + 3x4- 



3®x» 

3! 
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S rr- . . 

® 3! ^5! 7*. 

, , X* , jr* 

7. * + :r» + ^ + ^+ - 

11. T”^ ' 

13. ^+*»+ f ^ + • • 

17. X + X* + ** + + * * 

8x’ 

19. -2x - 2x»-5-4x* 


6 . 1 - 


«•! 


7 + 


2* • 2! ’ 2* • 4! 


•3 


7 + 


2-2! ' 2-4! 


.+ 

2« • 6! ^ 


12 . 


X* 

¥ 


3 


4 


16. 1 — X + x» - x> + 


• • • 


21. i + f + ir + 


Exercise 119. Pages 431 to 432 
1. «[i + (* -1) + ^(*-1)‘ + ^(*-1)* + • • •]• 


V2 

B. (x - 1) + 


(x - D* (x - 1)» . (x - D* _ {x- 1) 


1 • 2 


2*3 3-4 


4 • 5 


+ 




« • 


2» 


3! 


9. (x -f 3) - 


+ *1* + (^ + _ (x + 3)^ 




2 • 3 4 

11. (x + 1)* — 4(x + 1)* + 3(x + 1)* + 4(x + 1) — 9. 

Exercise 120. Pages 435 to 436 


3. X* - ^ + 


2x* 

45 


1 14- 5* 4- + • • • • 

, X 3x* nx> 

2 8 48 

11. (a) 1 + * + ^ + |-’ + ■ • ■ ■.('>)*+ ri + fi ■ 
** . 5x* , 61x« , 

13. 1 + - + ^ + .jrjO + • ' * * 


+ C. 


16. X 


+ 


S . 3! 6 5! 7-7! 


!_ _ - + . . . + C. 19. (a) - 1; (b) 

Kl T- . *7 I ' 


1; (o) 1 


Exercise 121. Pages 440 to 441 

1. 0.09531. 3. 1.6487^. 6. 7.3156. 7. 0.100-2. 9. HOV^- H- * -. (approx.) 

13. 20.6* (approx.). 16. Error less than 0.000 000 02. 

19. 0.48493; error less than 0.000 02. 21. 0.4931070; error le.sx than 0.000 

23. 0.380. 26. 0.5031. 

Exercise 122. Page 443 

1. 0.09983. 3. 0.01745. 6. 0.50679. 7. 3.1416. 9. 0.6931. H. 1-6 >91 

13. 2.39790. 
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Exercise 123. Pages 447 to 44S 
1. X* + y* = 20. 3. y = 6. x* + 2y — 2 log (1 + y) = C. 

7. (x - l)vTT^ = 9* vT+P + Vl +V *= C. 11. ^ 

y 

13. X — 1 = Cye*. 16. sin x = cos y. 17. sin x sin y = C. 

19. e* + e*' (y - 1) = C. 


21 


. r = i[»v'^5Tr7 4 .<..^sin-i|-|jJ. 23. <> + 2«--= C. 26. (x - |/)« = 


Cx. 


27. log Vx* 4- y^ — ten“^ - = C. 29. x^ + 3xy* — y* = C. 


Exercise 124. Page 451 

1. X* — 2xy — 3y* = C. 3. 2x® — x*y + xy — 4x = C. 6. x* + y* — C. 

xy 

7. xy + xc*' — C. 9. x*y + x^ = C. 

Cx 

11. y* tan x — x*y* = C. 13. x + y log Cy = 0. 16. y = --r» 

X X 

17. cos X + X sin X + ^ log y — ^ = C. 19. tan'^ ^ = log x + C. 

A 4 X 

21. 4 sin“* - = X* -f- C*- 23. x’ + x’y = Cy. 

z 

Exercise 125. Pages 453 to 454 

1 X 

1, y = Ce“'*^*. 3. y = Cx. 6. y — Ce* — x — 1. 7. xy = ^ cos 8x + j sin 8x + C. 
9. 3y = 1 + Ce-‘\ 11. 3y = Cx* - x. 13. y = 2 + C<f-«*“*. 

16, yV 1 + X* = log (x H" VThP^) + C. 17. y = C(x — 1) — ___ jyj* 

19. xyc* = ^ + C. 21. 3y = X* — 15x. 23. x*y = x log x — x + 5. 

26. x^ cos y = C - X. 27. i = Cc”**^* - 1. 29. e~y = I + C«*. 

y 

.Exercise 126. Pages 454 to 455 

1. 2 tan“^ y + log (1 — x*) = C. 3. y = x* — 2x + 2 + Ce~*. 

6. 2x^y = 2x* + X* + C. 7. 2x log y — 2 = x* + Cx. 

9. X sin y = X* + C. 11. 3y = C esc x — cos* x cot x. 

13. y = X tan x + Cx. 16. (x* — 1)* = C(y* — 1)*. 

17. 4y = 2x - 1 + Ce~^. 19. ye“** = x + y + C, 

21. i' = f (1 - c-flCi). 23. i = 26. q = EC(1 - c'VHC), 

K 

27. q = 7—(sin oji — ECo) cos wi + fiCcoe”*/^0- 

1 H" 

29. 11 sec. 31. 20 min. 33. 16%. 

Exercise 127. Page 458 

1. y = — sin I + CiX + Cj. 3. 2y = log x + Cix* + CiX + Cj. 

5. y = e- + «-* + Cix* + Cjx* + C,x + C«, 
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7. 2y =* «"* + Cifl* + Cl. 9 , y = ^ + Ci log x + C*. 11. y = ~ 

13. y = Cj tan"' X + C*. 16. y = — cos i 4- Ci log (esc x — cot x) + €%. 

17. Ciy + log (Ciy - 1) - + Cj. 19. y = C,c^ + C,. 21. cv = C,i + C*. 

23. y* = Cix + Cl. 26. x -f- y log y — Ciy 4“ Ci. 27. y = Cie* 4- Cie~*. 


Exercise 128. Pages 460 to 461 

X. y= Cie^ 4- Cic^. 6. y = Cic"* 4- Cte-*-. 7. y = C,c> 4- 

9. y = Cic** 4- Cixc**. 13. y = Cic“* 4* C2xc“*. 16. y = Cie“^ 4- C^. 

17. y =. Cie* 4- Cie"*. 19. y = Cic”^''* 4" C2xe~^^*. 21. y = + Cixe’^*. 

23. y = 2«^ — 1. 26. y = 4e** — Sxc**. 27. y = 5e^ — 3e“**. 29. y = 2c-^ — 


Exercise 129. Pages 463 to 464 
1. y = Cl cos 2x 4- Cl sin 2x. 6. y — e**(Ci cos x 4- Ci sin x). 

7. y = c"*(Ci cos 3x 4- Cl sin 3x). 9. y — c^''* ^Ci cos | 4- Cj sin 
11. y = c**''*^Ci cos ^ 4' Cl sin • 13. y — Cic^ 4- Cte^ 4- Cj. 


16. y = 


v^x 

Cl 4- Cic"** 4“ Cax«“»*. 17. y = Cl cos - -h C, sin —-- 1- Ca 


19. y — C\ci^ 4" Cic** 4“ Ca®^. 21. y — Cic* 4“ Otxc^ 4* Cax*^*. 

23. y = Cl 4- Cjx 4- Ca cos x 4- C4 sin x. 

26. y = Cl cos 2x 4- Ci sin 2x 4- CjX cos 2x 4* Cix sin 2x. 

27. y = Ci 4- Cie* 4* Cjxe* 4" 4- Caxe-*. 29. y = 2(cos x - sin x). 

31. y = 4c-*(cos X 4- 3 sin x). 33. y = 3V« cos /sx 4- ^V 


Exercise 130. Page 467 

3 y _ Ci«“^ — —. 6. y =■ Cl COS X 4- Cl sin X 4- X* — 1. 

7. y -= Cl cos 3x 4- Cl sin 3x 4- M cos x. 

9. y = Cl cos 3x 4- Cl sin 3x 4" cos x — 2 sin x. 11- y = Cic' + Cje"* 4- ^ ^ ^ sm x. 


13. y = C, cos 3x 4- Ci sin 3x + | | cos 3x. 

16. y = tf^'CCi cos 2x 4- Cl sin 2x) 4-^65 cos 3x — ^^5 sin 3x 


17. y = Cic-* 4- Cze^ 4" ^ 19. y = 9*?^ - 4- 2x 4- 3. 

21. y - 2 — e* 4- 5e^. ^ 

Exercise 131. Pages 472 to 473 

1. s = 16(< 4- Cl)* 4* Cl. 3. ^ = lOP 4- tj. 6. (a) 9G ft. (l>t-low); (b) 104 ft. 
7, 2,500 ft. 9. 62 ft./sec. (upward). 11. 0.70 sec. 13. 3i> ft. 

16, (o) 25 ft./sec. (upward); (b) 24 ft. above the staging. 

17. 50 ft./scc. (upward). 19. 1.401 ft. 21. (a) 04 sec.; (b) 4.14 nu. 


1 . 

7. 


400 ft.; 20 sec. 3. 
22.0®. 9. 1.15 sec. 


Exercise 132. Pages 476 to 478 

30 ft./sec. (downward). 6. 00 ft./sec. tupwar<l). 

; 34.0 ft./sec. 11. 9.9 sec. 13. 2.7 see. 16. 25 lb 


17. 120 ib. 
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19. 7.2 ft./sec. 21. 23. 3)4 sec. 25. 0.32. 27. 3H lb. 

29. (b) ((f) 35 ft. 


Exercise 133. Pages 481 to 482 
X. v = v^-skt/W, 3 . 0.52 unit. 6. 0.98 ft./sec. 7. 0.13 unit. 


9. 0 = 


VoW 


Wvogkt 


+ vogkt' “ yL' ir 

11. k = 1 unit; Po = 14 ft./sec. 13. (a) 32 ft./sec.; (6) 280 ft. 

16. 7.4 min. 17. 1,400 ft. 19. S.O ft. 


Exercise 134. Pages 484 to 48S 
1. ^ = 0; j = a. 3. Amplitude, V2 ft.; period, t sec. 

6. Amplitude, Vs ft.; period. 2jr/3 sec. 7. Period, ir/2 sec. 9. Period. xV^ sec. 
11. 39.2 ft./sec. 13. 1.5 sec. 16. J ^ cos 8i; period, 0.785 sec. 

19- J = ^ (cos 13.28f + 0.30 sin 13.28(). 21. s = R cos t. 



INDEX 


A 

Abscissa, 3 

Absolute convergence, 423 
Acceleration, 91, 269 
normal, 276 
tangential, 276 
Addition of ordinates, 194 
Agnesi, witch of, 220 
Alternating series, 422 
Amplitude, 187 

Angle, between two curves, 109 
between two lines, in plane, 11 
in space, 287 
Approximations, 142 
Archimedes, spiral of, 252 
Area, centroid of, 394 
definition of, 344 
as limit of a sum, 157 
in polar coordinates, 256, 345 
in rectangular coordinates, 154, 345 
of surface of revolution, 363 
Astroid, 222 
Asymptotes, 45 
of hyperbola, 72 
Atwood’s machine, 477 
Axes, cartesian, 3 
of coordinates, 2 
major and minor, of ellipse, 63 
rotation of, 232 
translation of, 232 

transverse an<l conjugate, of hyper 
bola, 68 

Axis, of parabola, 56 
of symmetry, 41 

B 

Bisectors of angles, 34 
Boundary curves, 197 
Branch of a curve, 45 

C 

Cardioid, 248 
Cartesian, 3 
Catenary, 182 


Center, of curvature, 266 
of gravity, 393 
of mass, 393 
Central conic, 243 
Centroid, 392 
of area, 394 

by double integration, 396 
by single integration, 395 
of solid, 395 

by triple integration, 397 
Circle, of curvature, 263 

parametric equations of a, 217 
in polar coordinates, 247 
in rectangular coordinates, 50 
by three conditions, 53 
Cissoid, 219 

Comparison test, for convergence, 417 
for divergence, 417—418 
Complementary function, 464 
Computation, of logarithms, 441 
of TT, 441 
by series, 436 
Concavity, 119 
Contiitional convergence, 423 
Cone, 299. 302 
Conic sections, 56, 229, 241 
central, 243 
degenerate, 238 
loc-us (lefinition of, 241 
polar equation of, 253 
C'onicoid, 300 

ConjiJgate axis of hyperbola, 69 
Conjugate hyperbolas, 73 
Continuous func tion, definition of, 81 
Convergence, 412 
absolute, 423 
comparison test for, 417 
conditional. 423 
integral test for, 415 
interval of, 426 
necessary condition for, 414 
ratio test for, 419 
Coordinate transformations. 226 
Coordinates, cylindrical, 383 
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Coordinates, parametric, 215 
polar, 245 

rectangular, plane, 3 
space, 283 

Cosine, derivative of, 200 
inverse, 193 

derivative of, 203 
Cosine curve, 189 
Critical point and value, 117 
Curtate cycloid, 221 
Curvature, 263 
Curves, family of, 149 
Curvilinear motioa, 273 
Cycloid, 218 
curtate, 221 
prolate, 221 
Cylinder, 301 
oblique, 311 

Cylindrical coordinates, 383 

D 

Definite integral, 153 
Degenerate, conics, 238 
quadrics, 306 

Derivatives, of algebraic functions, 94 
definition of, 85 
of exponential functions, 172 
of function of a function, 99 
geometric interpretation of, 86 
higher, 101 

of implicit function, 88, 103 
by increments, 86 

of inverse trigonometric functions, 202 
of logarithmic functions, 169 
in polar coordinates, 256 
second, 101, 104 
of trigonometric functions, 109 
Descartes, 3 
folium of, 220 
Differential, 137 
applications of, 142 
formulas of. 130 
total, 320 

Differential equation, 149, 444 
applications of, 468 
characteristic equation of, 459 
degree of, 444 
exact, 448 
higher order, 451 

with homogeneous coefficients, 446 
integrating factor of, 450 


Differential equation, linear, first order, 451 
higher order, 462 
second order, 458 
order of, 149, 444 
ordinary, 444 
partial, 444 

separation of variables in, 446 
solution of, 444 
Differentiate, 86 
Differentiation, 86, 94 
logarithmic, 172 

of implicit functions, 103, 318, 324 
of parametric equations, 223 
partial, 316 
Direction, angles, 287 
cosines, 287 
numbers, 288 
Directrix, of cone, 802 
of conic section, 241 
of cylinder, 302 
of parabola, 56 

Discontinuous function, definition of, 81 
Disk, 352 
Displacement, 188 
Distance, from axes in space, 284 
from line to point, S3 
between two points, in plane, 6 
in space, 284 
Divergence, 412 

comparison test for, 417 
integral test for, 415 
ratio test for, 419 
Double integral, 374 
in polar coordinates, 378 
in rectangular coordinates, 377 
Duhamel’s theorem, 344 

E 

e, computation of, 437 
definition of, 164 
Eccentricity, of conics, 241 
of ellipse, 63 
of hyperbola, 69 

Element, of area, rectangular, 160 
polar, 258 
of cone, 302 
of cylinder, 301 
of volume, 352, 384, 388 
Ellipse, construction of, 64 
definition of, 61 
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Ellipse, equation of, 62, 64, 230 
parametric equations of, 218 
Ellipsoid. 306 
Elliptic paraboloid, 309 
Epicycloid, 222, 248 
Equation, differential, 149, 444 
first degree, 24, 294 
second degree, 234, 237, 306 
Error. 142, 323 

percentage, 179, 323 
relative, 173, 179 
in series, 423 
Evolute. 222, 2G6 
Explicit function. 39 
Exponential function, 163 
derivative of, 172 
graph of, 165 
Exponents, laws of, 163 
Extent, 41 

F 

Family of curves, 149 

Fluid pressure, 369 

Focal radius. 57, 62, 67 

Focus, 56, 61. 67, 241 

Folium of Descartes, 220 

Four-leaved rose, 250 

Fraction, rational, integration of, 335 

Friction, 474 

coefficient of, 474 
Function, algebraic, 39 
definition of, 38 
explicit, 39 
expK>nential, 163 
graph of, 165 
of a function, 99 
hyperbolic, 184 
implicit, 39 
inverse, 39 

inverse trigonometric, 192 
limit of, 78 
logarithmic, 163 
graph of, 167 
mean value of, 346 
multivalued, 39 
periodic, 188 
of several variables, 316 
single-valued, 39 
trans<'endental, 39 
trigonometric, 186 


Fundamental theorem of integral calculus, 
158, 343 

applications of, 159 

G 

Generatrix, 302 
Geometric series, 413 
Graph, 15 
algebraic, 38 
exponential, 165 
logarithmic. 167 
trigonometric, 186 
Gravity, center of, 393 

H 

Harmonic motion, 482 
Harmonic series, 413 
Heterogeneous mass, 366 
Homogeneous equation of cone, 302 
Homogeneous mass, 360 
Hooke's law, 484 
Hyperbola, asymptotes of a, 72 
conjugate, 73 
definition of, 67 
equation of, 68, 69, 230 
equilateral, 75, 233 
rectangular, 75, 233 
Hyperbolic functions, 184 
Hyperbolic paraboloid, 309 
Hyperboloid, of one sheet, 307 
of two sheets, 308 
Hyperharmonic series, 416 
Hypocycloid, 222 

1 

Implicit function. 39 

derivative of, 103, 318, 324 
Improper integrals, 348 
Inclination of a line, 9 
Inclined plane, 270 
Inclined track, 473 
Increment, 85 

Indeterminate forms, 80, 27^ 

Infinite series, 410 
Infinitesimal, 135 
order of. 135 
princ-ipal, 135 
principal part of. 136 
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Infinity, 78 

Inflection, point of, 119 
[nflectional tangent, 120 
Initial conditions, 270 
integral, 146 
as limit of a sum, 157 
definite. 153, 154, 157 
double, 374 

formulas for, 146, 175, 203 
improper, 348 
indefinite, 146, 149 
iterated, 375 
repeated, 375 
tables for, 342, 489 
triple, 388 

Integral calculus, fundamental theorem 
of, 158, 343 
Integral test, 415 
Integrand, 146 
Integration, 140 

constant of, 146, 149 
methods of, 147, 176, 326 
parametric equations, 224 
by parts, 177 
of rational fractions, 335 
in series, 439 
by substitution, 328, 334 
of trigonometric forms, 330 
Intercepts, 23, 40, 295 
Intersection, of curv’es, polar, 254 
rectangular, 48 
of lines, 25 
of surfaces, 285 
Invariant, 238 
Inverse function, 39 
Inverse trigononutric functions, 192 
derivative of, 202 

integrals, 207 
print ipal values of, 192 
Involute, 276 
of circle, 222 

L 

Latus rectum, 57, 63, 69 
of ellipse, G3 
of hyperbola, 69 
of parabola, 57 
I,aw of the mean. 278 
Loinniscate, 247 


Length, of arc, 361 

of line segment, 2, 6 
in space, 284 

of tangent and normal, 107 
Lima^on, 250 
Limit, of a function, 78 
of (1 + z)>/ , 164 

198 

u 

of a sum, 157 
of a variable, 77 

Limits, of a definite integral, 153 
theorems on, 78 
Line, 23, 292 
directed, 1, 9 
equation of, normal, 30 
point-slope, 27 
polar, 248 
slope-intercept, 23 
symmetric, 28 
in space, 292 
two intercept, 28 
two point, 27 
Lines, parallel, 13, 290 
perpendicular, 13, 290 
plotting, 24 
Lituus, 252 
Locus, 19 
in space, 284 
lyOgaritlitn, 163 

computation of, 441 
tlerivative of, 109 
graph of, 167 

Logarithmic differentiation, 172 

M 

Maclaurin, trisectrix of, 220 
Mac laurin's series, 428 
Mass, center of, 393 
heterogeneous, 366 
homogeneous, 366 
unit of, 366 
Maximum, 116 

applications of, 121, 210 
Mean, law of the, 278 
M can value of a function, 345 
Midpoint, 7 
in space, 284 
Minimum, 116 
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Minimum applications of, 121, 180, 210 

Modulus, 170 
Moment, first, 392 
second, 400 

Moment of inertia, 400 
theorems of, 407 
unit of, 401 
Momentum, 468, 469 
Motion, curvilinear, 273 
harmonic, 482 
Newton’s laws of, 468 
rectilinear, 90, 269 
in resisting medium, 479 

N 

Nappe, 302 

Newton’s laws of motion, 468 
Node, 85 
Norm. 343 

Normal, to a curve, 106 
length of, 107 

Normal equation, of line, 30 
of plane, 294 

O 

Oblate spheroid, 307 
Octant, 284 

One-to-one correspondence, 2 

Order of differential equation, 149. 444 

Ordinate, 3 

Ordinates, adrlition of, 194 
Origin, of a curve, 261 
of a line, 2 

of polar coor<linntes, 245 
of rectangular coordinates 

P 

p-series, 416 
Parabola, 18 

construction of, 60 
definition of, 66 
equation of. 57, 230 
Paraboloid, 300, 309 
Parallel lines, in plane, 13 
in space, 290 
Parameter, 215 
Parametric equations, 215 
differentiation of. 223 
integration, 224 


Partial derivative, 317 
Partial differentiation, 316 
Parts, integration by, 177 
Period, 188 

Perpendicular lines, in plane, 13 
in space, 290 
Plane, equation of, 293 
Plotting, algebraic, 15 
exponential. 165 
inverse trigonometric, 192 
logarithmic, 167 
parametric, 215 
polar. 246 
of straight lines, 24 
of surfaces, 299 
Point of division, in plane, 6 
in space, 284 
Point of inflection, 119 
Polar coordinates, 245 
areas in. 258 

derivatives applied to, 256 
tangents in, 256 
Pole. 245 
Power series, 426 

interval of convergence of, 426 
operations with, 432 
Pressure, fluid, 309 
Principal values, 193 
Product curve, 197 
Projections, of a curve in space. 313 
of a line in speace, 314 
Prolate, cycloid. 221 
spheroid, 307 

Q 

Quadric, 306 

R 

Radian, 186 

Radius, of cur\ature, 264 
of gyration. 401 
Rate, 89. 91. 129 
Ratio of division, 6, 284 
Ratio test, 419 

Rational fra< tions, integration of, 335 
Rectangular coordinates, plane, 3 
space, 283 

Rectilinear motion, 90, 269 
Reflection properties of conics, 113 
Revolution, area of surfaces of, 363 

surfaces of, 304 
volume of solids of, 352 
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Rose, foiir-leavcd, 250 
Rotation of axes, 226, 232 
simpHBcation by, 234 
Rotational inertia, 401 
Ruled surfaces. 311 

S 

Salient point, 85 
Series, alternating, 422 
computation by, 436 
of constant terms, 410 
convergence of, 412 
divergence of, 412 
error in, 423 
geometric, 413 
harmonic, 413 
byperharmonic, 416 
integration in, 439 
Maclaurin’s, 428 
power, 426 
p-series, 416 
Taylor’s, 431 
Sheet. 302, 307, 308 
Shell, cylindrical, 354 
Sigma notation for sum, 157 
Sine, curve, 187 
derivative, 199 
inverse, 192 
derivative of, 202 
Skew lines, 290 
Slope, of line, 9 
to plot curve, 115 
of tangent to curve, 86 
Slug, 366 
Slug-foot, 401 
Speed, 89, 274 
Spheroid, 807 
Spiral, 252 
Strophoid, 220 
Subnormal, 107 

Substitution, integration by, 328, 334 
Subtangent, 107 
Sum, integral as a, 157 
sigma notation, 157 
Surface, 285, 299 
of revolution, 304, 863 
ruled, 811 
Symmetrical, 5 
Symmetry, 41, 299 


T 

Tangent line, to a curve, polar, 256 
rectangular, 84, 106, 110 
length of, 107 
Tangent plane, 322 
Tangent, trigonometric, curve, 190 
derivative of, 200 
inverse, 192 

derivative of, 202 
Tangential acceleration, 276 
Tangential velocity, 274, 276 
Taylor’s series, 431 
Terrace point, 117 
Total differential, 320 
Trace, 295 

Transformation, between rectangular and 
polar coordinates, 252 
of coordinates, 226 
Translation of axes, 226 

simplification of equations by, 227 
Trigonometric functions, 186 
derivatives of, 199 
graphs of, 187, 190, 191 
integrals of, 203, 330 
Triple integrals, 388 
Trisectrix of Maolaurin, 220 
Trochoid, 221 

U 

Unit, of mass, 366 
of moment of inertia, 401 

V 

Velocity. 89, 269 
normal, 276 
tangential. 274, 276 
Vertex, 56, 63. 68 
of cone, 302 

Void improper integral, 349 
Volumes, by double integration, 381 
of miscellaneous solids, 358 
of solids of revolution, 352 
by triple integration, 388 

W 

Washer element, 856 
Witch of Agnesi, 222 
Work, 871 
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